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Abstract

We introduce the notion of a (II, A)-structure on a C-system and construct a bi-
jection, for a given C-system, between the sets of (II, \)-structures and structures of
products of families of types introduced previously by Cartmell and Streicher.

We then define the notion of a P-structure on a universe in a locally cartesian closed
category category and construct a (II, A)-structure on the C-systems C'C(C,p) from a
P-structure on p.

In the last section we define homomorphisms of C-systems with (II, A)-structures
and functors of universe categories with P-structures and show that the construction
of the previous section is functorial relative to these definitions.
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1 Introduction

The concept of a C-system in its present form was introduced in [I0]. The type of the
C-systems is constructively equivalent to the type of contextual categories defined by Cart-
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mell in [I] and [2] but the definition of a C-system is slightly different from the Cartmell’s
foundational definition.

In this paper we consider what might be the most important structure on C-systems - the
structure that corresponds, for the syntactic C-systems, to the operations of dependent prod-
uct, A-abstraction and application. A C-system formulation of this structure was introduced
by John Cartmell in [I pp. 3.37 and 3.41] as a part of what he called a strong M.L. structure.
It was studied further by Thomas Streicher in [7, p.71] who called a C-system (contextual
category) together with such a structure a “contextual category with products of families of
types”.

The constructions and proofs of the main part of the paper require knowing many facts
about C-systems. These facts are established in Section ??7. Many of these facts are new,
some have been stated by Cartmell [1] and Streicher [7], but without proper mathematical
proofs. Among notable new facts we can mention Lemma 7?7 that shows that the canonical
direct product in a C-system is strictly associative.

In Section ?? we construct on any C-system presheaves Ob, and (%n These presheaves
play a major role in our approach to the C-system formulation of systems of operations
that correspond to systems of inference rules. The main result here is Construction 7?7 for
Problem ?7. It is likely that constructions for various other variants of this problem involving
morphisms between presheaves Ob, and Ob, can be given. The full generality of this result
should involve as the source fiber products of Ob, and Ob, relative to morphisms satisfying
certain properties and as the target Ob, or Ob,. We limit ourselves to Construction ?? here
because it is the only case that will be required later in the paper.

In Section 7?7 we first remind the definition of the product of families of types structure on a
C-system. Then, in Definition??, we give the first of the two main definitions of this paper,
the definition of a (II, \)-structure. In the rest of this section we work on constructing a
bijection between the sets of structures of products of families of types and (II, A)-structures
on a given C-system. This is probably the most technical part of the paper which is not
surprising considering how different Definitions 7?7 and 7?7 are.

This construction uses most of the results of Section 77.

The (II, A)-structures correspond to the (II, A, app, 5, n)-system of inference rules. In Remark
7?7 we outline the definitions of classes of structures that correspond to the similar systems
but without the /- or n-rules. Such structures appear as natural variations of the (II, \)-
structures.

In Section [2f we consider the case of C-systems of the form C'C(C, p) introduced in [9]. They
are defined, in a functorial way, by a category C with a final object and a morphism p : U—U
together with the choice of pullbacks of p along all morphisms in C. A morphism with such
choices is called a universe in C. As a corollary of general functoriality we also obtain
a construction of an isomorphism that connects the C-systems C'C(C,p) corresponding to

different choices of pullbacks and different choices of final objects. It makes it possible to
say that CC(C, p) is defined by C and p.

We provide several intermediate results about CC(C, p) when C is a locally cartesian closed



category leading to the main result of this paper - Construction that produces a (II, A)-
structure on CC(C,p) from a simple pullback square based on p. This construction was
first announced in [§]. It and the ideas that it is based on are among the most important
ingredients of the construction of the univalent model of the Martin-Lof type theory.

In the following sections we study the behavior of our construction with respect to universe
category functors and prove that it is functorial with respect to functors equipped with an
additional structure that reflects compatibility with the choice of the generating pullback
squares.

One may wonder how the construction of this paper relates to the earlier ideas of Seely [6]
and their refinement by Clairambault and Dybjer [3]. This question requires further study.

The methods of this paper are fully constructive. It is also written in the formalization-ready
style that is in such a way that no long arguments are hidden even when they are required
only to substantiate an assertion that may feel obvious to readers who are closely associated
with a particular tradition of mathematical thought.

The main result of this paper is not a theorem but a construction and so are many of
the intermediate results. Because of the importance of constructions for this paper we use a
special pair of names Problem-Construction for the specification of the goal of a construction
and the description of the particular solution.

In the case of a Theorem-Proof pair one usually refers (by name or number) to the theorem
when using the proof of this theorem. This is acceptable in the case of theorems because
the future use of their proofs is such that only the fact that there is a proof but not the
particulars of the proof matter.

In the case of a Problem-Construction pair the content of the construction often matters in
the future use. Because of this we have to refer to the construction and not to the problem
and we assign in this paper numbers both to Problems and to Constructions.

We use below the concept of a universe. In the Zermelo-Fraenkel set theory, the main
intended formalization base for this paper, a universe is simply a set U that is usually
assumed to satisfy some properties such as, for example, that it is closed under formation of
pairs - if two sets A and B are elements of U then the set representing the pair (A, B) is an
element of U. We do not provide a precise set of such conditions that we assume. To assume
the universes mentioned in the paper to be Grothendieck universes would certainly suffice
but in most cases we need a much weaker set of conditions. It is likely that the conditions
that we need are weak enough to be able to prove the existence of such universes inside the
“canonical” Zermelo-Fraenkel theory without any large cardinal axioms.

In this paper we continue to use the diagrammatic order of writing composition of morphisms,
ie, for f: X =Y and ¢g: Y — Z the composition of f and g is denoted by f o g.

We denote by ®° the functor PreShv(C") — PreShv(C) given by the pre-composition with
a functor @ : C? — (C")°P, that is,

°(F)(X) = F(2(X))

In the literature this functor is denoted both by ®* and ®, and we decided to use a new



unambiguous notation instead.
Acknowledgements are at the end of the paper.

While abbreviated notations may be helpful for getting a general impression from a brief
scroll through the paper, long notations become indispensable when one seeks true under-
standing.

2 P-structures on universes and (I, \)-structures

2.1 More on the C-systems of the form CC(C,p)

Let us start by considering a general category C. Let p : U— U bea morphism in C. Recall
from [9] that a universe structure on p is a choice of pullback squares of the form

(X:F) =5 0

px,Fl lp
x s vu
for all X and all morphisms F' : X — U. A universe in C is a morphism with a universe

structure on it and a universe category is a category with a universe and a choice of a final
object pt.

We may use the notation (X; Fy,..., F,) for (... (X; Fy);... Fy).

For f:W - Xandg: W — U such that foF = gop we will denote by f * g the unique
morphism such that

(fxg)opxr=f

(fxg)oQ(F) =g

For X' 4 X 5 U we let Q(f, F) denote the morphism
(pxrpor 0 f)x Q(f o )+ (X5 fo ) — (X F)

Observe that one has

[2016.08.24.eq4]Q(f o F') = Q(f, F) o Q(F) (2.1.1)
[2016.08.26.eq2]Q(Idx, F) = Id(x.p) (2.1.2)
[2016.08.26.eq3]Q(f' o f, F) = Q(f', f o F) o Q(f, F) (2.1.3)



Let S be a pullback square of the form
A
[2016.08.24.eq1j,¢ lp (2.1.4)
x 1 x
For F: X! - X and p : Y — X in a category C let T(F,p) be the set of morphisms

h : X" = Y such that hop = F. The proof of the following lemma is omitted because it
belongs to general category theory.

Lemma 2.1.1 [2016.08.24.12] For a pullback square S of the form the formula
o' — 0 og defines a bijection StMg : sec(p’) — T(f,p).

Our next result is a corollary of this lemma in the case when p is a universe. For F' : X — U
let S(F') be the canonical pullback square based on F. By the previous lemma it defines a
bijection

StMspy : sec(pr) — T(F,p)
For H : X — U let Sy € sec(puop) be given by the formula

Su = StMg ., (H)

Hop)

Note that we have
SH = [dX * H

Lemma 2.1.2 [2016.08.26.11/ For a universe p in C and X € C, the function
U persore(x,vysec(pr) — Mor(X, [7)

given by the formula (F,s) — so Q(F) is a bijection with the inverse given by the formula
Hw— (Hop,Sh).

Proof: Let us denote the first function by ¢ and second one by W. We have
O(V(H)) = SthT(l (H)oQ(Hop) = StMS(HOp)(StMg(l (H)=H

Hop) Hop)

and
U(D(F,5)) = W(s 0 QF)) = (50 Q(F)) 0 p, SEMgyyop (5 © QE)) =
(F, StM3 (s 0 Q(F))) = (F, )

where the third equation follows from the commutativity of S(F') and the fourth one from
the definition of StMg(r). This completes the proof of the lemma.

For an o € sec(p) and S as above, define f%(0) as the unique element of sec(p’) such that

[2016.08.24.eq2| fi(0) o g = f o0 (2.1.5)
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Such a morphism exists because Idy: o f = (f o0) op.

The proofs of the following two lemmas are omitted because they belongs to general category
theory.

Lemma 2.1.3 [2016.08.26.14/ Let p: Y — X be a morphism in C and ® : C — C'" a fully
faithful functor. Then for o € sec(p) one has ®(0) € sec(P(p)) and the resulting function

s(®), : sec(p) = sec(®(p))

s a bijection.

Lemma 2.1.4 [2016.08.24.11/ Let & : C — C’ be a fully faithful functor, S a pullback
square of the form in C and o € sec(p).
Then, ®(S) is a pullback square in C', ®(s) € sec(P(p)) and

®(f5(0)) = @(f)a(s) (®(0))

The construction of the C-system C'C(C, p) presented in [9] can be described as follows. One
defines first, by induction on n, pairs (Ob,,int, : Ob, — C) where Ob,, = Ob,(C,p) is a set
and int, is a function from Ob, to objects of C. The definition is as follows:

1. Oby is the standard one point set unit whose element we denote by ¢¢t. The function
inty maps tt to the final object pt of the universe category structure on C,

2. Obyy1 = Hacop, Hom(int(A),U) and int,1(A, F) = (int(A); F).

We then define Ob(CC(C,p)) as I,,500b,, such that elements of Ob(CC(C,p)) are pairs
I' = (n, A) where A € Ob,(C,p). We define the function int : Ob(CC(C,p)) — C as the sum
of functions int,,.

The morphisms in CC(C, p) are defined by
Morceep) = Or reovcoyHome(int(T), int(I))

and the function int on morphisms maps a triple ((I',I"),a) to a. Note that the subset in
Mor that consists of f such that dom(f) = I" and codom(f) = I" is not equal to the set
Home(int(T),int(I")) but instead to the set of triples of the form f = ((I',I”),a) where
a € Home(int(T),int(I")).

The length function is defined by I((n, A)) = n.
One defines pt as pt = (0, tt). It is the only object of length 0.

If I' = (n, A) where n > 0 then, by construction, A = (B, F') where F' : int(B) — U. The
ft function is defined on such I' by ft(I') = (n — 1, B) and on pt by ft(pt) = pt.

Lemma 2.1.5 [2016.08.22.11/ For T' = (n, A) and T = (n/, B) € Ob(CC(C,p)) one has
T € Oby (1) if and only if n’ =n+1 and B = (A, F).
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Proof: By definition, 7" € Ob, (') if and only if {(T') = {(T") + 1 and ft(7) =T.

To prove the "if” part observe that if 7' = (n + 1,(A, F)) then [(T) =n+1=1(T')+ 1, in
particular, {(7') > 0 and therefore ft(T) = (n,A) =T.

To prove the ”only if” part assume that 7" € Ob;(I'). Then n’ = {(I') + 1 = n + 1. Since
n’ > 0, B is a pair of the form (A, F). Finally ft(T) = (n,A’) = (n,A) and therefore
A= A

The p-morphism for I' = (n, A) where n > 0 and A = (B, F) is given by ((I', ft(I')), ps.r)
where pp  is a part of the universe structure on p.

For f: (n,A") = (n,A) and T such that [(T)) = [(I') + 1 and ft(T") = I" one has, by Lemma
2.1.5, T'=(n+1,(A, F)) and one defines

[2016.08.22.eq2]f*(T) = (n+ 1, (4, int(f) o F)) (2.1.6)

and
[2016.08.22.eq3]q(f,T) = ((f*(T),T),Q(int(f), F)) (2.1.7)

The axioms of a C-system are verified in [9].

Let us denote by
int® : PreShv(C) — PreShv(CC(C,p))

the functor of pre-composition with int°? and by
Yo:C — PreShv(C)

the Yoneda embedding of C.

Problem 2.1.6 [2015.04.30.probla/ To construct an isomorphism of presheaves
uy : Oby — int°(Yo(U))
such that for I' = (n, A) € Ob(CC(C,p)) and T = (n+ 1, (A, F)) € Oby(I") one has

[2015.04.30.eq3aju, p(T) = F (2.1.8)

Construction 2.1.7 [2016.08.22.constrl]| By definition of int® and Yo we need to con-
struct a family of functions of the form

uyr : Oby(I') = More(int(I'),U)

parametrized by I' € Ob(C'C(C, p)) such that such that (2.1.8) holds, for any f : " — T" and
any T' € Ob;(I") one has

[2015.04.30.eqlaju; 1 (f*(T)) = int(f) o uy p(T') (2.1.9)

and for any I' the function u,; r is a bijection.
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By Lemma [2.1.5] the conditions (2.1.8) define our family completely and it remains to verify
(2.1.9) and the bijectivity condition.
ForI'=(n,A), T=(n+1,(AF)), I"=(n,A") and f : IV — I we have, by (2.1.6),

fH(T) = (n"+1,(Aint(f) o F))
Therefore,
ur,r (f(T)) = urr (0 + 1, (A’ int(f) o F))) = int(f) o F' = int(f) o uy,r(T)

which proves (2.1.9).

The bijectivity condition also follows from Lemma which implies that for I' = (n, A)
the function F +— (n+ 1, (A, F')) is a well defined inverse to u r.

This completes Construction [2.1.7]

Observe that by (2.1.8) and Lemma [2.1.5] for any T' € Ob(CC(C,p)) and T € Ob;(T) we
have
2015.05.02.eqla]int(T) = (int(T); urp(T)) (2.1.10)

and
[2016.08.24.eq3]int(pr) = pu, (1) (2.1.11)

We also have, for f: " — I' and T as above

[2016.08.30.eq3]int(q(f,T)) = Q(int(f),ur.r(T)) (2.1.12)

Lemma 2.1.8 [2016.08.22.12] For I = (n, A) € Ob(CC(C,p)) and o € Oby(T) one has

[2016.08.22.eq1]|codom(int(0)) = (int(T); uy r(9(0))) (2.1.13)

Proof: We have codom(o) = 9(0o) € Oby(I"). Therefore (2.1.13)) follows from the equality
codom(int(f)) = int(codom(f)) and (2.1.10)).

Problem 2.1.9 [2015.04.30.problb/ To construct an isomorphism of presheaves
Uy : Oby — int°(Yo(U))
such that for o € (57)1(F) one has
[2015.04.30.eq4a]u; r(0) = int(0) o Q(u1 r(0(0))) (2.1.14)

where the right hand side is defined by and the equality dom(Q(F)) = (dom(F); F).



Construction 2.1.10 [2016.08.22.constr2| By definition of int® and Yo we need to con-
struct a family of functions of the form

Ui : Oby(T) = More(int(I'), U)

parametrized by I' € Ob(CC(C,p)) such that (2.1.14) holds, for any f : I — I' and any
0 € Oby(I") one has

[2015.04.30.eq1b]i, v (f*(0)) = int(f) o tyr(o) (2.1.15)

and for any I' the function u, r is a bijection.

The equalities (2.1.14]) define our double family completely and it remains only to prove
(2.1.15)) and the bijectivity condition.

To prove ([2.1.15)) let S be the pullback square

F7(0(0) 222 8(o)
[2016.08.24.eq2b}8<0))l pwl (2.1.16)

r L. 7

in CC(C,p). By (2.1.5), (??) and the definition of a morphism over IV we have

[2016.08.24.eq5| f5(0) = f*(0) (2.1.17)
where on the left is the morphism defined above in the context of all categories and on the
right is the morphism defined in Lemma 7?7 in the context of C-systems.

We now have, where we write u instead of u; r and u; r» and w instead of u; p and uy v,

u(f*(0)) = int(f*(0)) o Qu(d(f"(0)))) = int(f*(0)) o Qu(f*(8(0)))) =

int(f*(0)) o Q(int(f) o u(0(0))) = int(f*(0)) o Qint(f), u(9(0))) o Q(u(d(0))) =
int(f*(0)) o int(q(f,8(0))) 0 Q(u(d(0))) = int(f5(0)) o int(q(f,d(0))) o Q(u(9(0))) =
(] )inys) (int(0)) oint(q(f, 8(0))) 0 Q(u(0(0))) = int(f) oint(0) 0 Q(u((0))) = int(f) ou(o)
(

where the first equality is by (2.1.14)), second is by definition of f*(0), the third is by (2.1.9)),
the fourth is by (2.1.1)), the fifth is by (2.1.7)) since (2.1.10) holds for 7' = 9(0), the sixth is

by (2.1.12)), the seventh is by Lemma [2.1.4] the eighth is by (2.1.5) and the ninth again by
(2.1.14]). This completes the proof of (2.1.15]).

To prove that the function w is a bijection we will represent it as the composition of functions
that we can show to be bijections. The functions are of the form

67)1 (F) — HTeobl(p)a_l(T) — szmt(p)%Usec(pF) — MOT(int(F), (7)
and are given by the formulas

o+ (0(0),0) (T, 0) — (u(T),int(0)) (F,s)— soQ(F)

9



The first function is the function X — II,cy f~!(y), which is defined and is a bijection for
any function of sets f : X — Y. The second one is the total function of the function u
and the family of functions s(int),, of Lemma [2.1.3] since u and the functions s(int),, are
bijections so is the total function. The third function is the bijection of Lemma [2.1.2]

Let us show that the composition of these bijections equals u. Indeed, for o € (5?)1(F) we
have

0= (8(0), 0) = (u(8(0)), int(0)) = int(0) o Q(u(9(0))) = u(o)
This completes Construction [2.1.10
Remark 2.1.11 [2016.08.26.rem1] The inverse to u; r can be defined by the formula
U (H) = int;’i;;(Hop)(SH)

Note that while we can omit explicitly mentioning dom(f) and codom(f) when we write
int(f) we must specify them when we write int~!(f) because int is bijective only on the
subsets of morphisms with fixed domain and codomain. This makes the expression for ﬂl_%
longer than one would prefer.

It is easy to see from ([2.1.8)) and (2.1.14)) that the square of morphisms of presheaves
Ob, —2 int°(Yo(D))
[2016.08.20.eq1]@l lmﬁ(yo(p)) (2.1.18)
Ob; —2— int°(Yo(U))
commutes.

We will now construct isomorphisms ug p and s p similar to the isomorphisms w; r and @ p
but having as sources the presheaves Oby and Obs,.

For any V' € C we define functor data D,(—, V') given on objects by
D,(X,V):=Ur.xsuHom((X; F),V)
and on morphisms by

Dy(f, V) : (F1, F2) = (f o F1,Q(f, F1) o )

Lemma 2.1.12 [2016.09.07.11/ The functor data D,(—,V) specified above is a functor,
i.e., one has

1. for X € C we have D,(Idx,V) = Idp,x,v),
2. for f: X —=Y,qg:Y — Z inC one has
DP(fogaV) :Dp(g,V)on<f,V)

10



Proof: For the first property we have
Dp(]dX7V)((F1aF2>> = (Idx o F1,Q(Idx, F1) o Iy) = (Fy, I)

where the second equality is by ([2.1.2)).

For the second one we have

D,(fog,V)(F1, F2) = (fogoF1,Q(fog, Fi)oFy) = (fo(goF1),Q(f, goF1)o(Q(g, F1)oFy)) =

Dp(f;V)(Dylg, V)(F1, F2)) = (Dy(g, V) © Dy(f, V) (E3, F3)
where the second equality is by ([2.1.3)).

The sets D,(X, V') are also functorial in V' according to the formula
Dp(X,7)(Fy, Fy) = (F1, Fyor)

The fact that D,(X, Idy) = Idp,x,v) and D,(X,ror") = D,(X,r) o D,(X,r") are obvious.
It is also immediate from the definitions that for and for f: X — X', g : V — V' we have

Dy(f,V) o Dy(X,g) = Dyp(X', g) 0 Dy(f, V')

The latter equality shows that D,(—,r) are morphisms of presheaves and the former that
our construction defines a functor

D, :C — PreShv(C)

Let I" be as above and T' € Oby(I"). Then, by (2.1.10), we have int(ft(T")) = (int(T'); w1 r(fE(T)))
and therefore the pair

ua,r(T') = (ur,r(fH(T)), u,p4(r) (T))
is an element of D, (int(I'), U). This defines a family of functions

U - Obg(r) — Dp(znt(F), U)
parametrized by I' € Ob(CC(C, p)).

Lemma 2.1.13 [2015.05.02.prob2a/ [2015.05.02.constr2a/ The family usr is an iso-
morphism of presheaves
uy : Oby — int®(Dy(—,U))

Proof: We can write uar as a composition of the bijection
Oby(T") = Tpreon, (ryObs (V)
that sends T" to (ft(T"),T) with the function
O eop, (ryOb1 (I") = Upe gom(intry,vyHom((int(L'); F), U)

11



that is the total function of the function w; r and the family of functions wu;  given for all
I € Oby(T'). Since wuyr is a bijection and for each I, uy v is a bijection, the total function
is a bijection. This proves that ugr are bijections.

It remains to prove that us r form a morphism of presheaves, that is, that for any f : IV — T’
and T' € Oby(I") we have

upr (f1(T)) = (int(f) o ur,p (fU(T)), QUint(f), ur,p (FH(T))) © ur o) (T))
We have
uz(f(T)) = (ua,o (fE(f(T))), ua,pacecryy (f7(T))
Since ft(f*(T)) = f*(ft(T)) we have
urr (ft(f*(T))) = int(f) o urr(fUT))

by (2.1.15)).

B}Ilextfwe have f*(T) = q(f, ft(T))*(T) where q(f, ft(T)) : f*(ft(T)) — ft(T) by (??) and
therefore

uy, i1y (F(T)) = wr p= ey (q(f, D)) (1) = int(q(f, fH(T)) 0 uy o) (T) =

Q(int(f), ur,r(fH(T))) o w1 sur)(T)

where the first equality is by (?7?), the second by (2.1.15)) and the third by (2.1.7). This
completes the proof of Lemma [2.1.13]

Let I be as above and o € @2(F). Then, by (2.1.10)), we have

int(f£(0(0))) = (int(I'); ur,r(f1(0(0))))

and therefore the pair

ug,r(0) = (ur,r(f1(9(0))), U, sr((0) (0))
is an element of D, (int(T"), U). This defines a family of functions

lar : Oby(T) — D, (int(T'), U)
parametrized by I' € Ob(CC(C, p)).

Lemma 2.1.14 [2015.05.02.prob2b/ [2015.05.02.constr2b/ The family usr is an iso-
morphism of presheaves

Uy : Oby — int°(D,(—,0))
Proof: We can write 4y as a composition of the bijection

Oby(T) = Hpveop 0y Oby ()
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that sends o to (ft(9(0)),0) with the function
HF’EOln (F)(/—%l (F/) — HFEHom(int(F),U)Hom((int(r); F)7 [7)

that is the total function of the function u; r and the family of functions @; v given for all
[V € Oby(T"). Since uyr is a bijection and for each I, @, v is a bijection, the total function
is a bijection.

It remains to prove that usp form a morphism of presheaves, that is, that for any f: " — T’
and T € Oby(I") we have

upr (f1(T)) = (it (f) o ur,p (fH(T)), QUint(f), ur,p (fH(T))) © ur o) (T))

We have
ua(f*(T) = (urr (FE(T(T))), wn oy (F(T)))
Since ft(f*(T)) = f*(ft(T)) we have

ur e (fH(f(T))) = int(f) o uy r(f(T))

by (ELT9).
Next we have f*(T) = q(f, ft(T))* (T) where q(f, ft(T)) : f*(ft(T)) — ft(T) by (??) and

therefore

un pi(p o)) (F(T)) = e (prery (a(f, SHT))(T)) = int(q(f, fH(T)) © un gy (T) =

Qint(f), urr(fU(T))) 0wy, su(r)(T)

where the first equality is by (??), the second by (2.1.15) and the third by (2.1.7). This
completes the proof of Lemma [2.1.13]

Lemma 2.1.15 [2016.08.26.13] The square of morphisms presheaves

Oby, —2 int°(D,(—,T))

al lmtf’(Dp(—,p))

Oby, —2— int°(D,(—,U))
commutes.
Proof: For I' € CC and o € (/9\6/2(F) we have
(int* (Dy(—, p))) (@al0)) = (int(Dy(—,p)))(ar,0 (FH(2(0))), T rgoren (0)) =

(u1,r (f2(9(0))), U1, sr(a(0)) (0) © P) = (ur,r(f£(0(0))), ur, i) (O(0)))
where the third equality is by the commutativity of (2.1.18]) and

u2,0(9(0)) = (ur,r(f4(8(0))), ur pr(a(0) (9(0)))

This completes the proof of the lemma.
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Remark 2.1.16 [2015.07.29.rem2]| Isomorphisms w;, u; for i = 1,2 generalize easily to all
1 > 0 if one defines, inductively,

Yora(V)(X) = UpxooYon(V) (X5 F))
Moreover, if we define Hom,,(X,Y’) as Yo0,(Y)(X) then there are composition functions
Hom,(X,Y) x Hom,,(Y,Z) — Hom, (X, Z)

that are likely to satisfy the unity and associativity axioms such that one obtains, from
any universe category (C,p), a new category (C,p), with the same collection of objects and
morphisms between two objects given by

Homcy), (X,Y) = I>1 Hom, (X, Y)

In this paper we will not need Yo, for n > 2 and we defer the study of this structure until
the future papers.

When C is a locally cartesian closed category (see appendix), the functors D,(—, V') become
representable providing us with a way to describe operations such as IT and A on CC(C, p)
in terms of morphisms between objects in C.

For a morphism p : U—Uina locally cartesian closed category and an object V' of this
category let B
I,(V) :== Homy (U, p), (U x V,pry))

and let
prl, (V) =plpry - L,(V) - U
be the morphism that defines [,(V') as an object over U.

Remark 2.1.17 [2016.04.23.rem1] In [4] generalized polynomial functors are defined as
functors isomorphic to functors of the form I,,.

Note that I, depends on the choice of a locally cartesian closed structure on C. On the other
hand, the construction of the functors D,(X, V) requires a universe structure on p but does
not require a locally cartesian closed structure on C.

The computations below are required in order to establish the connections between the
constructions that use the locally cartesian closed structure and the constructions that use
universe structures. In particular, we have to deal with the fact that for F': X — U the fiber
product (X, F) xy (U, p) that we have from the structure of a category with fiber products
on C need not be equal to (X; F') that we have from the universe structure on p.

Let p: U — U be a universe and V an object of C. We assume that C is equipped with a
locally cartesian closed structure. For F': X — U there is a unique morphism

v (X3 F) = (X, F) xy (U, p)
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such that tp o pry = px p and tp o pro = Q(F) which is a particular case of the morphisms

t, ' of Lemma [3.4.1]

The evaluation morphism in the case of (V) is of the form
evl, : (1,(V),prL,(V)) xg (U x V,pry) = U xV

Define a morphism
sty(V) : (p(V);prip(V)) =V

as the composition:
stp(V') = tprr,(vy 0 €0, (V) o pry

We will need to use some properties of these morphisms.

Lemma 2.1.18 [2015.04.14.12a/ Let f : V — V' be a morphism, then one has
QU(f), priy(V")) o sty(V') = st,(V) o f

Proof: Let pr = prL,(V), pr' = pri,(V'), t = tpr, V' = tp, ev = evl (V) and ev’ = ev, (V).
Then we have to verify that the outer square of the following diagram commutes:
(L(V)ipr) —— (L(V),pr)xy (U,p) —== UxV 225V
Q(Ip(f),pr’)l Ip(f)xldgl Idy Xfl lf

LV pr) —5s (L(V'), pr') xu (U,p) =2 U x V' 22y

The commutativity of the left square is a particular case of Lemma[3.4.1] The commutativity
of the right square is an immediate corollary of the definition of Idy x f. The commutativity
of the middle square is a particular case of the axiom of locally cartesian closed structure
that says that morphisms ev;* are natural in Y.

Problem 2.1.19 /2015.03.29.prob1/ Let (C,p,pt) be a locally cartesian closed universe
category. To construct, for all' V € C, isomorphisms of presheaves

nv : Dyp(=, V) = Yo(I,(V))
that are natural in 'V, i.e., such that for allr :V — V', X € C and d € D,(X,V) one has
[2016.09.11.eql]ny x(d) o I,(r) = nv x(Dy(X,7)(d)) (2.1.19)

Construction 2.1.20 [2015.03.29.constrl] We need to construct bijections
M - Dy(X, V) = Hom(X, L,(V)
such that holds and for any f: X' — X and d € D,(X, V) one has
[2016.09.11.eq2]f o ny.x(d) = nv.x/(D,(f, V)(d)) (2.1.20)
We will construct bijections
nv.x : Hom(X, I,(V)) = D,y(X, V)
such that for all g : X — I,,(V') one has:

15



1. for all 7 : V — V' one has

[2016.09.11.eq3]D,(X,7)(1'(9)) = n'(g o I,(r)) (2.1.21)

2. for all f: X" — X one has

[2016.09.11.eq4]D,(f,V)(1'(9)) = 1'(f o g) (2.1.22)

and then define ny x as the inverse to 77%,’ - One proves easily that (2.1.19) implies (2.1.21)
and (2.1.20)) implies (2.1.22)).

For g : X — I,(V) we set
Myx(9) = (goprIy(V),Q(g, pri,(V)) o stp(V))
To see that this is a bijection observe first that it equals to the composition
Hom(X,I,(V)) = Up.xuHomy (X, F), (1,(V),prL,(V))) = Up.xsuvHom((X; F), V)

where the first function is of the form g — (goprl,(V), g) and the second is the sum over all
F : X — U of functions g — Q(g,prl,(V)) o st,(V). The first function is a function of the
form A — Ileph~'(b), which is defined and is a bijection for any function of sets h : A — B.
It remains to show that the second one is a bijection for every F.

By definition of the Hom structure we know that for each F' the function
Homy (X, F), (I,(V), prI,(V))) = Homy (X, F) xu (U,p), =), (U x V,pr1))
given by g — (g x Idg) o evl,(V') is a bijection. We also know that the function
Homy (X, F) xu (U, p), Fop), (U x V,pr1)) — Hom((X, F) x¢ (U,p),V)

is a bijection. Since ¢ is an isomorphism the composition with it is a bijection. Now we
have two functions

Homy (X, F), (I,(V), priy(V))) = Hom((X; F), V)

given by g — tp o (g x Idg) o evl, (V) opy and g — Q(g,prl,(V)) o st,(V) of which the
first one is the bijection. It remains to show that these functions are equal. For this it is
sufficient to show that

Qg prI,(V)) o tprr, vy = tr o (g X Idy)
WhiNch follows easily from computing compositions with the projections pry to I,(V) and pry
to U.
We now have to check the behavior of ' with respect to morphisms in X and V.
Let pr = pri,(V) and pr’ = pri,(V'). For f: V' — V and f: X — [,(V) we have
Dy(X, £)(n'(9)) = Dp(X, f)(g o pr, Qg pr) o sty(V)) = (g 0 pr, Q(g. pr) o sty(V) o f)
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and

(g0 L(f) = (g0 L(f) o pr', Qg o L,(f), pr') o st, (V"))
We have pr = I,(f) o pr’ because I,(f) is a morphism over U. It remains to check that

Q(g,pr) o sty(V) o f=Q(go L,(f),pr') o sty(V')
By [0, Lemma 2.5] we have
Q(go I,(f),pr') = Q(g,pr) o Q(1,(f),pr')

and the remaining equality

Q(g,pr) o sty(V) o f = Q(g,pr) o QU(f),pr') o sty(V')
follows from Lemma 2118
Consider now f : X’ — X. Then
Dy(f,V)(1'(9)) = Dy(f, V) (gopr, Q(g, pr)ost, (V) = (fogopr, Q(f, gopr)eQ(g, pr)ost,(V))

n(fog)=(fogopr,Q(fog,pr)ost,(V))

and the required equality follows from [9, Lemma 2.5].

Prqvblem 2.1.21 [2015.03.17.prob3/ For a locally cartesian closed closed C and a universe
p:U — U in C to construct isomorphisms of presheaves

po : Oby — int®(Yo(1,(U)))

and

fiz : Oby — int°(Yo(L,(U)))
such that the square B

Oby, —2— int°(Yo(I,(U)))

al lmt‘)(Youp(p)))

Oby —2 int°(Yo(I,(U)))

commutes.

Construction 2.1.22 [2015.03.17.constr2/Compose isomorphism uy (resp. uy) with the
isomorphism int°(ny) (resp. int®(ng)). The explicit formulas for po and iy are

p2(T) = n(uz(T))
fiz(0) = n(u(0))

Remark 2.1.23 [2015.03.29.rem2] The previous constructions related to Oby and @vbg
can be generalized to Ob, and Ob, for all n > 0. For example, there are isomorphisms

pint1 2 Obyyq — int®(17(U))
fini1 2 Obpyy — int*(I(0))
where I} is the n-th iteration of the functor I, and py = u; and i1 = uy. The functors

Yo0,(V) of Remark [2.1.16| in the case of a locally cartesian closed universe category (C,p)
are representable by objects I7'(V).
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2.2 (II, M)-structures on the C-systems CC(C,p)

We will show now how to construct (II, A)-structures on C-systems of the form CC(C, p) for
a locally cartesian closed universe category (C,p).

Definition 2.2.1 [2015.03.29.defl/ Let C be a locally cartesian closed universe category,
pt be the final object of C and p : U — U the universe. A P-structure on p is a pair of
morphisms

such that the square B
L0 L5 U
[2009.prod.square| |1, lp (2.2.1)
LW -5 U

s pullback square.

Problem 2.2.2 /2015.0~3.17.pr0b0/ Let C be a~locally cartesian closed category, pt be a
final object in C and p: U — U a universe. Let (P, P) be a P-structure on p. To construct
a (II, A)-structure on CC(C,p).

Construction 2.2.3 [2015.03.17.constr3/The diagram

— ~ ~ int°(Yo(P ~ ot N1
Oby —L2s into(Yo(I,(07))) 0D, nte(vo(T)) s OB,
al linto(Yo(Ip(p))) lmt"(Yo(p)) 16

int°(Yo(P))

Oby —2 int®(Yo(L,(U))) int*(Yo(U)) s O

shows that for a P-structure (ﬁ, P) the pair of morphisms
1 = iy o int*(Yo(P)) o iy
A= pyt oint®(Yo(P)) o uj?
is a (II, A)-structure on CC(C, p).

There is an important class of cases when the function from P-structures on p to (I, A)-
structures on CC(C,p) is a bijection.

Lemma 2.2.4 [2016.09.09.11/ Let (C,p) be a universe category such that the functor

Yooint®:C — PreShv(CC(C,p))

is fully faithful. Then the function from the P-structures on p to the (II, \)-structures on
CC(C,p) defined by Construction[2.2.9 is a bijection.
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Proof: Let ¢ be the inverse to (Yoo int®); ) and ¢ be the inverse to (Yoo int®),w)u-
Given a (II, A)-structure (II, \) let
P=o(i; ollof
2016.09.09.eq]] otz ) (2.2.2)
P =¢(uy' oXom)

Then P : I,(U) — U and P : I,(U) — U. Let S be the square that P and P form with
I,(p) and p. One verifies that (Yo oint®)(S) is isomorphic to the square formed by II and A
and as a square isomorphic to a pullback square is a pullback square.

The functor Yo o int® is assumed to be fully faithful and if the image of a square under a
fully faithful functor is a pullback then the square itself is a pullback. We conclude that
formulas (2.2.2)) define a function from (II, \)-structures to P-structures.

It remains to verify that this function is inverse on both sides to the function of Construction
which is straightforward from its definition. The lemma is proved.

3 Functoriality of P-structures and (II, \)-structures

3.1 Universe category functors and the D, and I, constructions

Let (C,p,pt) and (C',p',pt’) be two universe categories. Recall from [9] that a functor of

universe categories from (C, p, pt) to (C',p/,pt') is a triple ® = (P, ¢, ¢) where ® is a functor
C—Cand¢g:PU)— U, ¢:dU)— U are two morphisms such that ¢ takes the final
object to a final object, pullback squares based on p to pullback squares and such that the
square

®(0) SN )
[2015.03.21.sq]ﬂ(p)l lp/ (3.1.1)
dU) —2 U
is a pullback square.

For X,V in C we have the functoriality function

& : Hom(X,V) = Hom(®(X),®(V))

Problem 3.1.1 [2015.04.12.probl/ For a universe category functor ® = (®, ¢, @), to de-
fine, for all X,V € C, functions

B} x : Dy(X, V) = Dy (2(X), (V)
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Construction 3.1.2 [2015.04.12.constrl] Let (F; : X — U, F, : (X;F;) — V) be an
element in D,(X,V). Consider (®(X); ®(Fy) o ¢). Since the square (3.1.1) is a pullback

square there is a unique morphism ¢ such that qo$ = Q(P(F1)o¢) and qo®(p) = pa(x),a(F1)os°
®(Fy) and then the left hand side square in the diagram

(D(X); ®(F)) 0 ¢) —1 ®(U) —2 U
lpé(X)@(Fl)m @(p)l lp/
B(X) 2E ey L U

is a pullback square. Together with the fact that ® takes pullback squares based on p to
pullback squares we obtain a unique morphism, which is an isomorphism,

L (D(X); ©(F1) 0 §) — (X F1)

such that
[201504086(11]1, o (I)(pX,Fl) = p<I>(X),(I>(F1)o¢ (312)

[2015.04.08.eq2]. 0 D(Q(F})) 0 ¢ = Q(B(F)) 0 ¢) (3.1.3)

and we define:
@%,,X(Fl, ) = (®(F)) 0 ¢, 0 B(F))

The following lemma proves that the family of functions ‘I>%/, y parametrized by X € C is a
morphism of presheaves of the form

@Y : Dy(—,V) = °(Dy(—, &(V)))

Lemma 3.1.3 [2015.03.23.11/ Let ® be as above, f: X' — X be a morphism and V' be an
object of C. Then the square

D,(X,V) DoV, D, (X', V)

2 2
‘I)v,xl <IW,x'l

Dy (@(x), o(v)) 2 b @(x), a(v))

commutes.

Proof: We will omit the indexes at ®2. We have to show that for any d € D,(X,V) one
has

Dy ((f), (V))(2%(d)) = ®*(D,(f,V)(d))
Let d = (Fl,Fg). Then

Dy (®(f), 2(V))(®*(d)) = Dy (R(f), 2(V))(P(F1) © ¢, 10 B(F})) =
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(B(f) 0 ©(F1) 0 ¢,q 010 B(F2))

and

(D, (f, V)(F1, »)) = ®*(f o F,qo Fy) =
(®(f o F1)op,t/ 0®(qoFy))
where
L (P(X); @(Fy) o) = O(X; F) i (P(X); P(f o Fr)og) = O(X'; foF)
q: (X5 folh) = (X5F) ¢ (PX);@(f) 0 @(F1) 0 ¢) = (D(X); R(F7) © @)
are the morphisms defined in Construction [3.1.2] We have
O(f)o®(F1)op=0(fokr)og
and it remains to check that
¢ ovo®(Fz) =1 0®(qo Fy)

or that ¢'or = /o ®(q). The codomain of both morphisms is ®(X; F}) that by our assumption
on @ is a pullback of p’ and ®(F})o¢. Therefore it is sufficient to verify that the compositions
of these two morphisms with the projections to U’ and ®(X) coincide.

This is done by a direct computation from definitions.

If we consider D, as a functor C — PreShv(C) then the following lemma shows that the
family of functor morphisms ®2, parametrized by V € C form a functor morphism of the

form
<I>2:Dp—>(I>on:o<I)°

Lemma 3.1.4 [2015.04.10.13/ Let ® be as above, X an object of C and f : V — V' a
morphism. Then the square

D,(X,V) D,(X, V")
*x | | #5x
Dy (®(X), 8(V)) 22 D(@(X), $(V))
commutes.
Proof: We will omit the indexes at ®2. Let d = (Fy, Fy) € D,(X, V). We have to show that
*(Dy(X, f)(F1, F)) = Dp(@(X), ©(f))(D*(F1, F2))
We have:

*(Dy(X, f)(F1, F)) = @*((Fy, Fao f)) = (B(F1) 0 L0 D(Fy 0 f)) =
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(P(F1) 0 6,0 ®(F) 0 ®(f)) = Dy(P(X), D(f))(R*(FY, F2))
Note that in the problem below no assumption is made about the compatibility of ® with

the locally cartesian closed structures on C and C’.

Problem 3.1.5 [2015.03.21.probl/ Assume that C and C' are locally cartesian closed uni-
verse categories. For ® as above and V € C to construct a morphism

xa (V) : @(L,(V)) = Ly(®(V))

Construction 3.1.6 [2015.03.21.constrl] Consider the sequence of functions

DALWV).V) BT D@ (5,(V)), a(V))
ni/JMV)T T7<I>(1p(V))7<I>(V)l
Hom(L,(V), I,(V)) Hom(@(L,(V)), I ((V))

where 7 and its inverse n' are the bijections of Construction [2.1.20l Applying it to I dr, vy
we obtain

xa(V) = 77<I>(Ip(V))7<I>(V)(‘I’i(V),V(TI%/,Ip(V)(]dlp(v))>>
Let us show that ye are natural in V.

Lemma 3.1.7 [2015.04.10.14] For ® as above let f : Vi — V4 be a morphism. Then the

square
xa (V1)

]p’(q)(vl))

commautes.

Proof: Let X; = I,(V;) for i = 1,2. In the following computations we often omit the indexes
that can be recovered from the context. We have:

X(V1) o Iy (®(V1)) = n(®*(n' (Idx,))) © Ly (2(f)) = 1/ (D (®(X1), () (®*(0' (Idx,))))
where the second equality is by with respect to ®(f). Then
N(Dy(X1, 2())(@%(n' (1dx,)))) = n(@*(Dy(X1, f) (' (1dx,)))) =

n(®*(n' (Idx, o (1)) = n(@*(n' (1,())))
where the first equality holds by Lemma and the second by (2.1.21]) with respect to f.
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On the other hand:
O(L,(f)) o x(Va) = D(I,(f)) o n(®*(0 (Idx,))) =
1 (Dy (P(1,(1)): P(X2))(2%(1' (1dx,))))
where the second equality is by with respect to ®(I,(f)). Then
1(Dy (®(1,()), P(X2))(®%(0' (Idx,)))) = n(R*(Dy(L(f), X2) (0 (Idx,)))) =

n(®2(n' (L(f) o Idx,))) = n(®*(n' (1,(£))))

where the first equality holds by Lemma 3.1.4: and the second by (2.1.22) with respect to
the I,(f). This completes the proof of Lemma [3.1.7]

Lemma 3.1.8 [2015.05.06.11/ For all X,V € C the pentagon

nv,x

D,(X,V) Hom(X,I1,(V))
Dy (2(X),2(V)) Hom(®(X), ®(1,(V)))
%(v),@(x)l l—oxdv)
Hom(®(X), Iy (®(V))) == Hom(®(X), Iy(2(V)))

commutes, that is, for all a € D,(X,V) one has
®(1(a)) o xa(V) = 1(®*(a))
Proof: By definition of g and with respect to ®(n(a)) we have
®(n(a)) o xa(V) = ®(n(a)) o n(®*(n'(1d))) = n(Dy(®(n(a)), 2(V))(®*(7' (Id1,1))))
By Lemma [3.1.3) we further have:
(Dy ((1(a)), ®(V))(2*(1'(1d)))) = n(®*(Dy(n(a), V)(n'(1d))))

It remains to show that D,(n(a),V)(n'(Id)) = a. Since 7 is a bijection we may apply it on
both sides and by ([2.1.22)) with respect to n(a) we get

n(Dp(n(a), V)(n'(Id))) = n(n' (n(a) o Id)) = n(a) o Id = n(a)
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3.2 More on universe category functors

By [9, Construction 4.7] any universe category functor ® = (&, ¢, ¢) from (C,p) to (C
defines a homomorphism of C-systems

!/

,P)

H:CC(c,p) — cc(,p)
Let 1o : pt'’ — ®(pt) be the unique morphism. To define H on objects, one uses the fact that
0b(CC(C,p)) = I1,,500b,(C, p)
and defines H(n, A) as (n, H,(A)) where
H, : Ob,(C,p) — Ob,(C, ')

To obtain H,, one defines by induction on n, pairs (H,,,) where H, is as above and 9, is
a family of isomorphisms

n(A) int,(H,(A)) — D(int,(A))

as follows:

1. for n = 0, Hy is the unique function from one point set to one point set and 1)g(A) = vy,

2. for the successor of n one has
Hn—i—l(Aa F) = (Hn<A>777/}n(A) o (I)(F) o (b)

and ¥, 11(A, F) is the unique morphism int(H (A, F')) — ®(int(A, F')) such that

Uni1(A, F) 0 ®(Q(F)) 0 ¢ = Q(¢n(A) 0 B(F) 0 ¢)

and
Uni1 (A, F) 0 ®(Dint,(4),F) = DH(A)5n (A)od(F)op © Un(A)

The function H : Ob(CC(C,p)) — Ob(CC(C',p')) is the sum of functions H,,. ForI' = (m, A)
in Ob(CC(C,p)) we let (') = ¢,,(A) such that 1 is the sum of families .

The action of H on morphisms is given, for f : IV — I', by

H(f) =4 (I") o @(int(f)) o (1)~
We will often write H also for the functions H,, and 1 for the functions ),.
Lemma 3.2.1 [2015.03.21.14/ Let (D, ¢, 5) be universe category functor. Then:
1. for T € Oby(I") one has
ur,mry(H(T)) = (') 0 ®(u1,r(T)) 0 ¢
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2. for o € Oby(T) one has

typry(H(0)) = ¢(I') o ®(tuyr(0)) 0 ¢
3. for T € Oby(T") one has
s, (ry(H(T)) = Dy ((T), U")(Dy (int(H(T)), ¢)(®*(us,r(T))))
4. for o € Oby(T) one has
o, 1(r) (H (0)) = Dy ((T), U')(Dy (int (H (T)), $)(@° (10 (0))))
Proof: Let I' = (n, A).
In the case of T'€ Oby ('), if T = (n+ 1, (A, F')) then
u (H(T)) =ui(n+ 1, H(A, F)) = ui(n+1,(H(A), (") o ®(F) 0 ¢)) = (I') 0o ®(F) 0 ¢
In the case of s € C%l(F), if F''=wu(0(s)) then
Ui (H(s)) = H(s) o Q(ui(n+1, H(A, F))) = ¢¥(A) 0 ®(s) 09h(A, F) 1o Q(¢)(A) 0 B(F) 0 ) =
¥(A) 0 B(s) 0 D(Q(F)) 0 & = Y(A) 0 B(s 0 Q(F)) 0 & = 1h(A) 0 D(a(s)) 0 &
Where the second equality is by definition of (A, F).
In the case T' € Oby(I"), if T' = (n+ 2, ((A, F1), F,)) then
ug(H(T)) = ua(n+2, H(((A, F1), F»))) = us(n+ 2, (H(A, F1),¥(A, F1) o P(F3) 0 ¢)) =
us(n+ 2, ((H(A),¥(A) o ©(F1) 0 ¢),¥(A, F1) 0 D(F2) 0 ¢)) =
(1(A) 0 ®(F1) 0 ¢, 9(A, F1) 0 (F3) 0 ¢)
On the other hand
Dy ((A), =)Dy (=, 6)(®*(u2(T))) = Dy (¥(A), =) D (=, ¢)(2*(ua(n + 2, (A, 1), F)))) =

Dy (¥(A), =)Dy (=, ¢)(®*(F1, F2)) = Dy (¥(A), =)Dy (=, 9)(2(F1) 0 ¢, 1 0 B(F3)) =
Dy (¢(A), =)(@(F1) 0 ¢, 10 ®(F) 0 §) = ((A) 0 B(F1) 0 ¢, Q(Y(A), ®(F1) 0 p) o Lo B(F3) 0 )

therefore we need to show that
2015.04.12.0q1[u/(A, 1) 0 D(F) 0 6 = Q((A), B(F) 0 d) 0 1o () o6 (32.1)

which we reduce to ¥(A, F1) = Q(¥(A), ®(F1) o ¢) o r. The codomain of both sides is
®(int(A, F1)). Using the fact that the external square of the diagram

O(int(A, Fy)) 2 oy 2

‘P(p(A,Fl))l lq’(p) lp’

o(int(4)) 20 ¢
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is a pullback square we see that equality (3.2.1]) would follow from the following two equalities:

V(A, F) o ®(Q(F1)) 0 6 = Q(i(A), &(F1) 0 §) 0 10 D(Q(F1)) 0 &
and
¢(A7 Fl) © q)(p(A7F1)) = Q(qu)(A)v CI)(F1> © ¢) o110 (I)<p(A,F1))
For the first equality we have
V(A F) 0 ®(Q(F1)) 0 6 = Q(¥(A) 0 D(F1) 0 )
by definition of (I, F}) and

Q(A), D(F1)0¢)oro®(Q(F1))od = Q(iH(A), D(F1)0¢)oQ((F1)od) = Q(1h(A)od(Fi)op)
where the first equality holds by definition of ¢ and second by the definition of Q(—, —).
For the second equality we have

(A, Fy)o (I)(p(A,Fl)) = PH(A,F) © ¥(A)

by definition of (A, F) and

QY(A),®(F1) o p)oro®(parm)) = Q((A), D(F1) 0 @) © Da(int(A)),d(F )os = PH(A,F) © Ur

by definitions of ) and ..

The case of 0 € (%Q(F) is strictly parallel to the case of T' € Oby(I") with ®(F3) o ¢ at the
end of the formulas replaced by ®(F3) o ¢ where instead of Fy : int(A, F1) — U one has

Fy s int(A, Fy) = U with Fy = Tiy_pyo(0) (0).

For (®, ¢, ¢) as above let us denote by
o 1 D(1,(U)) = Ly(U)
the composition ys(U) o I,y(¢) and by

Eo : O(L,(0)) = Ly (T)

the composition xa(U) o I,(¢).

Lemma 3.2.2 [2015.05.06.12/ Let (P, ¢, ¢) be a universe category functor andT' € Ob(CC(C, p)).
Then one has:

1. for T € Oby(T)
p2(H(T)) = () o ®(ua(T)) o o

2. foroe (%Q(F) N
pi2(H(0)) = ¢(I') 0 ®(1i2(0)) © £a
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Proof: We have
pa(H(T)) = n(uz(H(T))) = n(Dy (Y(T), )(Dp (-, ¢)(®°(ua(T))))) =

U(I) 0 n(®*(us(T))) © Iy (9)
where the first equality holds by the definition of ps (cf. Construction [2.1.22)), the second
equality holds by Lemma [3.2.1)3) and the third by the naturality of 7. Next
(@7 (us(T))) 0 Iy (¢) = P(n(u2(T))) 0 Xa(U) 0 Ly (¢) = P(n(u2(T))) 0 {a = P(ka(T)) © o
where the first equality holds by Lemma [3.1.8] the second one by the definition of ég and
the third one by the definition of pus.
The proof of the second part of the lemma is strictly parallel to the proof of the first part.

3.3 Functoriality properties of the (II, \)-structures constructed
from P-structures

Let us show the functoriality properties of the (II, ) structures of Construction m

Definition 3.3.1 /2016.09.13.defl] Let H : CC — CC" be a homomorphism of C-systems.
Let (I1, \) and (IT',; X') be pre-(I1, A)-structures on CC and CC" respectively.

The H s called a homomorphism of C-systems with pre-(IL, \) and (II', \) if the following
two squares commute

ob, 1 op Ob, —>» O
H0b2l lH(’)ln H(’vagl lH@Z)l
Ho(0b) 1 fo(ony) Ho(Oby) X fo(on))

If (11, \) and (II', N') are (I, \)-structures then H is called a homomorphism of C-systems
with (I1, X)-structures if it is a homomorphism of C-systems with the corresponding pre-
(IT, \)-structures.

Unfolding the definition of HOb; and H 6?% in Definition we see that H is a homomor-
phism of C-systems with pre-(II, A)-structures if and only if for all I' € C'C' one has

1. for all T' € Oby(I") one has

[2016.09.13.eq1]H (TIp(T)) = Iy (H(T)) (3.3.1)
2. for all 0 € Oby(T") one has

[2016.09.13.eq2] H (Ar(0)) = Ny (ry(H (0)) (3.3.2)
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Theorem 3.3.2 [2015.03.21.th1] Let (D, ¢, ¢) be as above and let (P, P), (P, P') be as in

Problem for C and C' respectively.

Assume that the squares

O(I,(U)) —*= L,(U") O(1,(U)) — = L,(U")
[2015.03.23.sq1]c1>(P)l lp/ @(ﬁ)l J 5
oU) 2 U o) — T

commute. Then the homomorphism

H(®,¢,¢): CC(C,p) — CC(C, 1)

is a homomorphism of C-systems with (I1, \)-structures.

Proof: We have to show that for all T € Ob(CC(C,p)), T € Oby(T) and o € Oby(I) the
equalities (3.3.1]) and (3.3.2)) hold. We will prove the first equality. The proof of the second

is strictly parallel to the proof of the first.

By definition we have:
H(I(T)) = H(u;" (n(uz(T)) o P)) = (u1) " (¥(T) 0 D(n(ua(T)) © P) 0 §) =

(u1) " (@ () 0 @(n(uz(T))) © 2(P) 0 ¢)
where the second equality holds by Lemma [3.2.1[1) and

'(H(T)) = (w1) ™ (u2(H(T)) 0 P') = (wa) ' (1 (ua(H(T))) o P')
Let us show that
1 (u2(H(T))) o P'=(I') o @(n(ux(T))) 0 @(P) 0§
By Lemma [3.2.2)1) we have
7' (u2(H(T))) o P' = ¢(I') 0 (n(u2(T))) 0 o o P’

It remains to show that
g0 P =®(P)o¢

which is our assumption about the commutativity of the square first square in (3.3.3).
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3.4 Appendix. Categories with pullbacks and locally cartesian
closed categories

Lemma 3.4.1 [2015.04.16.11/ Let C be a category. Consider four pullback squares

Pry.i Py’

pby —— Y pb, —= Y’
pTX,iJ/ lg Prx,il Jg’
x 1ty z x I,z

where 1 = 1,2. Leta : X' — X and b :Y' — Y be such that ao f = f' and bo g = ¢'.
Let v : pby — pby be the unique morphism such that v o prx, = prx; and o pry; = pryas
and similarly for o' : pby — pby. Let c;(a,b) : pb, — pb; be the unique morphisms such that
ci(a,b) o prx; = prx.;oa and c;(a,b) o pry; = bo pry:;. Then the square

pbﬁ —>61(a7b) by

pb’2 ;2(“71)) pba

commutes, i.e., c1(a,b) oL =1 0cy(a,b).

Proof: Since pb, is a pullback it is sufficient to prove that
c1(a,b)oroprxs =1 ocs(a,b)opryas
and
c1(a,b) ovoprys =1 ocy(a,b) o prys

For the first one we have:
C1(a, b) CLOPrx2 = Cl(a, b) oOprx1 =prx:ri1oa

and
/ ! _
Lo 02(a, b) OPrxa =100prx/20a=7prx 10a

The verification of the second equality is similar.

Definition 3.4.2 [2015.04.22.defl] A category with pullbacks or a category with fiber prod-
ucts is a category together with, for all pairs of morphisms of the form f : X — Z,g:Y — Z,
pullback squares

pr{XD(¥0)

(X, f) xz(Y,9) ——— Y

prgx,mv,g)l lg

X Lz
We will often abbreviate these main notations in various ways. The morphism proog = priof
from (X, f) x (Y,g) to Z is denoted by f < g.
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Given a category with pullbacks, morphisms g; : ¥; = Z, ¢ = 1,2 and morphisms a : X; —
Y1, b: X — Y5 denote by

(axb)9: (X1,a091) Xz (X2,0092),(a0gi)o(bogs)) = ((Y1,91) Xz (Ya,92), 91 © g2)
the unique morphism over Z such that
(@ x b)?9 opry =prioa

and
(X )5 o pry = pry o b

To show that (a x b)992 exists we need to check that
prioao gy =prgobogy

which is immediate from the definition of the pullback.

Lemma 3.4.3 [2015.05.14.11] In the setting introduced above suppose that we have in ad-
dition a' : X] — X3 and V' : X}, = Xo. Then one has

((CL’ o a) % (bl o b))gla!h — (CL/ % b/)aog1,bogz o (CL % b)g1,gg

Proof: Straightforward rewriting to compute the compositions of both sides with prf*?> and
91,92
pra- .

Definition 3.4.4 [2015.03.27.defl/ A locally cartesian closed structure on a (pre-)category
C is a collection of data of the form.:

1. A structure of a category with pullbacks on C.

2. For all f, g of the form f: X — Z, g:Y — Z, an object Hom,((X, f),(Y,g)) and a
morphism
fOg:Homy (X, f),(Y,9)) = Z

together with morphisms of the form
Hom((X, f),a) : Hom((X, f), (Y, g)) = Hom((X, f),(Y". "))

foralla: (Y,q) — (Y',¢') over Z, that make Hom((X, f), —) into a functor from C/Z
to C.

3. For all f, g as above a morphism
sl (Homy (X, £),(Y,9), f20g) % (X, f) = (Y. 9)
over Z such that for all h : W — Z the function
adjiy " Homy (W, h), (Homy (X, ), (Y,9)). f2))

Homz((W,h) x (X, f),ho [),(Y,g))

given by
X
w s (ux Idy)/®9 o GUEY,;];)
(X./)
Y.g)

s a bijection and such that the morphisms ev are natural in 'Y .
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A locally cartesian closed (pre-)category is a (pre-)category together with a locally cartesian
closed structure on it.

If a locally cartesian closed category is given with a final object pt we will write X x Y for
(X, 7x) Xpt (Y, my) where mx and 7y are the unique morphisms from X and Y respectively
to pt.

By definition the objects (Hom((X, f),(Y,q)), fAg) of C/Z are functorial only in (Y, g).
Their functoriality in (X, f) is a consequence of a lemma. For f: X — Z, f': X' — Z,
g:Y — Zand h: X' — X such that ho f = f' let

Homy(h, (Y, g)) : Homy((X, f), (Y, g)) = Homy((X', f'), (Y. g))
be the unique function whose adjoint
adj(Homy(h, (Y. g))) : (Homy((X, f),(Y.9)), [Dg) xz (X', f') = (Y. g)

equals (Idpom,, ((x,p),(v,g)) X )29 o evs¥. Then one has:
Lemma 3.4.5 [2015.04.10.11/ The morphisms Hom,(h,(Y,g)) satisfy the equations
Hom,(h,(Y,g)) o (f'Ag) = fAg
and the equations
Homy(hi o ha, (Y, g)) = Hom(hs, (Y, g)) o Hom(h, (Y, g))
Homy(1d,(Y,g)) = 1d

making Hom,(—, (Y, g)) into a contravariant functor from C/Z to itself. In addition, for
each b/ = (Y,g9) — (Y, ¢') the square

Homy, ((X", '), (Y, 9)) Hom, (X', '), (Y',9))

Hﬂz(hv(iﬁg))l lHﬂz(h7(Y/7gl))

MZ((X> f)7<Y>g)) MZ((va)>(Ylag,))

Hom ,((X',f"),h")

Hom,((X,f),h")
_
commautes.

Proof: It is a particular case of [5, Theorem 3, p.100]. The commutativity of the square is
a part of the ”bifunctor” claim of the theorem.

Lemma 3.4.6 [2015.04.20.12/ In a locally cartesian closed category let f : X — Z, f':
X' —Z,qg:Y — Z be objects over Z and let a : X' — X be a morphism over Z. Then the
square

(Hom((X, f), (Y, 9)), fAg) xz (X', f))  —— (Hom((X, ), (Y,9)), fLrg) 7 (X, f)
(Hom, (X', '), (Y, 9)), f'Dg) x7 (X', f)) — Y

where 1 is (Idgom((x.p).(v.g) X @)729 and 2 is (Hom(a, (Y, g)) x Idx/)¥"295", commutes.
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Proof: Let us show that both paths in the square are adjoints to Hom(a, (Y, g)). For the
path that goes through the upper right corner it follows from the definition of Hom(a, (Y, g))
as the morphism whose adjoint is (Id X a) o ev. For the path that goes through the lower
left corner it follows from the definition of adjoint applied to Hom(a, (Y, g)). Indeed, the
adjoint to this morphism is

adj(Hom(a, (Y, 9))) = (Hom(a, (Y, g)) x Idx:) o et/

Lemma 3.4.7 [2015.05.12.12/ Let C be a locally cartesian closed category. Let Z, (X, f), (
be as above.

1. Let (Y',¢') be an object over Z and a: (Y,qg) — (Y',¢') a morphism over Z. Then for
any b€ Homz (W, h), Homy((X, f),(Y,g))) one has

adj(bo Homy((X, f),a)) = adj(b) o a

2. Let (X', f") be an object over Z and a : (X', f') — (X, f) a morphism over Z. Then
for any b € Hom((W, h), Homy (X, f), (Y. 9))) one has

adj(bo Hom,(a, (Y, q))) = (Idw X a)h’f o adj(b)

3. Let (W' 1) be an object over Z and a : (W', h') — (W, h) a morphism over Z. Then
for any b € Homz (W, h), Hom;((X, f),(Y,9))) one has

adj(aob) = (a x Idx)™ o adj(b)

Proof: The proof of the first case is given by
adj(bo Hom,((X, f),a)) = ((bo Hom,((X, f),a)) x Idx) 9" o evy;!)

(Y'g') —

(b x Idx)™97 o (Hom,((X, f),a)) x Idx)!*9 o oy ), =
)

(b x Idy)Tf o evy]
where the second equality holds by Lemma [3.4.3] and the third equality by the naturality

axiom for morphisms ev((}),f’gjg) in (Y, g).

The proof of the second case is given by the following sequence of equalities where we use
the notation Hm for Hom,(a, (Y, g)) as well as a number of other abbreviations:

adj(bo Hm) = ((bo Hm) x Id) o ev = (b x Id) o (Hm x Id) o ev = (b x Id) o adj(Hm) =
(bx Id)o(Idxa)oev=(bxa)oev=(Idxa)o(bxId)oev=(Idxa)oadjb)
The proof of the third case is given by

adj(aob) = ((aob) x Idy) o evgf,f’g? = (a x Idy) o (b x Idy) o evg,{”g];) —

(a x Idx) o adj(b)
where the second equality holds by Lemma [3.4.3]

oa=adj(b)oa

Lemma is proved.
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Example 3.4.8 [2015.05.20.ex1] The following example shows that there can be many
different structures of a category with pullbacks on a (pre-)category and also many locally
cartesian closed structures.

Let us take as our (pre-)category the (pre-)category preStn whose objects are natural num-
bers and Hom(n,m) = Hom({0,...,n —1},{0,...,m —1}).

Since every isomorphism class contains exactly one object every auto-equivalence of this
category is an automorphism. Let ® be such an automorphism. It is easy to see that it
must be identity on the set of objects. Let X = {0,1}. Consider ® on End(X). Since ®
must respect identities and compositions, ® must take Aut(X) to itself and must act on
it by identity. If 1 and o are the two elements of Aut(X) we conclude that ®(1) = 1 and
O(0) =o0.

Let us choose now any structure stry of a category with pullbacks on preStn and let us
consider two structures str; and str, that are obtained by choosing all the pullbacks as in
stro except for the square for the pair (Idx, Idx) which we choose to be, correspondingly,
as follows:

X Iy x X 25 X
[2015.05.20.sq;)1l J”X for stry and al l[dx for stry.  (3.4.1)
v lix, oy x lix, x

The preceding discussion of the auto-equivalences of preStn shows that there is no auto-
equivalence which would transform str; into str,.

The (pre-)category preStn also has a locally cartesian closed structure that can be modified
so that its underlying pullback structures are str; and str,. This shows that preStn has at
least two locally cartesian closed structures that are not interchanged by auto-equivalences
of preStn.

Remark 3.4.9 [2015.05.20.rem1]| The previous example has a continuation in the univa-
lent foundations where there is a notion of a category and pre-category. There one expects
it to be true that the type of pullback structures and the type of locally cartesian closed
structures on a category (as opposed to those on a general pre-category) are of h-level 1, i.e.,
classically speaking are either empty or contain only one element.

In addition any such structure on a pre-category should define a structure of the same kind
on the Rezk completion of this pre-category with all the different structures on the pre-
category becoming equal on the Rezk completion. In the case of the previous example the
Rezk completion of preStn is the category F'Sets of finite sets and in view of the univalence
axiom for finite sets the two pullback squares of will become equal in F'Sets.
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