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Abstract

B-systems are algebras (models) of an essentially algebraic theory that is expected to be
constructively equivalent to the essentially algebraic theory of C-systems which is, in turn,
constructively equivalent to the theory of contextual categories. The theory of B-systems is
closer in its form to the structures directly modeled by contexts and typing judgements of
(dependent) type theories and further away from categories than contextual categories and

C-systems.
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1 Lft-sets, pre-B-systems and B0-systems

1 Lft-sets

Let us start with the definition of Ift-sets. For two natural numbers m,n define

m —N n = mazx(m —n,0).



Definition 1.1 [2016.01.27.defl/ An Ift-set is a collection of data of the following form:

1. a set B,
2. a functionl: B — N,

3. a function ft: B — B

such that for all X € B one has I(ft(X)) =1(X) —~ 1.

An lft-set is called pointed if the set {X € B,l(X) = 0} is a one element set. In this case the only
element of this set is usually denoted by pt.

Lemma 1.2 [2016.02.18.12] Let B be an Ift-set, X € B and n € N. Then

I (X)) = 1(X) —n

Proof: Obvious induction on n.

For an lft-set B, define the relation > on B by the condition that ¥ > X if and only if [(Y') > (X))
and

X = =Xy,
Define the relation > on B by the condition that ¥ > X if and only if Y > X and (V) > I(X).
Lemma 1.3 [2016.01.27.11/ For any Ift-set B one has:

1. the relation > is a partial order relation, i.e., it is reflexive, transitive and antisymmetric,

2. the relation > is a strict partial order relation, i.e., it is transitive and asymmetric.

Proof: Straightforward using the corresponding properties of the relations > and > on N and
properties of —x;.

Lemma 1.4 [2016.02.22.12] Let B be an lft-set. The following mized transitivities hold:

1. if Z>Y andY > X then Z > X,
2.ifZ>Y andY > X then Z > X.

Proof: Straightforward from the properties of — and > and > and > on N.

Lemma 1.5 [2016.02.22.13] Let B be an Ift-set, Y > X in B and i € N. Then one has:

1. f (YY) > i+ 1(X) then ft{(Y) > X,
2. if I(Y) > i+ 1(X) then ft'(Y) > X.



Proof: Straightforward from the properties of —y and > and > and > on N.

Lemma 1.6 [2016.01.27.16/ Let B be an Ift-set and Y > X in B. Then ft(Y) > X.
Proof: Straightforward from the properties of —y and > and > on N.

Lemma 1.7 [2016.01.29.13/ Let B be an Ift-set, X € B and n € N. Then X > ft"(X).
Proof: Straightforward from the properties of —n and > and > on N.

Lemma 1.8 [2016.01.29.12] Let B be an Ift-set, X € B, n > 0 and I(ft"(X)) > 0. Then
X > ft"(X).

Proof: From Lemma we know that X > ft"(X). It remains to show that {(X) > [(ft"(X)).
By Lemmal[L.2} I(ft"(X)) = maxz(I(X) —n,0) which implies that under the condition of the lemma
I(ft"(X)) =1(X) —n and since n > 0 we have that I[(X) > I(ft"(X)).

Definition 1.9 [2016.01.27.def2] Let B, B’ be Ift-sets. A morphism of Ift-sets f : B — B is a
function f: B — B’ such that for all X € B one has I(f(X)) =1(X) and I(ft(X)) = ft(I(X)).

We let Moris(B, B') denote the set of morphisms of lft-sets from B to B'.

Lemma 1.10 [2016.03.15.15/ Let f : B — B’ be a morphism of lft-sets, X € B and j € N. Then
one has

FUP (X)) = FE(F(X))
Proof: By induction on j.

Lemma 1.11 [2017.01.27.13] Let f : B — B’ be a morphism of Ift-sets and X,Y € B. Then one
has:

1. if Y > X then f(Y) > f(X),
2. if Y > X one has f(Y) > f(X),

Proof: Straightforward from Lemma [1.10

Lemma 1.12 [2016.01.27.12/ One has:

1. for any Ift-set B the identity function Idg : B — B is a morphism of Ift-sets,

2. for any Ift sets B, B', B” and morphisms f : B — B', f' : B" — B" the composition of
functions f o f' is a morphism of lft-sets.

Proof: Straightforward using the properties of —n.

Let [ft(U) be the set of lft-sets in the universe U.



Problem 1.13 [2016.01.27.probl/ Let U be a universe. To construct a category LFT(U) with
the set of objects Lft(U).

Construction 1.14 [2016.01.27.constrla/We define
Ob(LFT(U)) =1ft(U)

Mor(LFT(U)) = Up preifuwyMoris(B, B')

with the obvious domain and codomain functions and the identity function and the composition
function being defined from the identity and composition of functions between sets using Lemma
12

The proofs of the associativity and the identity axioms of a category are straightforward.

We can not use U in this definition instead of IT because the sets Mor(B, B") need not be disjoint
for different B, B’. For example, if B’ has one element of each length then the set Mor(B, B’)
depends on the set B and the length function [ but is independent on the ft function on B.

Therefore there is no category with the set of objects [ ft(U) and the set of morphisms between any
two lft-sets being the set Mor;s of Definition Instead in our category the set of morphisms
from B to B’ is the set of iterated pairs of the form ((B, B’), f) where f is a function B — B’ that
satisfies the conditions of Definition This set is in the obvious bijective correspondence with
the set of morphisms from B to B’ and we will use both directions of this bijection as coercions - if
an element of Mory, gy (B, B') occurs in a position where an element of Mors(B, B') should be
it is replaced by its image in Mor;s(B, B') under the corresponding function of the bijection and
vice versa.

This completes Construction
In what follows we fix a universe and write LF'T instead of LFT(U) and [ft instead of [ ft(U).

2 Pre-B-systems

Definition 2.1 [2016.01.27.def7] A B-system carrier is a triple (B, B,d) where B is an Ilft-set,
Bis a set and 0 : B — B is a function such that for all v € B one has 1(d(r)) > 0.

Remark 2.2 [2016.03.31.rem2] Elements of a B-system carrier B = (B,E,a) and connecting
them relation < can be shown diagrammatically as follows:

Y a(r)
| [
X )

where the first diagram shows a pair X,Y € B such that X <Y and the second one an element
r € B.

Definition 2.3 [2016.01.27.def3] Let (B, B,d) be a B-system carrier. We set:

Tuom = {X,Y € BJI(X) > 1, ft(X) <Y} Typm ={X € B,s € B,(X,0(s)) € Tom}



Sigom ={r € B,Y € B,O(r) <Y} Sgom = {r,s € B, (r,0(s)) € Saom}
Sdom = {X € B,1(X) > 1}

Definition 2.4 [2014.10.10.defl] A non-unital pre-B-system is a B-system carrier together with
functions T, T,S and S of the form:

T:Tdom—>B Tifdom—}E

S Syom — B S:Sym — B

Definition 2.5 [2014.10.20.defl] A pre-B-system is a non-unital pre-B-system together with a
function
0: 5dom — B

Definition 2.6 [2016.27.def8] A morphism of B-system carriers f : (B,B,d) — (B',B',d) is a
pair (f, f) where f: B — B’ is a function, f : B — B’ is a morphism of Ift-sets and for any s € B
one has

0'(f(s)) = f(0(s))

Problem 2.7 [2016.01.27.prob9/ For a morphism of B-system carriersf : (B, B,d) — (B, B', &)
to construct functions _ _
I Taom — Tc/lom [ T+ Taom — T" dom

/ Q o
Is @ Saom — Sdom f§ : Sdom — Sdom

!/
f(5 : 5d0m — 5dom

Construction 2.8 [2016.01.27.constr8] For (X,Y) € Tyom we set fr(X,Y) = (f(X), f(Y)).
The condition that fr(X,Y) € T},,, follows immediately from the fact that f is an lft-set morphism
and Lemma [1.11

For (X,s) € Tyom we set f7(X,s) = (f(X), f(s)). The condition that f7(X,s) € Tl’lom follows

immediately from the fact that (f, f) is a morphism of B-system carriers and and Lemma

The proofs for the remaining three subsets are equally easy corollaries of the definitions and Lemma

L1l

Definition 2.9 [2016.01.27.def4] Let B, B’ be pre-B-systems. A homomorphism of non-unital
pre-B-systems f : B — B’ is a morphism f = (f, ) of the B-system carriers such that one has

for (X,Y) € Tuom, F(T(X,Y)) =T (fr(X,Y)), for (X,s) € Tuom, F(T(X,5)) = Thom(f#(X,s))

for (’I",Y) € Sdom; f(S(’f’, Y)) = S/(fs(’f', Y)) for (T? 3) € S7doma f(g(r7 8)) = gl(fg(r’ 8))

A homomorphism of pre-B-systems is a morphism f = (f, f) of B-system carriers that is a homo-
morphism of non-unital pre-B-systems and such that one has:

for X € 04om, J?((S(X)) = 5/(f(X))



Lemma 2.10 [2016.01.27.15] One has:

1. Let B be a non unital pre-B-system (resp. pre-B-system) and (Idg,Idp) be the identity
morphism of the underlying pre-B-system carries. Then (Idgz,Idg) is a homomorphism of
non-unital pre-B-systems (resp. pre-B-systems).

2. Let B,B’,B” be non-unital pre-B-systems (resp. pre-B-systems) and f : B — B', f' : B’ —
B” be two homomorphism of non-unital pre-B-systems (resp. pre-B-systems). Then the

composition of the underlying homomorphisms of B-system carriers is a homomorphism of
non-unital pre-B-systems (resp. pre-B-systems).

Proof: The proof is straightforward but long since all five conditions of Definition have to be
verified.

2.1 Construction of the sets 7., 4, and operations T,

Let
Te:ct,dom = {X,Y € Bal(X> > 17Y > ft(X)}

Given a function T : Ty,,, — B let us define the extended version of T" as the function
Text : Temt,dom — B
given by the rule:
1. if Y = ft(X) then Ten(X,Y) = X,

2. if Y > ft(X) then Tope(X,Y) = T(X,Y).

2.2 Operations 7.,; and homomorphisms of B-system carriers

Lemma 2.11 [2016.03.15.11] Let f : B — B’ be a morphism of Ift-sets. Then for (X,Y) €
Temt,dom one has (f(X)v f(Y)) S Tc{

xt,dom*

Proof: Immediate from definitions.

Lemma 2.12 [2016.03.15.12] Let f : B — B’ be a homomorphism of pre-B-systems. Then for
(X,Y) € Text.dom ome has

f(Teast(X’ Y)) - Temt(f<X>7 f(Y))

Proof: Straightforward by case.

2.3 Construction of the sets S.;; 4o, and operations Se.

Let N
Sext,dom = {re B,Y € B,0(r) <Y}



Given a function S : Sy, — B let us define the extended version of S as the function
Sext : Sea:t,dam — B

given by the rule:

1. if d(r) =Y then Seu(r,Y) = ft(d(r)),
2. if O(r) <Y then Sep(r,Y) = S(r,Y).

2.4 Operations S.;; and homomorphisms of B-system carriers

Lemma 2.13 [2016.03.27.13] Letf : B — B’ be a homomorphism of pre-B-system carriers. Then
fOT (Tyy) S Semt,dom one has (f(T) f( )) € Sext dom*

Proof: Immediate from definitions.

Lemma 2.14 [2016.03.27.14] Let f : B — B’ be a homomorphism of pre-B-systems. Then for
(r,Y') € Sext.dom one has

f(Seat(r,Y)) = Seat(f(r), [(Y))

Proof: Straightforward by case.

3 BO-systems

The complex of axioms that define BO-systems among all pre-B-systems is as follows:

Definition 3.1 [/2014.10.16.defl.fromold/ /2014.10.16.def1/ [2016.01.29.defl] A non-unital
pre-B-system is called a non-unital B0O-system if the following conditions hold:

1. For (X,Y) € Tyom one has:
(a) T(X,Y) > X,
() if FHY) > F1(X) then fH(T(X,Y)) = T(X, ft(Y),
(¢c) (T(X,)Y))=1Y)+1

2. For (X,s) € Tdom one has:
(a) AT(X, 5)) = T(X,0(s)),
(b) UO(T'(X,s))) —l(a( )+ 1.

3. For (r,Y) € Sgom one has:
(a) S(r,Y) > ft(d(r)),
(b) if ft(Y) > O(r) then ft( (r,Y)) = S(r, fi(Y)),
(c) US(r,Y)) =1(Y) -



4. For (r,s) € Siom one has
(a) O(5(r,5)) = S(r,0(s)),
(b) 1(S(r,s)) =1(9(s)) — 1.

Remark 3.2 [2016.03.31.rem1| Elements participating in the operations T T,S and S on a
B0-system can be shown by the following diagrams

T(X.9(s)) o(s)
T(X,Y) Y T(X,S)Tl lTS
| | JUT(X,0(s))) Ee)
X — fH(X) | |
X —  ft(X)
S(r.9(s)) o(s)
S(r,Y) Y g(r,s)?l lm
| | FH(S(r.0(s))) f1(0(s))
FHO() <= o) | |

fHOr)  «——  ar)

Remark 3.3 [2016.01.29.rem1] The axioms of a B0-system given in Definition are not in-
dependent. If the axioms 1(a) and 2(b) hold then the axiom 2(a) holds and if the axioms 3(a)
and 4(b) hold then the axiom 4(a) holds. The axioms are presented there in this form to make it
possible to prove facts about various operations in B0-systems independently from each other.

Definition 3.4 [2014.10.20.def2/ A pre-B-system is called a BO-system if the underlying non-
unital pre-B-system is a non-unital BO-system and for all X € 40 one has

2009.12.27.eq1]9(5(X)) = T(X, X) (1)

Lemma 3.5 [2016.03.11.11] Let B be an lft-set, Tgom be the corresponding set of pairs (X,Y) in
B and T : Tyom — B be a function satisfying the conditions of Definition[3.1(1). Let (X,Y) € Tyom
be such that ft(Y') = ft(X). Then

HTX,Y)) =X

Proof: We know that 7'(X,Y) > X. In particular, f#TY)D=IX)(T(X Y)) = X. On the other
hand ((T'(X,Y)) = (Y)+1. Since Y > ft(X) we know that [(Y") > 1. Therefore I(ft(Y)) =1(Y)—1
and similarly from [(X) > 1 we have [(ft(X)) = I[(X) — 1. Therefore ft(Y) = ft(X) implies that
I(Y)=1(X) and

WT(X,Y)) = UX)=1(Y)+1—1(X)={(X)+1-1(X)=1

We conclude that ft(T(X,Y)) = X.



Lemma 3.6 [2016.03.19.12] Let B be an Ift-set, Tgom be the corresponding set of pairs (X,Y)
m B and T : Tyom — B be a function satisfying the conditions of Definition (1) Then if
(X,Y),(X,Y') € Tuom and Y <Y’ (resp. Y <Y') then T(X,Y) < T(X,Y’) (resp. T(X,Y) <
T(X,Y")).

Proof: Note first that by Definition [3.1(1a) we have [(T(X,Y)) < {((T(X,Y")) if I(Y)) < [(Y') and
(T(X,Y)) < (T(X,Y")if I(Y) < I(Y’). In particular, it is sufficient to consider the Y <Y” case.
Then we need to prove that

[2016.03.19.eq1] f!TXYN-UTE)) (X V) = T(X,Y) (2)

We have [(T(X,Y")) —(T(X,Y)) = (L(Y")+1)— ((Y)+1) =1(Y") = (V). By an easy induction
one proves that ft'(T(X,Y")) = T(X, ft{(Y")) if (X, ft*(Y")) € Tyom. In our case

FHTEYNAUTY) 7y = U0 D=0 7y = 010 (y7y — y

and since (X,Y') € Ty, by the assumption, holds.

Lemma 3.7 [2016.03.21.13/ Let B be a B-system carrier and S : Sgom — B an operation satis-
fying the conditions of Definition[3.1(3). Let (r,Y) € Sqom be such that O(r) = ft(Y). Then

JUS(r,Y)) = ft((r)).

Proof: We know that ft(d(r)) < S(r,Y). Therefore f#!SYN=UIHOM) (S (1 V) = ft(d(r)). From
the definition of a B-system carrier we know that {(0(r )) > 0. Therefore [(ft(O(r))) = 1(0(r)) — 1.
We also have I(S(r,Y)) = (V) — 1. We also have that I(ft(Y)) = [(0(Y)) > 0 and therefore
1(0(r) =1(ft(Y)) =1(Y) — 1 > 0. Together this implies that

[(S(r,Y)) = 1(ft((r))) = ((Y) = 1) = (1(0(r)) = 1) = (L(Y) = 1) = (((Y) = 1) = 1) =1

We conclude that ft(S(r,Y)) = ft(0(r)).
Lemma 3.8 [2016.03.19.15/ Let B be a B-system carrier and S : Sgom — B an operation satis-

fying the conditions of Definition (3) Let (r,Y),(r,Y") € Sgom and suppose that Y <Y’ (resp.
Y <Y'). Then S(r,Y) < S(r,Y') (resp. S(r,Y) < S(r,Y")).

Proof: Note first that [(S(r,Y"))—1(S(r,Y)) = 1(Y")=1)—((Y)—1) = (Y")=(Y). In particular,
if S(r,Y) < S(r,Y') and [(Y) < I(Y’) then S(r,Y) < S(r,Y’) and so it is sufficient to prove the
case of <. By an easy induction one proves that if 9(r) < ft*(Y’) then ft*(S(r,Y")) = S(r, ft*(Y")).
In our case
ftl(S(r,Y’)) 1(S(r, Y))( ) ftl (Y”") l(Y)( ) -V
and since 9(r) <Y by the assumption we conclude that
fHECYDEED (S (r,¥7)) = S(r,Y)

that is S(r,Y) < S(r, Y’).

10



3.1 Properties of T.,; when T satisfies the B0-system conditions

Lemma 3.9 [2016.03.09.11/ Let B be a B-system carrier and let T : Tgom — B be an operation
satisfying the conditions of Definition (1) Then the corresponding operation Teys @ Tewt dom — B
satisfies the following, similar, conditions:

1. Tegmg(X7 Y) > X,
2. if f(Y) > FH(X) and 1Y) > 1 then ft(Tupy(X,Y)) = Toay (X, f1(Y)),
3. (Too(X,Y)) = I(Y) + 1.

Proof: Straightforward by case with the first branch being very easy to prove and the second
branch being exactly the conditions of Definition [3.1)(1).

3.2 Properties of S.;; when S satisfies the B0O-system conditions

Lemma 3.10 [2016.03.27.15/ Let B be a B-system carrier and let S : Sgom — B be an operation
satisfying the conditions of Definition (3) Then the corresponding operation Sext : Sext,dom — B
satisfies the following, similar, conditions:

1. Seat(r,Y) > fHO(r)),
2. if O(r) < ft(Y) then ft(Sew(r,Y)) = Sem(r, ft(Y)),
3. 1(Sext(r,Y)) = 1I(Y) — 1.

Proof: Straightforward by case with the first branch being very easy to prove and the second
branch being exactly the conditions of Definition [3.1)(3).

3.3 Construction of sets T; ~and operations 7™

Define the set T = by the formula:

T . ={X,Y,ZeB,X>Y,Z>Y}.

Problem 3.11 [2016.02.18.prob3/ Let B be an Ift-set and T : Tyom, — B a function satisfying
the conditions of Definition[3.4(1). To define a function

T :T5,, — B
such that:
1. T"X,Y,Z) > X,

2. if FH(Z) > Y and 1(Z) > 1 then fH(T*(X,Y, Z)) = T*(X,Y, ft(2)),

11



3. UT*(X,Y, Z)) — I(X) = 1(Z) - U(Y).

FElements involved in operation T™ can be shown on a diagram as follows:

T™(X,Y, 2) Z
| |
X — Y

Construction 3.12 [2016.02.18.constr3] We proceed by induction on j = I(X) — I(Y).
For j =0 we set T*(X,Y, Z) = Z. The proofs of the conditions are obvious.

For j =1 we set T*(X,Y, Z) = Teq(X, Z). The fact that (X,Z) € T.rt dom is easy to prove. The
conditions are the conditions proved in Lemma [3.9

For the successor of j > 0 we set
[2016.02.20.eq2]T™(X,Y, Z) = Tea (X, T*(ft(X),Y, Z)) (3)
For the formula to be well defined we need to show that for (X,Y,Z) € T} = we have
[2016.02.20.eq4|(ft(X),Y, Z) € T}, (4)

and
[2016.02.20.eq5)(X, T*(ft(X), Y, Z)) € Tot.dom (5)

The condition follows from Lemma [1.5(1).
The condition is equivalent to [(X) > 1 and
T*(fi(X),Y, Z) > fi(X)
That [(X) > 1 follows from I(X) > j + 1.
That T*(ft(X),Y,Z) > ft(X) follows from the inductive assumption.
Let us prove the conditions for j + 1. The first is immediate from Lemma [3.13
T*(X,Y,Z) = Tert (X, T*(ft(X),Y,Z)) > X

To prove the second condition let ft(Z) > Y and I[(Z) > 1. Then, by the inductive assumption we
have

FUT(fH(X), Y, Z)) = T"(ft(X),Y, ft(Z))
Therefore,
ft(T*(Xv Y, Z)) = ft(Temt(X7 T*(ft(X)a Y, Z))) = Tezt(Xa ft(T*(ft(X)a Y, Z))) =
Text(Xv T*(ft(X)7 Ya ft(Z))) = T*(Xv }/7 ft(Z))
where the second equality follows from Lemma (3) whose condition is satisfied because

JUT(fH(X), Y, Z)) = T*(fU(X), Y, ft(Z)) = ft(X).
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For the last condition we have
UTH(X,Y, Z)) = UX) = (Tea (X, T*(fU(X), Y, 2))) = U(X) = ((T"(fU(X),Y,2)) + 1) = U(X) =
T (fU(X), Y, Z)) + 1) = (I(ft(X)) + 1) = (T (ft(X),Y, 2)) = I(ft(X)) = U(Z) = (V)

This completes Construction [3.12]

Lemma 3.13 [2016.03.09.12//2016.04.08.11/ In the context of Problem let XY, Z,W e B
be such that X >Y,Y < Z <W. Then one has

1. T(X,Y,Z) < T(X,Y,W),
2. (T(X,Y,W)) - U(T(X,Y, 2)) = (W) - I(Z),
3. if Z < W then T(X,Y,Z) < T(X,Y,W).

Proof: To prove the first assertion we proceed by induction on j = (W) — I(Z).
For j =0 we have W =Z and T(X,Y, Z) = T(X,Y,W).

For the successor of j > 0 we have [(W) —1(Z) > 0 and therefore Z < ft(W) and Y < Z < ft(W).
Therefore T'(X,Y, ft(W)) is defined and by property (2) of Problem we have ft(T'(X,Y,W)) =
T(X,Y, ft(W)).

By the inductive assumption we have T(X,Y,Z) < T(X,Y, ft(W)) and since ft(T(X,Y,W)) <
T(X,Y,W) we conclude that T(X,Y, Z) < T(X,Y,W).

For the second assertion consider that we have, from Problem [3.11)(3), that
HTH(X,Y, W) = 1(W) + (I(X) = I(Y))
WTH(X,Y, 2)) = U(Z) + (I(X) = I(Y))
subtracting we obtain the second assertion.

The third assertion follows easily from the first and the second ones.

3.4 Construction of sets T

. T
vom and operations T'

We will also require a similar construction for T. Let

T ={X,Y € B,s € B,(X,Y, ft(3(s))) € T}

Problem 3.14 [2016.02.20.prob1/ Let (B, B,d) be a B-system carrier and let
T :Tyom — B T :Tyom — B
be functions satisfying the conditions of Definition (1,2). For j € N, define a function
P B
such that: N
[2016.02.22.eq1]0(T*(X, Y, s)) = T*(X,Y,d(s)) (6)
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Elements involved in operation T* can be shown on a diagram as follows:

T*(X,Y,0(s)) a(s)
T*(Xxsnl lTs
FH(T™(X,Y,0(s))) ft(9(s))
X _— Y

Construction 3.15 [2016.02.20.constr1l] We proceed by induction on j = I(X) — I(Y).

Observe first that the condition (X,Y, ft(d(s))) € T}, ,, is equivalent to the condition that X >Y
and ft(0(s)) > Y and that since [(9(s)) > 0 the latter condition is equivalent to d(s) > Y.

For j = 0 we set T* (X,Y,s) =s. The proof of the conditions is obvious.

For j = 1 we set T*(X,Y, s) = T(X, s). For the right hand side to be defined we need d(s) > ft(X)
which is satisfied by the observation made above since ft(X) = Y. The condition @ is the
condition of Definition [3.1)(2a).

For the successor of 7 > 0 we set
[2016.02.20.eq3]T*(X, Y, s) = T(X, T*(ft(X),Y, s)) (7)

For the formula (7)) to be well defined we need to show that assuming (X,Y, ft(9(s))) € T;,,, W
have: B
[2016.02.20.eq7](ft(X),Y,s) € Tj,m, (8)

and
[2016.02.20.eq8)(X, T*(ft(X),Y,5)) € Tuom (9)

The condition (8)) is equivalent to (ft(X),Y, ft(9(s))) € T,
of {4) for Z = ft(0(s)).
The condition @ is equivalent to (X, d(T*(ft(X),Y,s))) € Tyom. By the inductive assumption we
have O(T*(ft(X),Y,s)) = T*(ft(X),Y,0(s)). Therefore we need to show that

(X, T*(ft(X),Y,0(5))) € Taom

that is, that {(X) > 1 and T*(ft(X),Y,0(s)) > ft(X). The first condition follows from the fact
that I(X) =1(Y)+ j+ 1 > 1. For the second condition we know that T*(ft(X),Y,d(s)) > ft(X)
from the first condition of Problem B.11l On the other hand

WT(F1(X), Y, 0(s))) = L{fH(X)) = 1(D(s)) — 1Y)

I(f
Since (ft(X),Y, ft(0(s))) € Ty,,, we have ft(0(s)) > Y and therefore I(ft(0(s))) = 1(0(s)) —1 >
[(Y). This implies that [(0(s)) — I(Y) > 0 and T*(ft(X),Y,0(s)) > ft(X).

and its proof is identical to the proof

Let us prove condition @ We have
AT (X,Y,s)) = (T (X,T*(f1(X),Y,s))) = T(X,0(T*(fH(X),Y,5))) =
T(X,T*(ft(X),Y,0(s))) = T"(X,Y, 0(s))

This completes Construction [3.15
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3.5 Operations 7" and T* and homomorphisms of pre-B-systems

Lemma 3.16 [2016.03.15.13] Let £ : B — B’ be a homomorphism of B0-systems. Then one has:

1. if (X,Y,2) € T4, then (f(X), f(Y), f(Z)) € (T')%,, and

dom

FT(X,Y, Z)) = (T')"(f(X), f(Y), f(2))

2. if (X,Y,s) € T, then (f(X), f(Y), f(s)) € (T")%,,, and

dom

F(Tiom (X, Y, ) = (T') (£(X), f(Y), F(5))

Proof: The first parts of both assertions follow immediately from Lemma [1.11

The second parts require proofs by induction using in the first case Lemma [2.12

4 Sets B*(X,Y) and associated with them operations
4.1 Construction of the sets B*(X,Y)

For a B-system carrier (B, B,d) and X € B denote by B(X) the subset of B of elements s such
that d(s) = X.

Problem 4.1 [2016.01.29.prob2/ Let (B, B,d) be a B-system carrier and let S : Sgom — B be
a function satisfying the conditions of Definition (3) To construct, for any X,Y € B such that
X <Y aset BY(X,Y).

Construction 4.2 [2016.01.29.constr2] We proceed by induction on j = I(Y) — (X)) as follows:

1. for j =0, X =Y and we set B*(Y,Y) = unit where unit is our chosen set with one element
tt,

2. for j =1 we set B*(ft(Y),Y) = B(Y),

3. for the successor of j > 0 we need to define B*(ft+1(Y),Y). We let it to be the set of pairs
(r,s) where o
re B(ft'(Y))

and B
s € B*(ftV1(Y),S(r,Y)).

By our condition we have [(S(r,Y)) = (Y)—1and S(r,Y) > ft(d(r)) = ft/T}(Y). Therefore
B*(ft'*1(Y), S(r,Y)) is defined by the inductive assumption.

This completes Construction

We will use the same diagrammatic notation X +— y for elements of E*(X ,Y) we have been
using for elements of B.
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4.2 Sets 5, and operations S*

Here we are going to construct the operations that in the B0O-systems corresponding to C-systems
correspond to the pull-back of objects Z over Y along elements of B*(X,Y’) and that generalize
S(r, Z) from elements r of B(Y) to elements s of B*(X,Y).

Definition 4.3 [2016.03.29.def2/ Let B be a BO-system. Define
Siom ={X <Y <ZeB,se€ B*(X,Y)}

We will often write elements (X,Y,s,Z) of S as (s, Z) because X and Y can be recovered from
the type of s.

Problem 4.4 [2016.03.27.probl1] Let B be a B0-system. For X,Y,Z € B such that X <Y < Z
and s € B*(X,Y). To construct an element S*(s,Z) € B such that one has:

1. X < 5%(s,2),
2. if Y < fH(Z) then fH(S*(s, 2)) = S*(s, fH(2)),
3. U(S*(s,2)) = UX)=UZ)-U(Y).
The digram for Problem is as follows:
S*(s, 2) Z

| l

X Y

Construction 4.5 [2016.03.27.constrl/We proceed by induction on j = [(Y) — I(X).
If j =0then X =Y, s =tt and we set S*(s,Z) = Z. Proofs of the conditions are straightforward.

If j =1 then X = ft(Y) and E*(X, Y) = §(Y), ie., s € B and d(s) = Y. In this case we set
S*(s,Z) = Sext(s,Z). The conditions are the conditions of Lemma

For the successor of j > 0 we have X = ft/*1(Y) and s = (r1,s1) where 71 € B(ft/(Y)) and
51 € B*(ft/T1(Y),S(r1,Y)). In this case we set

[2016.03.29.eq1]S™*(s, Z) = S*(s1,5(r1,Z)) (10)

as can be seen on the diagram

S*(Sl,S(Tl,Z)) S(Tl,Z) A
2016.04.04.eq1] X S0, Y) % (11)

l r

X  — f(Y)
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Let us show that the right hand side of is defined. Since I[(Y) — (X) = j + 1 we have
I(Y) > 7+ 1. Since j > 0 we obtain that d(r;) = ft/(Y) < Y and together with Y < Z this gives
us that 0(m) < Z, i.e., S(r1, Z) is defined.

To prove that S*(s1,S(r1,Z)) is defined by the inductive assumption we need to show that
U(S(r,Y)) = U(fEHH(Y)) < j

and that S(r1,Y) < S(r1, Z). The first inequality follows from the BO-system axiom that [(S(r1,Y)) =
[(Y) — 1. The second one follows from the assumption ¥ < Z and Lemma

It remains to verify the conditions.
The first condition follows from the inequality S(r1,Y) < S(r1, Z) by the inductive assumption.

For the second condition, if Y < ft(Z) then by Lemma S(r1,Y) < S(r1, ft(Z)) and by the
B0-system axiom S(r1, ft(Z)) = ft(S(r1,Z)). Therefore by the inductive assumption we have

ft(S™(s1,8(r1, 2))) = S (s1, ft(S(r1, Z))) = S*(s1,5(r1, f1(Z)))
For the third condition we have
1S (s1,8(r1,Z))) = U(X) =1(S(r1,2)) = 1(S(r1,Y)) = (U(2) = 1) = (I(Y) = 1) = U(Z) — L(Y)
where the first equality is by the inductive assumption and the second by the axioms of BO-system.

This completes Construction

Lemma 4.6 [2016.04.02.11] Let B be a B0-system. Then for any X <Y < Z < W and s €
B*(X,Y) one has

1. S(s,Z) < S(s, W),
2. 1(S(s,W)) =1(S(s,2)) =U(W) = 1(2),
3. if Z < W then S(s,Z) < S(s,W).

Proof: Very similar to the proof of Lemma [3.13

4.3 Sets S*

“om and operations S*

Here we will construct operations S* that correspond, in the B0-systems of C-systems, to the
pull-back of elements of B along elements of B*.

Definition 4.7 [2016.04.04.defl] For a B0-system B define:

Si  ={X,Y,s,r|X,Y € B,X <Y,se€ B*(X,Y),r € B,Y < ft(d(r))}

We will sometimes write elements of g;ikom as (s,r) because X and Y can be recovered from the
type of s.
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Problem 4.8 [2016.04.04.probl/ For a B0-system B and an element (X,Y,s,r) € ggom to
construct an element

S*(X,Y,s,r) € B

such that B
[2016.04.04.eq5]0(S*(X,Y,s,7)) = S*(X,Y,s,0(r)) (12)

where the right hand side is defined by the assumptionY < ft(9(r)), the inequality ft(0(r)) < d(r)
and Lemma [L.3.
Construction 4.9 [2016.04.04.constr1l] We proceed by induction on j = I(Y) — I(X).
If j = 0 then, since X <Y, we have Y = X, s = tt and we set

g*(X, Y, tt,r)=r

If j = 1. Then B*(X,Y) = B(Y) and we set
S*(X.,Y,s,r) = S(s,r)

For the successor of j > 0 we have s = (11, s1) and we define

[2016.04.04.eq3]5*(X, Y, (r1,s1),7) = S*(s1,5(r1,7)) (13)
The objects involved can be seen on the following diagram:
5*(s1,8(r1,0(r))) S(r1,0(r)) a(r)
5*(51,§(r1,r))Tl S(ri,m)t rt
Jt(5™(s1,8(r1,0(r)))) ft(S(r1,0(r))) ft(9(r))
[2016.04.04.eq2] l (14)
X = S(r,Y) %
X oY)
Let us show that the right hand side of is defined and that
[2016.04.04.eq4]d(5* (51, S(r1,7))) = S*(s1, S(r1,(r))) (15)

which will imply .

For S(r1,7) to be defined we need the inequality ft/(Y) < ft(d(r)). Since Y < ft(d(r)) it follows
from the inequality f#/(Y) <Y and Lemma
For S*(s1,5(r1,7)) to be defined by the inductive assumption we need the inequality

S(r,Y) < f1(0(S(r1,7)))
We have 8(§(r1,7‘)) = S(r1,0(r)) and, since Y < ft(9(r)), we have ft(S(r1,0(r))) = S(r1, ft(O(r))).
The inequality
S(r1,Y) < 5(r, f1(9(r)))
follows from the assumption Y < ft(d(r)) and Lemma [3.8]
The equality follows from the inductive assumption, the equality d(S(r1,7)) = S(r1, d(r)).

This completes the construction of S*(X,Y's, 7).
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4.4 Sets B*(X,Y) and homomorphisms of B0-systems

Problem 4.10 [2016.03.15.probl/ Let f : B — B’ be a homomorphism of B0-systems. For
X <Y in B to define a function

[2016.03.15.eq2]f5. 1, : B (X,Y) = B'(f(X), f(V)) (16)

Construction 4.11 [2016.03.15.constrl] Note first that f(X) < f(Y) by Lemma and
therefore the right hand side of is defined.

The construction of fz. vy is by induction on j = (YY) — I(X). Since I[(f(Z)) = I(Z) for any
Z € B we have that j = I(f(Y)) — I(f(X)).

For 7 = 0 both sides are one point sets and there is a unique function f B (X"

For j =1 we have B*(X,Y) = B(Y) and fg. y(r) = f(r).
For the successor of j > 0 we have
BY(X,Y) = {(r,s)|r € B(ft'(Y)) s € B*(ft/*1(¥), 5(r,Y))}
We set B
£ o) (5 8) = (F 5 iarsto ()
We have that f(r) € B'(ft/(f(Y))) from Lemma[t.10]

We have that fg*(ftjﬂ(y)’s(r’y))
£ uiry sy (8) € B, F(S0, 1))

By Lemma we have that f(ft/T1(Y)) = f/T1(f(Y)). Since f is a part of a homomorphism of
B-system carriers we have that f(S(r,Y)) = S(f(r), f(Y)). Therefore,

fg*(ftj+1(y)75(r7y))(3) € E/(fthrl(f(Y))v S(fN(T), f(Y)))

(s) is defined by the inductive assumption

and f5. v y(r,5) € B*(f(fT(Y)), f(V)).

2 B-systems

1 Preliminary lemmas

Lemma 1.1 [2016.03.19.11/ Let B be a BO-system. Let X,Y,Z € B be such that I(X) > 1,
ft(X) <Y and ft(Y) < Z then one has:

1. (va)?(Xa Z)a (Ya Z) € Tdom;

2. (X, T(Y,2)) € Tiom,
3. (T<X7 Y)vT(X7 Z)) € Tdom-
Proof: We have:
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1. The inclusion (X,Y) € Tyo, follows from the definitions.
To show that (X, Z) € Tyom we need to prove that ft(X) < Z. We have ft(X) < Y and
therefore ft(X) < ft(Y) by Lemma [1.6f Then ft(X) < ft(Y) < Z implies ft(X) < Z by
Lemma [1.4]1).

To show that (Y, Z) € Tyom we need only to prove [(Y') > 1 which follows from Y > ft(X).

2. We have that [(X) > 1. We need to prove that ft(X) < T(Y,Z). We have that ft(X) <Y
and Y < T(Y, Z) which implies ft(X) < T(Y, Z) by Lemma[1.3(2).

3. Wehave T'(X,Y) > X and therefore {(T'(X,Y)) > 1. Next we need to prove that f¢(T(X,Y)) <
T(X,Z). Since ft(X) <Y by Lemma [1.6] we have ft(X) < ft(Y). Therefore one of the two
cases occurs. In the first case ft(X) < ft(Y) in which case ft(T'(X,Y)) = T'(X, ft(Y)) and
since ft(Y) < Z the inequality ft(T(X,Y)) < T(X,Z) follows from Lemma In the
second case ft(X) = ft(Y). Then ft(T(X,Y)) = X by Lemma [3.5 and X < T(X,Z) by
Definition [3.1[1b).

Lemma 1.2 [2016.03.19.13] Let B be a B0-system. Let X,Y € B, s € B be such that [(X) > 1,
ft(X) <Y and ft(Y) < 9(s). Then one has:

1. (X,Y) € Tyom, (X,5),(Y,s) € Tyom,
2. (X, T(Y,s)) € Taom,

3. (T(X,Y),T(X,5)) € Tuom-
Proof: We have:

1. These assertions follow by applying Lemma [1.1[1) to X,Y, d(s).

2. Since we know that [(X) > 1 we need to show that ft(X) < (T (Y,s)). We have (T (Y, s)) =
T(Y,0(s)). From ft(X) <Y and Y < T(Y,0(s)) we get that ft(X) < T(Y,0(s)) applying
Lemma [1.3(2).

3. We have [(T(X,Y)) > 1 because T'(X,Y) > X. It remains to show that ft(7'(X,Y)) <
0(T(X,s)). Wehave 9(T(X,s)) = T(X, d(s)) and the required inequality follows from Lemma
1.1(3) applied to X,Y,0(s).

Lemma 1.3 [2016.03.19.14/ Let B be a BO-system. Letr,s € B, Y € B be such that (r) < 0(s)
and 9(s) < Y. Then one has

1. (Tv S) € gdom; (Tv Y)a (S,Y) € Sdom;

2. (r,5(s,Y)) € Saom,
3. (S(r,5),S(r,Y)) € Sqom.
Proof: We have:

20



1. (r,s) € Saom and (s,Y) € Siom is immediate from the assumptions. To show that (r,Y) €
Sdom we need to prove that d(r) < Y. From 0(r) < 9(s) and 9(s) <Y we obtain d(r) < Y

by Lemma [1.3]2).

2. We need to show that 9(r) < S(s,Y). We have ft(9(s)) < S(s,Y) and from 9(r) < 9(s) we
have that 9(r) < ft(d(s)) by Lemma[1.6] Using Lemma[L.4(1) we get d(r) < S(s,Y).

3. We need to show that d(S(r, s)) < S(r,Y). We have d(S(r,s)) = S(r,d(s)). It remains to
show that S(r,d(s)) < S(r,Y). It follows from our assumption d(s) <Y and Lemma [3.§

Lemma 1.4 [2016.03.21.11] Let B be a BO-system. Let r,s,t € B be such that d(r) < d(s) and
d(s) < (t). Then one has

1' (T7 8)7 (T7 t)? (87 t) G §dom7
2. (r,5(s,t)) € Sdom,

3. (S( ),g(T,t)) €§dom-
Proof: We have:

1. This follows by applying Lemma [1.3[1) to r, s, d(t).

2. We need to show that d(r) < 9(S(s,t)). We have 8(S(s,t)) = S(s,d(t)). We can now apply
the proof of Lemma [1.3{2) to r, s, d(t).

3. We need to show that 9(S(r,s)) < d(S(r,t)). We have d(S(r,t)) = S(r,d(t)) and can now
apply the proof of Lemma [1.3|(3) to r, s, d(t).

Lemma 1.5 [2016.03.21.12/ For any r € B, Y,Z € B such that (r) <Y and ft(Y) < Z one
has:

1. (r,Y),(r,Z) € Sqgom and (Y, Z) € Tgom,
2. (T,T(Y, Z)) € Sdom

3. (S(r,Y),S(r,Z)) € Taom-
Proof: We have:

1. The inclusions (1, Y) € Sgom and (Y, Z) € Tyom are immediate from the definitions. It remains
to show that (r, Z) € Sgom, that is, d(r) < Z. We have d(r) < Y and therefore by Lemma
we have 0(r) < ft(Y). Together with ft(Y) < Z, Lemma|1.4{(1) gives us 0(r) < Z.

2. We need to show that 0(r) < T'(Y, Z). We have that Y < T'(Z,Y) and 9(r) < Y and applying
Lemma 2) we obtain that 0(r) < T'(Z,Y).
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3. We need to show that [(S(r,Y)) > 1 and ft(S(r,Y)) < S(r,Z). Wehave [(S(r,Y)) =1(Y)—1.
We also have that [(9(r)) > 0 and I(Y) > [(O(r)). Therefore [(Y) > 2 and (V) — 1 > 1.
Next we have, d(r) < Y and therefore 9(r) < ft(Y) by Lemma We have two cases. If
A(r) < ft(Y) then ft(S(r,Y)) = S(r, ft(Y)) and since ft(Y) < Z we have that S(r, ft(Y)) <
S(r,Z) by Lemma 3.8 If 8(r) = ft(Y) then ft(S(r,Y)) = ft(d(r)) by Lemma 3.7 and we
know that ft(0(r)) < S(r, Z).

Lemma 1.6 [2016.03.21.14] For any r,s € B, Y € B such that d(r) <Y and ft(Y) < (s) one
has:

1. (1Y) € Sgom, (r,8) € §dom and (Y,s) € fdom,
2. (r,f(Y, s)) € S’Vdomy
3. (S(r,Y),S(r,s)) € Tiom.

Proof: We have:

1. This follows by applying Lemma [3.7(1) to r, Y, (s).

2. We need to show that 8(r) < d(T(Y,s)). We have that d(T(Y,s)) = T(Y,(s)) and the rest
of the proof is the same as the proof of Lemma [3.7(2) for r, Y, 9(s).

3. We need to show that [(S(r,Y)) > 1 and ft(S(r,Y)) < 9(S(r,s)). We have 9(S(r,s)) =
S(r,0(s)) and the rest of the proof is the same as the proof of Lemma [3.7)(3) for r,Y, d(s).

Lemma 1.7 [2016.03.21.15a/ Let B be a BO-system. Then for any X,Y € B, r € B such that
I(X)>1, ft(X) < d(r), O(r) <Y one has:

1. (X, T) S Tdom, (Xv Y) € Tdom; (ru Y) € Sdom,

2. (Xa S(T7Y)) € Tdom7

3. (f<X7 T)a T(X7 Y)) € Sdom-

Proof: We have:

1. The inclusions (X,7) € T and (r,Y) € Sgom are immediate from the definitions. It remains
to show that (X,Y) € Tyom- We know that [(X) > 1 and need to prove that ft(X) <Y. We
have ft(X) < O(r) and 8(r) <Y and applying Lemma[L.3(2) we get ft(X) <Y.

2. We know that [(X) > 1. We need to show that ft(X) < S(r,Y). We have ft(X) < 9(r). By
Lemma [1.6] we get that ft(X) < ft(d(r)). We also have that f¢(9(r)) < S(r,Y). Combining
these two inequalities and applying Lemma [1.4(1) we get that ft(X) < S(r,Y).

3. We need to show that (T(X,r)) < T(X,Y). We have (T (X, r)) = T(X,d(r)) and d(r) < Y.
By Lemma [3.6| we conclude that T'(X,d(r)) < T(X,Y).
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Lemma 1.8 [2016.03.21.15/ Let B be a B0-system. Then for any X € B, r,s € B such that
I(X)>1, ft(X) < 9(r), d(r) < I(s) one has:
1. (X,7),(X,5) € Taoms (1,5) € Saom,
(Xa S;(7'7 3)) € j;dom;

2.
3. (T(Xa T), T(Xa 3)) € §dom'
Proof: We have:

1. The inclusions (X,r) € T and (r, s) € Sgom are immediate from the definitions. It remains to
show that (X, s) € Tyom. This follows by applying Lemma (1) to X,0(s),r.

2. We need to show that (X,0(S(r,s))) € Tagom.- We have 9(S(r,s)) = S(s,0(s)) and the
required inclusion follows from Lemma [1.6[2) applied to X, (s), 7.
r

3. We need to show that d(T(X,r)) < (T(X,s)). We have (T(X,s)) = T(X,d(s)) and the
required inclusion follows from Lemma [1.6[3) applied to X, (s), 7.

Lemma 1.9 [2016.03.21.16] Let B be a B0-system. Then for any r € B and Y € B such that
ft(9(r)) <Y one has

1. (8(T)7 Y) € Tdom;
2. (r,T(0(r),Y)) € Siom-

Proof: The first inclusion follows immediately from the definitions since [(9(r)) > 1 by the defini-
tion of a B-system carrier.

To prove the second inclusion we need to show that d(r) < T'(0(r),Y’) which is immediate from
the definition of a BO-system.

Lemma 1.10 [2016.03.21.17] Let B be a B0-system. Then for any r,s € B such that ft(o(r)) <
J(s) one has

1. (8(7“), 5) € fdom;
2. (r,T(3(r),5)) € Siom-

Proof: The first inclusion follows immediately from the definitions since {(0(r)) > 1 by the defini-
tion of a B-system carrier.

To prove the second inclusion we need to show that 8(r) < d(T((r), s)). We have d(T(9(r),s)) =
T(0(r),0(s)) and d(r) < T(9(r),0(s)) by the definition of a BO-system.

Lemma 1.11 [2016.03.21.18/ Let B be a (unital) BO-system. Then for any X,Y € B such that
I(X)>1and ft(X) <Y one has:
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1. Y € 5dam7
2. (X,d(Y)) € ,—fdom;
3. (X,Y) € Tyom,

4. T(X,Y) € ddgom-
Proof: We have:

1. Since ft(X) <Y we have [(Y) > 1, i.e., Y € dgom.-

2. [(X) > 1 as one of our conditions. It remains to show that ft(X) < 9(5(Y)). We have
9(6(Y)) = T(Y,Y). Next, we have ft(X) <Y and Y < T(Y,Y) and by Lemma [L.3(2) we
conclude that ft(X) < T(Y,Y).

3. This inclusion follows immediately from our conditions I[(X) > 1 and ft(X) <Y.

4. We have [(T(X,Y))=1(Y)+1>1.

Lemma 1.12 [2016.03.21.19] Let B be a (unital) BO-system. Then for anyr € B, Y € B such
that O(r) <Y one has:

1. Y € d4om,

2. (r,8(Y)) € Saom.
3. (1Y) € Siom,

4. S(r,Y) € ddom-

Proof: We have:

1. Since Y > O(s) we have [(Y') > 1.

2. We need to check that 9(r) < 9(6(Y)). We have 0(6(Y)) =T(Y,Y) and Y < T(Y,Y). We
have 9(r) <Y and Y < T(Y,Y) and by Lemma [1.3|2) we get 9(r) < T(Y,Y).

3. We need to check that 9(r) <Y which is one of our conditions.

4. We need to check that {(S(r,Y)) > 1. We have [(S(r,Y)) = (Y) — 1. Since Y > 9(r) and
[(0(r)) > 1 we have [(Y) >2and [(Y) — 1> 1.

Lemma 1.13 [2016.03.23.11/ Let B be a BO-system. Then for any r € B one has:

1. 6(’!”) € 6dom7
2. (r,6(9(r))) € Siom.

Proof: We have:
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1. 1(O(r)) > 1 by the definition of a B-system carrier and therefore 9(r) € d4om.

2. We have to show that 9(r) < 9(6(9(r))). By the definition of a BO-system we have 9(6(9(r))) =
T(0(r),0(r)) and d(r) < T(9(r),d(r)) by another part of the same definition.

Lemma 1.14 [2016.03.23.12/ Let B be a B0-system. Then for any X,Y € B such that I(X) > 1
and X <Y one has:

1. X e 5dom7
2. (X,Y) € Tyom,
3. (6(X)3T(X7Y)) € Sdom-

Proof: We have:

1. The inclusion X € dg4,,, follows directly from the assumption.

2. Tor (X,Y) € Tyom we need to show that I[(X) > 1 and ft(X) < Y. The first inequality is an
assumption. For the second inequality we have ft(X) < X by Lemma and together with
X <Y, Lemma [L.4[1) gives us ft(X) < Y.

3. We need to show that 0(0(X)) < T(X,Y). We have 0(6(X)) = T(X,X) and T'(X,X) <
T(X,Y) by Lemma|[3.6]

Lemma 1.15 [2016.03.23.13/ Let B be a BO-system. Then for any X € B, s € B such that
I(X)>1 and X < J(s) one has:

1. X € d4om,
2. (X,5) € Tyom,
3. (5(X)7f(X7 S)) € §dom-

Proof: Using the fact that d(T(X,s)) = T(X,8(s)) this lemma follows from Lemma applied
to X and J(s).

2 Definition of B-systems

Definition 2.1 [2014.10.16.def2] /was.2014.06.18.eq2.to.eqll] Let B be a non-unital BO-
system. Define the following conditions on B:

1. The TT-condition. For all X,Y € B such that [(X) > 1 and ft(X) <Y one has
(a) for all Z € B such that ft(Y) < Z one has
T(T(X,Y),T(X,2)) =T(X,T(Y, Z))

where the left and the right hand sides are defined in view of Lemma|l.1]
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(b) for all s € B such that ft(Y) < d(s) one has
T(T(X,Y), T(X,s)) =T(X,T(Y,s))
where the left and the right hand sides are defined in view of Lemmal|1.4
2. The 8S-condition. For all v, s € B such that O(r) < d(s) one has

(a) for allY € B such that 0(s) <Y

S(S(r,s),S(r,Y)) = S(r,S(s,Y))

where the left and the right hand sides are defined in view of Lemmal1.5
(b) for all t € B such that d(s) < (t) one has

S(S(r,s),S(r,t)) = S(r,S(s,t))
where the left and the right hand sides are defined in view of Lemma|1.4]
3. The TS-condition. For anyr € B andY € B such that d(r) <Y one has
(a) for all Z € B such that ft(Y) < Z
T(S(r,Y),S(r,Z)) =S(r,T(Y,Z2))

where the left and the right hand sides are defined in view of Lemma|1.5]
(b) for all v € B such that ft(Y) < d(r)

T(S(r,Y),S(r,5)) = S(r,T(Y,s))
where the left and the right hand sides are defined in view of Lemma[I.6,
4. The ST-condition. For any X € B and r € B such that (X) > 1 and ft(X) < 8(r) one has

(a) for allY € B such that 9(r) <Y one has

S(T(X,r), T(X,Y)) =T(X,S(r,Y))

where the left and the right hand sides are defined in view of Lemma|1.7]
(b) for all s € B such that (r) < d(s) one has

S(T(X,r),T(X,s)) =T(X,S(r,s))
where the left and the right hand sides are defined in view of Lemma[1.8
5. The STid-condition. For any r € B one has
(a) for all Y € B such that ft(0(r)) <Y one has
S(r,T(0(r),Y)) =Y

where the left and the right hand sides are defined in view of Lemma[I1.9,
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(b) for all s € B such that ft(d(r)) < d(s) one has
S(r,T(0(r),s)) = s

where the left and the right hand sides are defined in view of Lemma[I.10

Definition 2.2 [2014.10.20.def3/ Let B be a unital B0O-system. Define the following conditions
on B:

1. The 6 T-condition. For any X,Y € B such that [(X) > 1 and ft(X) <Y one has
T(X,5(Y)) = §(T(X,Y))
where the left and the right hand sides are defined in view of Lemma|1.11].

2. The §5-condition. For anyr € B and Y € B such that d(r) <Y one has

S(r,6(Y)) = 6(S(r,Y))
where the left and the right hand sides are defined in view of Lemma|1.15

3. The §Sid-condition. For any r € B one has

S(r,6(0(r))) =r
where the left hand sides is defined in view of Lemma[1.13
4. The S6T-condition. For any X € B such that [(X) > 1 one has
(a) for Y € B such that X <Y one has:

S(6(X), T(X,Y)) = R

where the left hand sides is defined in view of Lemma|1.14).

(b) for s € B such that X < 8(s) one has

SO(X), T(X,r)=r

where the left hand sides is defined in view of Lemmall.15.

Remark 2.3 [2014.06.14.rem?2] In the case of a syntactic B0-system, the conditions defined
above can be shown as follows:

1. The TT-condition:
7> I,ATb> T, A>J
T TAT>T D T.AT> T T,A>T
TT.AT T T AT T

2. The SS-condition:

'>s: T IT,A>s:T T, T,AT >7J
'es:T T, T,A>TJ[s] D A[s]>s![s]:T'[s] T,Als],T'[s]>T[s]
T,A]>J[/][s] LA[s]>T[s][s']
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3. The TS-condition:
T TL,Aps:T T,AT>J
7> [,AxJ[s'] DT,Ass" T DTAT>T
T TACJ[] T TAC T[]

4. The ST-condition:
I'ss:T T,T,AT> T,T,AJ
I'osT TTAT>Js]  TA[SLT[s]> T ,Als]>J[s]
T,Als],T"[s]>T[s] L,Als],T"[s]>T[s]

5. The STid-condition:
I's: T I'T> I'n>J
I'>s:T I''T>TJ
I'>Jls)

6. The 6 T-condition:
L,T> I,Az:Th>
TT> T Azl ozl T AzT
\T,Ax:T'>a:T’  T\T,Ax:T'>a:T’

7. The §5-condition:
'>s: T T,T,Az:T'>
I'>s: T DTAx:T'>z:T! T Als],z:T[s]'>
D,Als],z:T'[s|>a:T"[s] T,Als],x:T/[s]>z:T"[s]

8. The 6Sid-condition:
I'>s: T Tx:Tv>
I'bs:T Tx:Toa:T
I'cs:T

9. The 56 T-condition:
Ny: X, A J
Ty X,y: X, A>T Ty1: X>y;: X
Doy XAy /yl> Ty /]

Definition 2.4 [/2014.10.10.def2a/ [2014.10.20.def4/ A non-unital B-system is a non-unital
B0-system that satisfy the conditions TT, SS, TS, ST and STid of Definition[2.1]

Definition 2.5 [2014.10.10.def2b/ [2014.10.20.def5] A unital B-system is a unital BO-system
that satisfy the conditions TT, SS, T'S, ST, STid of Definition and the conditions 0T, 6.,
dSid and SO T of Definition 2.2

Equivalently, a unital B-system is non-unital B-system such that there exists a family of operations
d satisfying the conditions 0T, §S, §Sid and SO T of Definition[2.2.

3 Elementary properties of B-systems

Remark 3.1 In unital B-systems operations S and 7' can be expressed as follows.

(X iFUY)=1(X) -1
[2014.10.14.eq1]T(X,Y) _{ FHOT(X.50Y)) i 1Y) > 1(X) (17)

_f ft(0(s)) if [(X) = 1(0(s))
[2014.10.14.eq2]S(5,X)—{ O3 (5.5(X))) i 1(X) > 1(d(s)) (18)
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Lemma 3.2 [2014.10.20.11/ /2014.10.16.11] Let B be a non-unital B0-system and let &1, d2 be
two operations of the form d4om — B satisfying the condition of Definition and conditions 6T,
05id and SOT conditions. Then 61 = 6s.

Proof: We have:
51(X) = S(62(X), T(X, 81(X))) = §(62(X), 51(T(X, X)) = 6(X)

where the first equality is the SdT-condition for o, the second equality is the dT-condition for J;
and the third equality is the §Sid-condition for d7.

Example 3.3 [2014.10.20.eX] While being unital is a property of non-unital B-systems not every
homomorphism of non-unital B-systems preserves units. Here is a sketch of an example of a
homomorphism that does not preserve units.

Consider the following pairs of a monad and a left module over it. In both cases pt is the constant
functor corresponding to the one point set {T'} that has a unique left module structure over any
monad.

1. (Ry,pt) where R; is the monad corresponding to one unary operation s;(z) and the relation
s1(s1(z)) = s1(z)

2. (Ra2,pt) where Ry is the monad corresponding to two unary operations si(z) and s2(x) and
relations:

si(si(z)) =s1(x)  si(s2(x)) =s1(z)  sa(s1(x)) = s1(x)  s2(s2(x)) = s2()

Consider the unital B-systems uB(R1,pt) and uB(Ra2,pt). In uB(R1,pt) consider the non-unital
sub-B-system nuBj generated by (T > s1(1) : T'). In uB(R2,pt) consider the non-unital sub-B-
system nuBj generated by (1T'0> s1(1) : T') and (T > s2(1) : 7).

Observe that both nuB; and nuBs are in fact unital with the unit in the first one given by
(T,..., Tt s1(n) : T) and unit in the second one is given by (7),...,7 > sa(n) : T') where n is the
number of T’s before the turnstile &> symbol.

We also have an obvious (unital) homomorphism from wB(Ri,pt) to uB(Ra,pt) that defines a
homomorphism nuB; — nuBs and that latter homomorphism is not unital.

4 Operations T and S**
4.1 The ST*(a)-property

Lemma 4.1 [2016.04.10.11/ Let B be a B0-system. Then for any X, Y, W € B, r € B such that
X>Y,Y < ft(d(r)) and O(r) < W one has:

1. (X,Y,r)eT:

dom’

2. (X, Y, W)eT; .
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3. (T*(X,Y,r),T*(X,Y,W)) € Siom,
4- (7“, W) < Sdom;
5 (X,Y,8(r,W))eTs, .

Proof: We have:

1. The required conditions are X > Y, Y < ft(9(r)). Both are among our assumptions.

2. The required conditions are X > Y, Y < W. The first one is among our assumptions.
To show the second one we first have ft(9(r)) < d(r) and then Y < W follows from ¥ <

ft(0(r)) < 9(r) < W by Lemmas [1.3| and

3. The required condition is O(T*(X,Y,r)) < T*(X,Y,W). By @) we have d(T*(X,Y,r)) =
T*(X,Y,0(r)) and the condition follows from the assumption d(r) < W by Lemma

4. The required condition is d(r) < W and is among our assumptions.

5. The required conditions are X <Y, Y < S(r,W). The first one is among our assumptions.
By the axioms of a B0O-system we have ft(0(r)) < S(r,W) and the second condition follows
this inequality and our assumption Y < ft(9(r)) by Lemma

Lemma 4.2 [2016.03.27.11] Let B be a B0-system that satisfies the ST(a)-condition of Definition
. Then for any X, Y, W € B, r € B such that X > Y, Y < ft(9(r)) and O(r) < W one has:

S(Tv*(X,Y,r),T*(X,Y,W)) =T*(X,Y,S(r,W))

where both sides are defined by Lemma[4.1].

Proof: We proceed by induction on j = I(X) — I(Y) using Constructions and

For j = 0 we have _
S(T*(X,Y,r), T (X, Y,W)) = S(r, W)

and

T(X,Y,S(r,WW)) =S(r,W)
For j =1 we need to show
S(T(X, ), Togt (X, W) = Togt(X, S(r, W))
if [(X) > 1, ft(X) < ft(9(r)), 9(r) < W. We have ft(X) < 9(r) < W and in particular
ft(X) < W. Therefore T, (X, W) = T(X,W). We also have ft(X) < S(r,W). Indeed, ft(X) <
ft(o(r)) < S(r,W). Therefore
Text(X,S(r,W)) =T(X,S(r,IV))

It remains to show that

S(T(X,r), T(X,W))=T(X,S(r,W))
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The objects (X, W,r) are in the domain of definition of the ST (a)-condition and the equality is the
equality of the condition. This completes the proof of the j = 1 case.

For the successor of j > 1 we need to show that
2016.08.21.eq2]S(T(X, T* (fH(X), Y, 7)), Teat (X, T* (fH(X), Y, W))) = Tea(X, T*(f£(X), Y, S(r,W)))
(19)

assuming that ft(X) > Y, Y < ft(9(r)), d(r) < W. By the inductive assumption we may assume
that

[2016.03.27.eq1]S(T(f1(X), Y, r), T(fH(X),Y,W)) = T(ft(X), Y, S(r, W) (20)
Let us first show that two T,y in can be replaced by T.
For the first one we need to show that ft(X) < T*(ft(X),Y,W). We have ft(X) < T*(ft(X),Y,W)
by Problem [3.11)(1). Next we have
UT*(fH(X), Y, W) = I(ft(X)) = U(W) = I(Y)

Since Y < 9(r) and 9(r) < W we have [(W) — (V) > 2 and [(T*(ft(X),Y,W)) > I(ft(X)). This
shows that
Teut (X, T*(ft(X),Y,W)) =T(X, T*(ft(X),Y,W))

Next we need to show that ft(X) < T*(ft(X),Y,S(r,Y)). Again we use that by Problem [3.11|(1)
we have ft(X) < T*(ft(X),Y,S(r,Y)) . Next we have
WTH(fH(X), Y, 5(r, Y))) = L(fH(X)) = 1(S(r, Y)) = 1Y) = ([(W) = 1) = I(Y)

Here we use again that Y < 9(r) and d(r) < W and therefore ({((W) — 1) —I(Y) > 1. This shows
that
Teat (X, T"(fH(X), Y, S(r, W))) = T(X, T"(ft(X), Y, S(r, W)))

It remains to prove that

2016.03.27.eq3]S(T(X, T*(ft(X),Y,r)), T(X, T*(f1(X),Y,W))) = T(X, T*(ft(X),Y, S(r,W)))
(21)

assuming that ft(X) > Y, Y < ft(0(r)), o(r) < W.

Let us show that we can apply ST(a)-condition to the left hand side of .

We have [(X) > 1 because X > ft(X) >Y.

We have ft(X) < O(T(ft(X),Y,r)) since

AT*(fH(X), Y1) = T*(fH(X),Y,0(r)) = fH(X)
and

WT(fH(X), Y, 0(r))) — L(fH(X)) = 1(0(r)) = 1Y)
and since Y < 9(r), [(O(r)) —I(Y) > 1

Last, we need that B
AT (fH(X),Y,r)) <T*(fi(X),Y, W)
Since (T*(ft(X),Y,r)) = T*(ft(X),Y,d(r)) and d(r) < W it follows from Lemma
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Applying the ST(a)-condition to the left hand side of and then applying we get
S(T(X, T*(FUX),Y,r), T(X, T*(ft(X),Y,W))) = T(X, S(T*(fUX),Y,r), T*(fH(X),Y, W) =
T(X,T*(ft(X),Y,S(r,W)))

Finally, by Construction [3.12] we have
T(X,T*(ft(X),Y,S(r,W))) =T*(X,Y,S(r,IV))

This completes the proof of Lemma [4.2

4.2 Sets T** and operations T+

dom

We will now construct the operations that correspond, in the BO-systems that correspond to C-
systems, to the pull-back of sections of morphisms py s (y) by morphisms py. FH(X)-

Definition 4.3 [2016.04.02.defl] Let B be a B0-system. Define:

Ty ={X,Y,Z,W,s|X>Y < Z<W,s € B*(Z,W)}

dom

We will sometimes write elements of i}‘;m as (X,Y, s) because Z and W can be recovered from the
type of s.

Problem 4.4 [2016.02.22.probl/ Let B be a B0-system carrier such that the operations S, T and
T satisfy the ST(a)-condition of Definition .

For each (X,Y,Z,W,s) € T

dom to define an element

T*(X,Y, Z,W,s) € B*(T(X,Y, Z),T(X,Y,W))

where the right hand side is well defined by Lemma[3.13

The diagram for Problem [4.4] is as follows:

T(X,Y,W) %4

T+ (X,Y,s)Tl sTl
T (X,Y, 2) Z

| |

X — Y

Construction 4.5 [2016.02.22.constrl] Proceed now by induction on j = (W) —I(Z).

For j = 0 we set _
T(X,Y,Z,Z tt) = tt

where ¢t is the only element of B*(Z, Z) = B*(T(X,Y, Z),T(X,Y, Z)) = unit.
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For 5 =1 we set
TH(X, Y, ft(W), W,s) =T"(X,Y, s)

For the successor of j > 0 we define T**(X,Y, ft/+1 (W), W, s) as follows. Recall that for j > 0 we
have

B (fTH (W), W) = {(r,s) |7 € B(ft/(W)), s € B*(ft/* (W), S(r,W))}
We set
[2016.03.09.eq1|T* (X, Y, f/HY (W), W, (1, 5)) = (T*(X, Y, r), T (X,Y, fTY (W), S(r, W), 5)

(22)
The part of the diagram for this case that is over Y is as follows:

S(r,W) w

|

FEFIW) == f(W)

W)
Y
and the part that is over X is as follows:
T*(X,Y,S(r,W)) (X, Y, W)
|17 vt sew.e
. ) T‘*(ﬁ)Y,T) '
T*(X,Y, fITHH (W) == fUT*(X,Y, f(W))) +—— TH*X,Y, ft/(W))

FUTH(X, Y, fH(W)))

X
Let us check that the right hand side of is well defined.

For T*(X,Y,r) to be defined we need X > Y and ft(d(r)) > Y. ‘We know that X > Y. Next, we
have ft(9(r)) = ft/TH (W) and ft/*1(W) > Y. This proves that T*(X,Y,r) is defined.

For T*(X,Y, ftit1(W), S(r, W), s) to be defined we need s € B*(ftI (W), S(r, W)), X <Y and
Y < ft9PY W) < S(r,W). The first two conditions as well as the condition that Y < f#/+1(W)
are parts of our assumptions. To see that ft/*1(W) < S(r, W) we use the fact that ft/1(W) =
ft(d(r)) and that S(r, W) > ft(d(r)) according to Definition [3.1}(3).

It remains to show that

(T (X, Y, r), T(X, Y, /71 (W), S(r, W), 5)) € B (T(X,Y, f/H (W), T(X,Y, W)
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To know what are the elements of the right hand side set we need to know I[(T*(X,Y, ft/T1{(W)) —
(T*(X,Y,W)). By Lemma we have

(T (XY, W) = UT(X,Y, fIH (W) = U(W) = I(fTH (W) = I(W) = U(Z) = j + 1
and by the same lemma T*(X,Y, ft/ 1 (W)) < T*(X,Y,W). Therefore, by definition of <
TH(X,Y, fTH (W) = fETH(T*(X, Y, W)
and elements of this set are pairs (r/, s’) where
' € B(f/(T*(X,Y,W)))
s’ € BX(fH (T (X, Y, W), S(r', T*(X, Y, W)))

Therefore, we need to prove that

[2016.04.06.eq1]T*(X,Y,r) € B(ft'(T*(X,Y,W))) (23)
and
[2016.04.06.eq2]T* (X, Y, f/YH (W), S(r, W), s) € B*(ft/ T (T(X,Y,W)), S(T*(X,Y,r), T*(X,Y,W)))

(24)

We already know that ft/*1(T*(X,Y,W)) = T*(X,Y, ft/T1(W)). Similar reasoning shows that
fH(T(X,Y,W)) = T*(X,Y, ft/(W)). Together with (6 it gives us (23).

For (24) we have, by definition, that
T(X,Y, fEYY W), S(r, W), s) € B*(T*(X,Y, f/7 7Y (W), T*(X,Y, S(r, W)))
Since we know that ft/+1(T*(X,Y,W)) = T*(X, Y, ft/*1(W)) it remains to show that
[2016.03.27.eq4]S(T*(X,Y,r), T*(X,Y,W)) = T*(X,Y, S(r, W)) (25)

Let us show that X, Y, W, r satisfy the conditions that allow us to apply Lemma[4.2 That X >Y
is one of our assumptions. We have shown that Y < ft(9(r)). We have 9(r) = ft/(W), j > 1 and
(W) > j > 1. Therefore, d(r) < W. These conditions imply that Lemma is applicable and

holds.

This completes Construction

4.3 The SS*(a)-property

Lemma 4.6 [2016.04.08.13/ Let B be a B0-system. Then for any X,Y,s,r, Z where X,Y,Z € B,
X<Y,seBYX,Y), re BandY < 0(r) < Z one has

1. (s,r) € g;

om?’

(
2. (s,2) €Sk,
3. (8%(s,1),5%(s,2)) € Sqom,
4. (r,Z) € Saom,
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5. (5,8(r,2)) € S,
Proof: We have:

1. the required condition is that Y < ft(9(r)) that follows by Lemma from our assumption
Y <o(r),

2. the required condition is Y < Z which follows from our assumptions by Lemma

3. the required condition is 8(S*(s, 7)) < S*(s, Z) which follows by and Lemma from
our assumption 9(r) < Z,

4. the required condition is our assumption J(r) < Z,

5. the required condition is Y < S(r, Z). By the definition of a BO-system we have ft(9(r)) <
S(r,Z). On the other hand, by part (1) we have Y < ft(9(r)) and by Lemma[l.4] we conclude
that Y < S(r, Z).

Lemma 4.7 [2016.04.08.12] Let B be a B0-system that satisfies the SS(a)-condition of Deﬁmtzon
. Then for any X,Y, s,r, Z where X,Y,Z € B, X <Y, s€ B*(X,Y),r€ B andY < d(r) <
one has

S(S*(s,7),S*(s,Z)) = S*(s,8(r, Z))

Proof: We proceed by induction on j = (V) — I(X).

For j =0, B*(X,Y) = unit and S*(s,r) = r, S*(s,Z) = Z, §*(s, S(r, Z)) = S(r, Z). The required
equality therefore becomes
S(r,Z) = S(r, Z)

For j = 1, BX(X,Y) = B(Y) and S*(s,r) = S(5,7),5%(s,Z) = Sew(s,2), S*(s,8(r,Z)) =
Sext(s,S(r,Z)). Since 9(s) = Y we have d(s) < 9(r) < Z which implies that d(s) < Z and
Seat(s, Z) = S(s, Z). Moreover, since 9(s) < 9(r) by Lemmal[l.6|we have that 9(s) < ft(0(r)) which
together with ft(9(r)) < S(r, Z) by a BO-systems axiom and Lemma[l.4]implies that d(s) < S(r, Z)
and Sext(s,S(r,Z)) = S(s,S(r,Z)). Therefore the required equality becomes

S(S(5,1),8(5, 2)) = S(5,8(r, 7))
which has the form of the SS(a)-condition for s,r, Z. Since d(s) = Y we have 0(s) < 9(r) < Z
which implies that this condition is applicable.

For the successor of j > 0 one has X = ft/*1(Y) and elements of B(X,Y) are pairs of the form
(r1,s1) where 11 € B(ft/(Y)), s1 € B(ft/T1(Y), S(r1,Y)).

Next we have: N B B
S((r1,81),r) = S*(s1,S(r1,7))
S*((rl,sl),Z) = S*(Sl,S(Tl,Z))
S*((r1,81),S8(r, Z)) = S*(s1,S(r1,S(r, 2)))

and the required equality becomes

S(5*(s1,5(r1,7)), 8% (s1,S(r1, Z2))) = S*(s1,5(r1, S(r, Z)))
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Let us show that the inductive assumption for ft+1(Y), S(r1,Y),s1,S(r1,7),S(r1, Z) can be ap-
plied to the left hand side. We have ft/T1(Y) = ft(ft/(Y)) = ft(d(r1)) < S(r1,Y). Next,
d(S(r1,7)) = S(r1,d(r)) by the axiom of a BO-system and S(r1,Y) < S(r1,d(r)) < S(r1, Z) by our
assumptions Y < 9(r) < Z and Lemma Therefore the inductive assumption is applicable and
we have

S(S*(s1,S(r1,7)), 5% (51, S(r1, Z))) = S*(s1,5(S(r1,7), S(r1, Z)))

It remains to show that S(S(r1,r),S(r1,Z)) = S(r1,S(r,Z)). This has the form of the SS(a)-
condition for 71,7, Z. Since d(r1) = ft/(Y) we have d(r;) <Y < 9(r) and therefore d(r1) < 9(r)
by Lemma and J(r) < Z be one of our assumptions. We conclude that SS(a)-condition is
applicable to rq, 7, Z.

This completes the proof of Lemma [£.7]

4.4 Sets g;;km and operations G

Here we will construct operations S** that correspond, in the B-systems of C-systems, to the
pull-back of elements of B* along elements of B*.

Definition 4.8 [2016.03.29.defl] Let B be a B0-system. Define

Siom = {X,Y, Z,W,s1,85| X <Y < Z <W,s; € BY(X,Y), 0 € B(Z,W)}

dom

We will sometimes write elements (X, Y, Z, W, s1, s2) of §2:m as (81, $2) because X,Y, Z, W can be
recovered from the type of s; and so.

Problem 4.9 [2016.03.29.prob1/ Let (X,Y,Z,W,s,s') € S%* . To construct an element

dom*

g**(Xa Y, Z?WSDS?) € E*(S*(slvz)aS*(SlaW))

where the right hand side is defined by Lemma [4.0.

The diagram for Problem [4.9]looks as follows:

S*(Sl,W) w
5**(51,82)Tl sat
S*(Sl, Z) Z
i}
X +—— Y

Construction 4.10 [2016.03.29.constrl] We will proceed by induction on j' = (W) — I(Z).
If 5/ =0 then W = Z and S*(s1,Z) = S*(s1, W). Therefore

B*(5*(s1,2), 5 (s1,W)) = unit
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and we define B
S*(X,}/,Z,VV,Sl,SQ) =1t

where, let us recall, ¢t is the notation for the unique element of the one element set unit.
If j/ = 1 then (W) > 1, Z = ft(W) and B*(Z, W) = B(W).

Then we set B N
S**(X7 Y7 Z7 W7 81>52) = S*(Xa Y, 51, 52)

It is easy to prove that the right hand side is defined based on Definition 4.7
For the successor of j/ > 0 we have Z = ft/*1(W) and, by Construction

BY(fFH (W), W) = {(r2, s2) |r2 € B(ft!(W)), 52 € B*(ft/*1 (W), S(r, W)}

We set N B B
[2016.04.06.eq3])S™ (s1, (12, 52)) = (S*(s1,72), 5™ (81, 52)) (26)

The diagram for this case is as follows. Its part over Y is of the same form as in the construction
of T™*:
S (7”2, W) w

SzTJ{
T2

FUFY W) «——  ft}(W)

JUTHW)
Y
and the part that is over X is as follows:
S*(s1, S(ra, W) S (51, W)
ng**(sl,fthrl(W),S(Tg,W),SQ)
- , §™(s1y2) A
S*(s1, fETHW)) == fU(S*(s1, [ (W))) ——  S*(s1, [/(W))

Ft(S*(s1, fH/(W)))

X

Let us check that the right hand side of is defined and belongs to B(S*(s1, ft/T1(W)), $*(s1, W)).
For S*(s1,72) to be defined we need to know that Y < ft(d(r)). This follows from:

ft(0(re)) = fHFE(W)) = W) =Z>Y

For 5**(s1,s2) to be defined we need to know that ¥ < ft/*1(W) which again follows from the
equality ft/*'(W) = Z and the assumption Y < Z.
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To check that the pair on the right hand side of belongs to B*(S*(s1, ftiT1(W)), $*(s1, W))

we need to know what are the elements of the latter set. By Lemma we have

U(S*(s1,W)) = U(S*(s1, FEHH (W) = UW) = U(FEH (W) = (W) — U(Z) = j + 1

Therefore, N ‘
B*(S*(s1, fTH(W)), (51, W) =

{(,8) |7 € B(ft/(S*(s1,W))), s € B (ft/T(S"(s1,W)), S(+", 5 (s1,W)))}
Therefore, we have to prove that

[2016.04.08.eq1]S*(s1,2) € B(ft/(S*(s1, W)))

and

[2016.04.08.6q2] 5™ (s1, s3) € B*(ft/11(S*(s1, W)), S(S5*(s1,72), S (s1, W)))

By we have B '
9(5%(s1,12)) € §(s1,0(r2)) = 5" (51, [/ (W))

and by construction
S*(s1,82) € B*(S*(s1, fI1 (W), S*(s1, S(r2, W)))
Using Lemma [4.6] it is easy to prove that
ft (5% (51, W)) = S*(s1, f/(W))
which implies . From the same lemma it follows that
FETHS (51, W) = 8% (s1, f/TH (W)
which reduces to the proof of the equality
[2016.04.10.eq2]S(5*(s1,72), S*(s1, W)) = S*(s1, S(ry, W))

Let us show that it follows by application of Lemma [£.7to X,Y, s1,re, W.

(27)

(28)

(29)

For this we need to verify the conditions X <Y, Y < 9(r2) and 9(r2) < W. The first condition
is a part of our assumptions. Since d(rz) = ft/(W) we have Z = ft(ft/(W)) = ft(0(r2)) <
d(r2) and together with Y < Z, Lemma gives us that Y < O(rz). Finally, since j > 0 and
1(0(r2)) = I(ft/(W)) > 0 we have d(r2) < W. These conditions imply that Lemmais applicable

to X, Y, s1,70, W and gives .

This completes Construction |4.10

5 Sets BMor(X,Y), composition operations and the identity elements

5.1 Construction of the set BMor(X,Y)

Problem 5.1 [2016.02.28.probl] For a pointed B0-system (B, B,0) and X,Y € B to define a

set that will be denoted BMor(X,Y).

38



Construction 5.2 [2016.02.28.constr1][2016.02.20.defl] We define this set by the formula:
BMor(X,Y) = B*(X,T*(X,pt,Y))

Let us show that the right hand side is well defined. For that we need T%(X,pt,Y) to be well
defined, i.e., to have X > pt and Y > pt. This is immediate from the definition of a pointed
BO0-system. We also need that 7*(X,pt,Y) > X which is condition (1) of Problem

Remark 5.3 [2016.02.28.rem1]| To define BMor(X,Y) we need less than the full set of BO-
system structures and axioms. All we need is a B-system carrier with operations 7" and S such
that T satisfies conditions of Definition [3.1[1) and S the conditions of Definition [3.1(3).

In the next section we will construct for any C-system CC a B0-system B(CC) and for any
X,Y € CC a bijection between BMorgcc)(X,Y) and Morce(X,Y).

5.2 Sets BMor(X,Y) and homomorphisms of pointed B0-systems

Problem 5.4 [2016.03.15.prob2/ Let f : B — B’ be a homomorphism of pointed B0-systems.
For X,Y € B to define a function

fevorxy : BMor(X,Y) — BMor'(f(X), f(Y))

Construction 5.5 [2016.03.15.constr3] By Construction [5.2| we have

BMor(X,Y)=B*(X,T*(X,pt,Y))
Applying Construction we obtain the function

f=

BH(X,T*(X,pt,Y)) - BY(X,T*(X,pt,Y)) = B'(f(X), f(T*(X,pt,Y)))

Applying Lemma [3.16(1) we get that f(T*(X,pt,Y)) = (T")*(f(X), f(pt), f(Y)). Since B’ is
pointed we have f(pt) = pt’ and

B'(f(X), (T')*(f(X), f(pt), f(Y))) = BMor'(f(X), f(Y))

This completes the construction.

5.3 Composition operation

To construct the operations on the BM or sets that will be related to the composition of morphisms
and the identity morphisms in the case of the B0-systems of the form C'B(CC) we need the
underlying B0-system to satisfy some of the axioms of a B-system.

Everywhere below when we say that an equality involving partially defined operations holds for
certain values of the arguments we mean that the left and the right hand side expressions are
defined and equal.
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3 B-systems and C-systems

1 Some general results on C-systems

Let us recall (cf. [?]) that for a C-system C'C' an object Y is said to be an object over X if Y > X.

In this case the composition of the canonical projections Y 23 ft(Y) PO X is denoted by

py,x. For a morphism f : X’ — X one defines f*(Y) by induction using the f* structure of the
C-system. One also defines by induction a morphism ¢(f,Y) : f*(Y) — Y. For more detail see [?,
Section 2].

Lemma 1.1 [2016.02.18.14] In the context introduced above one has f*(Y) > X/,

[2016.02.18.eq3)I(f*(Y)) — I(X") = (V) — I(X) (30)
and the square
F4(Y) a(f,Y) v
[2016.02.1&9?»(1%7;(/1 le,X (31)
f

X — X

1 a pull-back square.

Proof: By induction on [(Y) — I(X) using the fact that vertical composition of pull-back squares
is a pull-back square.

For Y, Y’ > X a morphism g : Y — Y is said to be a morphism over X if py. x = gopy+ x. For such
a morphism ¢ and a morphism f : X’ — X there is a unique morphism f*(g) : f*(Y) — f*(Y”)
over X' such that the square

[2016.02.18.eq1}(g)l lg (32)

(HY")

prvy 2y

commutes (see [?, Lemma 2.1]).

We will also need the following lemmas.

Lemma 1.2 [2016.03.15.111] Let Y be an object over X and f' : X" — X', f: X' = X two
morphisms. Then one has:

[2016.03.15.eq4](f')"(f*(Y)) = ("o /)"(Y) (33)

and
[2016.03.15.eq5]q(f' o f,Y) = q(f', f*(Y)) o q(},Y) (34)

Proof: By induction on j = [(Y) — [(X) using the definition given in [?, Section 2] and one of the
axioms of the definition of a C-system, see [?, Definition 2.1(axiom 7)].
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Lemma 1.3 [2016.03.15.110/ Let g : Y — Y’ be a morphism over X and f': X" = X', f: X' —
X two morphisms. Then one has:

[2016.03.15.eq4mor|(f")*(f*(g)) = (f"© f)"(9) (35)

Proof: Note first that both the right and the left hand sides of are morphisms over X. The
domains of the left and the right hand sides of are (f))*(f*(Y)) and (f’' o f)*(Y) coincide by
Lemma [1.2] The codomains (f/)*(f*(Y”)) and (f" o f)*(Y’) coincide by the same lemma. In view
of the uniqueness part of [?, Lemma 2.1] it remains to show that

() (f (@) ealf o f.Y)=aq(f o f,Y)og

This follows from the equalities

a(f' o £,Y) =q(f", f*(Y") oq(f,Y")

and
a(f' o £.Y) = a(f', f*(Y)) o q(f,Y)
proved in Lemma [1.2] and the definition of (f')*(f*(g)).

Lemma 1.4 [2016.01.27.18/ Let CC be a C-system, X an object over X' and X' an object over
X" then one has px x» = px,x’ © DX’ X" -

Proof: By induction on I[(X') — I(X).

Lemma 1.5 [2016.01.27.17] Let CC be a C-system, f : Y — Y’ be a morphism over X and X
be an object over W. Then f is a morphism over W.

Proof: Follows easily from Lemma (1.4

Lemma 1.6 [2016.02.20.19/ Let Y > X and f: X' — X. Then one has
ft(f(Y) = (fuy))
Proof: It follows from the inductive definition of f* since for I(Y) — I(X) > 0 we have f*(Y) =

q(f, fEY))"(Y) where q(f, fE(Y)) = f*(ft(Y)) = fi(Y) and q(f, fi(Y))"(Y) is given by the C-
system structure that satisfies the axiom ft(a*(Y')) = dom(a).

2 The BO0-systems of C-systems
2.1 Construction of the pre-B-system CB(CC)

Problem 2.1 [2016.01,27.prob2/ Let CC be a C-system. To construct a pre-B-system

CB(CC) = (B(CC), B(CO),1, ft,0,T, T, S, S)
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Construction 2.2 [2016.01.27.constrl/Let B(CC) = Ob(CC) and
B(CC) = {s € Mor(CC)|dom(s) = ft(codom(s)) and s © Peodom(s) = Iddom(s)

(this set was previously denoted by 5?7(00)) The triple (B(CC),1, ft) is an lft-set and we have
the function of sets B
0 = codom : B(CC) — B(CC)

obtaining a B-system carrier.
Starting with these data we can define the sets Tyom, fdam, Sdom §d0m and dgom,-

Next, we define operations T, T , S, S ,0 as follows:

T(X,Y)=p5(Y) T(X,s5)=pk(s)
S(r,Y)=r*(Y) S(r,s) =r*(s)
6(X) = sray
The first of these operations is defined because Y > ft(X) and therefore Y is over ft(X).

The second one is defined because s : ft(9(s)) — 0(s) is a morphism over ft(d(s)) and since
d(s) > ft(X) we have that ft(9(s)) > ft(X) by Lemma and therefore ft(J(s)) is an object
over ft(X) and so the morphism s is a morphism over ft(X) by Lemma

The third of one is defined because Y is over O(r).

The fourth one is defined because s : ft(9(s)) — O(s) is a morphism over ft(d(s)) while r is of
the form ft(0(r)) — O(r) and since d(s) > (r) we have that ft(9(s)) > 8(r) by Lemma [L.6 and
therefore s is a morphism over 9(r) by Lemma . Finally ¢ is defined because s; is defined for
any morphism of the form f: X — Y where [(Y) > 0 (cf. [?, Definition 2.3)).

This completes Construction [2.2

2.2 Pre-B-systems CB(CC) are B0-systems

Lemma 2.3 [2016.02.18.16/ Let CC be a C-system. Then CB(CC) is a B0-system.

Proof:

1. Let (X,Y) € Tyom- Then one has:

(a) We have [(T(X,Y)) = l(p%(Y)). To define p%(Y) we consider Y as an object over
ft(X). Therefore by Lemma [1.1] we have

Hpx (V) = U(X) + (I(Y) — I(f1(X))) = ([(X) = I(ft(X))) + (V)
Since I(X) > 1 we have I(X) — I(ft(X)) = 1. Therefore
(T(X,Y)) =1(Y)+1
(b) By Lemma [1.1] we have T(X,Y) > X and
UT(X,Y)) = U(X) =1(Y) = I(ft(X)) >0
therefore T(X,Y) > X.
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(c) It follows from Lemma

2. Let (X,s) € Tgom- The first condition follows from the second one and condition 1(a). The
second condition follows immediately from the definitions.

3. Let (r,Y) € Sgom. Then one has:

(a) U(S(r,Y)) =1(r*(Y)) were Y is considered as an object over X = 9(r). By Lemma [L.]]
we have

1 (Y)) = I(ft(X)) + (U(Y) = U(X)) = 1Y) + (I(fH(X)) = I(X)) = U(Y) -1

where the last equality follows from the fact that I(ft(X)) — I{(X) = —1 since I(X) =

[(0(r)) > 0.
(b) By Lemma we have r*(Y) > ft(X) and since Y > X the same lemma implies that
r™*(Y) > X.

(c) Tt follows from Lemma

4. The first condition follows from the second one and condition 2(a). The second condition
follows immediately from the definitions.

2.3 Functoriality of the CB-construction

Problem 2.4 [2016.01.27.prob3/ Let f : CC — CC' be a homomorphism of C-systems. To
construct a homomorphism of pre-B-systems CB(f) : CB(CC) — CB(CC").

Construction 2.5 [2016.01.27.constr3] We need to construct a morphism of B-system carriers
and show that it is a homomorphism of pre-B-systems.

We already have the function f : B(CC) — B(CC’) and by the definition of a homomorphism of
C-systems (cf. [?, Definition 3.1]) it is a morphism of Ift-sets.

By definition B(CC) is a subset of Mor(CC). Therefore, by the morphism part of the functor
[ it is mapped to a subset of Mor(CC’). We need to verify that the image of B(CC) lies in
B(CC'"). The subset B(CC) is the subset of elements s such that dom(s) = ft(codom(s)) and
59Pcodom(s) = Ldgom(s)- It follows that it will be mapped to the subset defined by the same conditions
by any functor that maps the p-morphisms of C'C to p-morphisms of CC" and in _particular by any
homomorphism of C-systems. We obtain a function B — B’ that we denote by f.

It is immediate from the construction that the pair f = (f, f) is a morphism of B-system carriers.
By Construction we obtain functions fr, %, fs, fg, fs-

The fact that these functions commute, in the sense of Definition with the pre-B-system
operations follows from [?, Lemma 2.3(3,4,5)].

Lemma 2.6 [2016.01.29.11/ Let U be a universe. Then Constructions and define a functor
CBy from the category of C-systems in U to the category of pre-B-systems in U.
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Proof: Since two homomorphisms of pre-B-systems are equal if and only if the underlying mor-
phisms of the B-system carriers are equal it is sufficient to prove the identity and composition
axioms of a functor for the mappings from C-systems and their homomorphisms to the carriers of
pre-B-systems and their morphisms. These axioms follow immediately from the fact that B (Cco)
is a subset of Mor(CC) and the definition of composition of C-system homomorphisms.

We will sometimes call the functor C'B defined by Constructions and Lemma [2.6] the B-sets
functor.

2.4 Operations T,;; for BO-systems of the form CB(CC)

Lemma 2.7 [2016.03.15.18/ Let CC be a C-system and X,Y € B(CC) be such that I(X) > 1,
I(Y)>1 and ft(X) <Y. Then one has

Toxt (X, Y) = p},ft(X) (Y)

Proof: Straightforward by case analysis from the definition of the operation 7" in the B0-systems
of the form B(CC).

2.5 Operations 7" in the B0-systems of the form CB(CC)

Lemma 2.8 [2016.02.20.110/ Let CC be a C-system. Let (X,Y,Z) € T . where the pre-B-
system concepts refer to CB(CC'), then one has

T°(X.Y, Z) = pxy(Z)
and in particular we have a pull-back square of the form

a(px,v,Z)
S

T*(X,Y, Z) A
pT*(X,Y,Z),XJ/ lpz,y
X PX,y vy

Proof: By induction on j = {(X)—[(Y), from Lemmal[2.7, Lemmal[l.2] the definition of T*(X,Y, Z)
and the definition of px y.

The objects involved in the construction for the successor can be seen on the diagram:
To(X, T*(fH(X),Y, 2) —— T(ft(X).Y,Z) — Z
[2016.02.20.eq1] l l lpz’y (36)
ft(X)

Px, fe(Xx) Pri(x),y
EEm—— —_—

X Y

and one has to use the fact that

P p1x) Preex),y (Z2)) = (Px prx) @ Pex)y ) (Z) = Py (2)

which follows from Lemma [I.2]
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2.6 Operations 7* in the BO-systems of the form CB(CC)

Lemma 2.9 [2016.03.15.19] Let CC be a C-system. Let (X,Y,s) € T*

doms Where the B0-system
concepts refer to CB(CC), then one has

T°(X,Y,s) = px,y(s)
and in particular we have a pull-back square of the form

T (X, Y, f1(0(s))) LX0TOOD - (s))

lp},ws) l

T(X,V,0(s) A )

PT*(x,y,a(s)),xl lpa(s),y

PX,Y

X Y

Proof: By induction on j = I(X) — [(Y), from Lemma Lemma the definition of T, the
definition of T*(X,Y, Z) and the definition of px y.

The objects involved in the construction for the successor can be seen on the diagram:

Te (X, Y, f1(0(s))) — T4, (fi(X), Y, fi(0(s))) —— [ft(9(s))

l Pio(x),y (8) ls

Teat (X, T*(f1(X),Y,0(s))) ——  T*(fi(X),Y,0(s)) ——  0O(s) (37)
l lpa(s),y
X PX, ft(X) ft(X) Pfe(X),Y y

2.7 Sets B*(X,Y) for BO-systems of the form CB(CC)

Let CC be a C-system. Let X <Y in B(CC). Set
Sec(X,Y) ={f € Mor(CC)|dom(f) =X, codom(f) =Y, fopyx =Idx}

that is, elements of Sec(X,Y’) are sections of the canonical morphism py x : ¥ — X.

Problem 2.10 [2016.02.18.probl/ Let CC be a C-system, X,Y € B(CC) and X < Y. To
construct a bijection

[2016.03.11.eq2]nt(X,Y) : B*(X,Y) — Sec(X,Y) (38)

To provide a construction for this problem we need the following general lemma.
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Lemma 2.11 [2016.02.18.13/ Let C be a category and X Yy % Zbea composable pair of
morphisms in C. Assume further that for any r : Z — Y such that r o b = Idy we are given a
pull-back square of the form:

r(X) /X X
zZ —=Y

Let R(a,b) be the set of pairs (r,s) where r: Z —Y is such that rob=Idy and s : Z — r*(X) is

such that sopry, = Idz.

pr

Then the function (r,s) — sopr is a bijection from R to the set of morphisms t : Z — X such
thattoaob= Idy.

Proof: Note first that
sopryoaob=sopryorob=1Idzoldy =Idy

Let us show that our function is surjective. Let f : Z — X be a morphism such that foaob = Idy.
Let r = foa. Then rob = Idz and on the other hand f = sopr’y for some s such that sopr?, = Idz
by the universal property of the pull-backs.

Let us show that our function is injective. Let (r,s), (r’,s’) be two elements of R(a,b) such that
sopry =s oprgé. We have
sopryoa=sopryor=r

We conclude that r = 7'. Then if s o pr, = &' o pr’y and sopr), = Idz = s’ o prl, we have that
s = s’ by the universal property of the pull-backs.

The lemma is proved.

We can now provide a construction for Problem [2.10]

Construction 2.12 [2016.02.18.constr1/We proceed by induction on j = [(Y) — [(X).
If j = 0 then py, x = Idx and both sides are one element sets.

If j = 1 then we can define nt(X,Y’) as the identity function because by definition of B(X) and
B(CC) the left and the right hand sides of are equal.

For the successor of j > 0 we have that [(Y) > j+1 and X = ft/*!(Y). By the inductive assumption
nt(X’,Y") is already constructed for all pairs X', Y such that X’ <Y’ and (V') — [(X') < j.

By Construction the set B*(fti+1(Y),Y) is the set of pairs (r,s) where r € B(ft/(Y)) and
s € BY(f/H1(Y), S(r,Y)).

Since r is a morphism of the form r : f&/*1(Y) — ft/(Y), by Lemma we have that S(r,Y) is
over ft’1(Y) and that the square

s(ry) Y,y

[2016.02).;(§,@9t4;1<y>l lpy’ ) (39)
YY) —— [H(Y)
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is a pull-back square. Since I[(Y) > j 4+ 1 we have that
(Y) = U(fE(Y)) =
and therefore by the equation of the same lemma we have that
fE(S(rY)) = fEIHH(Y)

Consider the set R(py, i (v), Pfei(v),fes+1(v)) Where R is as in Lemma relative to the pull-back
squares . Then the function (r, s) = (r,nt(ft/T1(Y), S(r,Y))(s)) is a bijection of the form
B*(f/YN(Y),Y) = R(py, f1i (v)> Pred (v, fi+1 () -

Composing this bijection with the bijection of Lemma and using the fact that

Py, fti(Y) O Pfei(Y),ftit1(Y) = PY,fti+1(Y)
we obtain the bijection that is the goal of the construction.

This completes Construction [2.12

2.8 Sets Sec(X,Y) and homomorphisms of C-systems

Problem 2.13 [2016.03.17.probl/ Let F : CC — CC’ be a homomorphism of C-systems. To
construct a function

[2016.03.17.eq1]Fg.c(xy) : Sec(X,Y) — Sec(F(X), F(Y)) (40)

Construction 2.14 [2016.03.17.constrl] Note first that the right hand side of is well de-
fined by Lemma By definition, Sec(X,Y’) is a subset of Mor(X,Y") therefore it is sufficient
to show that for s € Sec(X,Y) we have Fy o (s) € Sec(F(X), F(Y)). This follows immediately
from the fact that F' commutes with compositions and identities and takes p-morphisms of C'C' to
p-morphisms of C'C".

2.9 Functions B*(X,Y) — Sec(X,Y) and homomorphisms of C-systems

Lemma 2.15 [2016.03.17.11] Let F' : CC — CC’ be a homomorphism of C-systems. Let X <Y
in B(CC). Let

CB(F) : B¥(X,Y) = B*(F(X), F(Y))

B*(X)Y)
be the function of Construction [{.11] and

Fsee(xy) : Sec(X,Y) — Sec(F(X), F(Y))

the function of Construction |2.14)

Let
nt(X,Y): B*(X,Y) — Sec(X,Y)

nt(F(X), F(Y)) : BY(F(X), F(Y)) — Sec(F(X), F(Y))
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be the functions of Construction[2.13. Then the square

E* (X, Y) nt(X,Y)

CB(F)E*(X,Y)J lFsEC(x,Y)

Sec(X,Y)

B (F(X), F(v)) MEQREO g0 (p(X), F(Y))

commutes.
Proof: Since the construction of B*(X,Y) is by induction on j = I(Y) — {(X) so is the proof of

the lemma. Note that I[(F(Y)) — I[(F(X)) = I(Y) — I(X) because homomorphisms of C-systems
preserve the lengths of objects.

For j = 0 the target set is a one element set and any two functions to a one element set with the
same domain coincide.

For j =1 we have

B*(X,Y)=B(Y) ={s € Mor(CC)|dom(s) = X,codom(s) =Y,sopyx = Id}

and nt(X,Y) is in this case the identity function. The same is true for nt(F(X), F(Y)) and it
remains to check that the definitions of C B(F') B (X)) and Fg..(x,y) in this case agree, which they
do.

For the successor of 7 > 0 we have
B*(X,Y) ={(r,;s)|r € B(ft/(Y)) s € B (ft/*1(Y),S(r,Y))}

and
CB(F)E*(va) (r,8) = (FMOT(T)aCB(F)E*(ftjﬂ(y)’S(ny))(5))

The function nt(X,Y) is of the form
nt(X,Y)(r,s) = (r,nt(FHHY),S(,Y))(s)) = nt(fTHY), S(r,Y))(s) 0 q(r,Y)
where nt(ft/T1(Y),S(r,Y)) € Sec(ft/1(Y),S(r,Y)) and ¢(r,Y) is a part of the pull-back square

S(ry) 40,y

pS(r,Y),fthrl(y)l pY,ftj(Y)l
YY) —— fH(Y)

When we apply Fge.(x,y), which is just the restriction of Fiyjo to the subset Sec(X,Y') of Mor(CC),
to nt(X,Y)(r, s) we get

Fator(nt(X,Y)(r,5)) = Faror(nt(fV1(Y), S(r,Y))(s) 0 q(r,Y)) =

Faor (nt(f71(Y), S(r,Y))(5)) © Faror (q(r Y) =
nt(E(fEH V), F(S(r Y DN CBE) . s vy 00y (8)) © Fator (a(r.Y) =

nt(ftj+1(F(Y)), S(Frnor(r), F(Y)))(CB(F)E*(nt(fth(y)75(r7y))(3))) o q(Fyor(r), F(Y)) =
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E*(nt(ftj+1(y)7,5’(r7y))(S))) =
nt(F(X), F(Y))(CB(F).

Bt(F(X), F(Y))(Fytor(r), CB(F)
(PP (7))

where the third equality is by the inductive assumption, the fourth by [?, Lemma 2.3(3)] that implies
that for a homomorphism of C-systems F' one has F(r*(Y')) = Faor(r)*(F(Y)) and Faror(g(r,Y)) =
q(Faror(r), F(Y)).

This completes proof of Lemma

2.10 Bijections bmor(X,Y) : BMorcpccey(X,Y) = Morcc(X,Y)

Problem 2.16 [2016.02.20.prob3/ For a C-system CC and X,Y € CC to construct a bijection

bmor(X,Y): BMor(X,Y) — Morcc(X,Y)

Construction 2.17 [2016.02.20.constr3| By Construction to Problem we have a bi-
jection
[2016.02.20.eq5b|nt(X, T*(X,pt,Y)) : BMor(X,Y) — Sec(X,T*(X,pt,Y)) (41)
By Lemma [2.8] we have a pull-back square

(J(pX,pt YY)
—_—

(X, pt,Y) Y
[2016.03.17p@qg]m,y),xl lpw (42)
X PX pt pt

Therefore, the function s +— s o q(pxp,Y) is a bijection between Sec(X,T™(X,pt,Y)) and
Morcco(X,Y). Composing this bijection with nt(X,T*(X,pt,Y’)) we obtain a bijection

BMor(X,Y) — Morcc(X,Y)

This completes Construction [2.1

2.11 Bijections bmor(X,Y) and homomorphisms of C-systems

Theorem 2.18 [2016.03.15.thl/ Let F = (Fop, Faror) : CC — CC'" be a homomorphism of
C-systems. Then for any X,Y € B(CC) the square

BMor(X,y) S2UBMerxY,  paror(R(X), F(Y))
[2016.03.17.eq8lr(xy) | | pmor(Fon ) Fouy)) - (43)
Morce(X,Y) MY Noroorn(Fou(X), Fop(Y))

commutes.
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Proof: By definition

BMor(X,Y)=B*(X,T*(X,pt,Y)).
The function bmor(X,Y’) is the composition of two functions:
bmor(X,Y) = nt(X, T*(X,pt,Y)) o ®(X,Y)
where for s € Sec(X,T*(X,pt,Y)), ®(X,Y)(s) = s 0 q(px,pt, Y), see the square ([42).
Therefore the square is the vertical composition of two squares:

CB(F)Bor
BMor(X,Y) CBE) Mo x Y,

BMor(F(X), F(Y))
nt(X,T*(X,pt,Y))l lm(F(xxT*<F<X>,pt,F(Y>>>

Fsee(x, 1% (X,pt,Y))

Sec(X, T*(X,pt,Y)) Sec(F(X), T*(F(X), pt, F(Y)))
where we used Lemma to identify F(T*(X,pt,Y)) with T*(F(X), pt, F(Y)), and the square

FSec(X,T*(X,Ptyy))

Sec(X,T*(X,pt,Y)) Sec(F(X), T*(F(X),pt, F(Y)))
@(X,Y)l l‘D(F(X),F(Y))

Frror,x,v

Mor(X,Y) Mor(F(X),F(Y))
The commutativity of the first square follows from Lemma

For the commutativity of the second square we have:
FMor,X,Y((I)(Xa Y)(S)) = FMOT(S o Q(pX,pta Y)) = FMOT<8) o FMOT(Q(pX,pty Y)) =

FMO?”(S) ° Q(FMor(pX,pt)7 F(Y)> = FMO’I’(S) © Q(pF(X),ptv F(Y)) - (I)(F(X)7F(Y))(FMOT(S)) =
O(F(X), F(Y))(Fsee(x,r* (x,pt,v)) (5))

where the third equality is by [?, Lemma 2.3(3)] and the fourth equality is by [?, Lemma 2.3(1)]
and the fact that F(ptcc) = ptoer.

Corollary 2.19 [2016.03.11.corl] For any universe U the functor
CBy : CSys(U) — BSys(U)
is faithful.

Proof: Let Fy, Fy : CC — CC' be two homomorphisms of C-systems such that CB(Fy) = CB(F}).
Since CB(CC) = (B(CC), B(CC),0) where B(CC) is the set of objects of CC and similarly for
CC" we know that the object components of F; and Fy coincide. To show that F} = F5 it remains
to show that their morphism components coincide.

In the diagrams for the functors F; and F5 the upper horizontal arrows coincide because of the
assumptions that CB(Fy) = CB(F,). The vertical arrows coincide because they depend only on
the domain and codomain of F; and F,. Since the vertical arrows are bijections we conclude that
the lower horizontal arrows coincide. Since they coincide for all pairs of objects X,Y we conclude
that Fl,Mor = FZ,MOT-
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