Direct image with compact supports in the
stable A'-homotopy theory !

Vladimir Voevodsky

1 Introduction

In this paper we study functoriality of the stable Al-homotopy categories
SH(S) with respect to the base scheme S. There are two obvious types
of functors associated to morphisms which can be constructed directly from
the definition of SH. First, categories SH are “contravariantly functorial”
in S. For any morphism f : S’ — S of base schemes there is a functor
f*:SH(S) — SH(S') (called the inverse image functor) and for any com-
posable pair of morphisms f, ¢ a natural isomorphism (f o g)* = ¢* o f*
which satisfy the usual coherence condition for any composable triple of
morphisms f, g, h. The functors f* are essentially characterized by the prop-
erty that for a smooth scheme X over S one has a canonical isomorphism
FF(ErXy) =2 Xp(X xg 5'); togther with the fact that they commute with
arbitrary direct sums and respect the triangulated structure.

For any smooth morphism px : X — S the functor p% has a left adjoint
(px )4 and for any smooth scheme U over X there is a canonical isomorphism
(px)#(ErUs) = BpUT where on the right hand side U is considered as a
smooth scheme over S. In particular X7 X, = (px)4(1) where 1 is the unit
of the smash product in SH(X). Functors fx also commute with arbitrary
direct sums and respect the triangulated structure. For a commutative square

X 5 X
v L »
s B9

such that p is smooth the adjunctions give a canonical morphism of functors
Pygx — gsp#- Using the explicit description of these functors on suspension
spectra one verifies that this morphism is an isomorphism if the square is a
pull-back square. Thus we have the smooth base change theorem for the pair
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Inverse image functors respect the tensor structure on SH given by the
smash product. For any two specta E, F we have a canonical isomorphism
Y (EAF) = f*(E)A f*(F) which satisfies the usual coherence conditions. By
adjunction this implies that for a smooth morphism p : X — S and spectra
E, F over X and S respectively we have a canonical morphism px(E) A
F — py(E A p*(F)). Using the explicit description of functors p* and py on
suspension spectra one verifies that this morphism is always an isomorphism
which gives the projection formula for the pair (p*, p4).

Finally one can define in the usual way the right adjoint f, to the inverse
image functor which is called the direct image functor. Unlike functors f*
and fx the direct image functor does not have a geometrical description in
terms of its values on suspension spectra. Moreover it is not known to take
compact objects to compact objects even for smooth morphisms (in fact even
for open embeddings). This makes working with this functor difficult and
we try to avoid it except in the particular case of closed embeddings where
a partial geometrical description is available due to the gluing theorem.

The main results of this paper can be summarized as follows. We con-
struct for any morphism of finite type f : X — S of Noetherian schemes a
functor f, : SH(X) — SH(S) (called the direct image with compact supports)
such that one has:

1. for a composable pair of morphisms f, g there is a canonical isomor-
phism (fog); = fiog and for a composable triple the usual coherence
condition holds

2. functors f respect triangulated structure, commute with arbitrary di-
rect sums and take compact objects to compact objects

3. for a proper morphism f the functor f is right adjoint to f*i.e. fi = f,

4. for a smooth morphism f the functor fi(— A Th(Tx/s)) is left adjoint
to f* 1e f[(— A Th(Tx/S)> = f#

5. for a Cartesian square

X % X
o Los
s 5 g

one has a canonical isomorphism g% o fi = f/ o g%
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We want to mention the following two applications of these results. The
first one is the Al-analog of the Spanier-Whitehead duality for manifolds.
For a morphism f : X — S which is both proper and smooth the combina-
tion of items (3) and (4) implies that the Thom spectrum Th(Nx/g) of the
normal bundle to X over S represents the dual to the suspension spectrum
of X\ in SH(S). In particular for any spectrum E over S one has canonical
isomorphisms

EPU(XL) = E_p—o(Th(Nxs))
BuX2) = BTNy

For spectra E representing theories with Thom isomorphism such as mo-
tivic cohomology or algebraic cobordism this leads to the Poincare duality
theorem for smooth proper morphisms over arbitrary Noetherain base. In
particular we prove the existence of homological fundamental class in alge-
braic cobordisms which was used in [?].

The second application is the blow-up long exact sequence for any gen-
eralized cohomology theory. This is a corollary of the proper base change
theorem (item (5) above). The only previously known construction of this
sequence for motivic cohomology was based on the use of resolution of singu-
larities. It has important consequences for the comparison between cdh- and
Nisnevich cohomology and localization for algebraic cycles homology over
arbitrary base which are considered in the second part of the paper.

We do not consider here the inverse image with compact supports f'.
It is easy to define it formally as the right adjoint to f; using the general
existence theorem of A. Neeman. However at the moment we can not prove
any nontrivial theorems about this functors. In particular the problem of
proving that f' for a morphism of finite type (in fact already for a closed
embedding) takes compact objects to compact objects seems to be a hard
one and may require blow-up techniques.

Although we work with the stable homotopy category SH throughout the
paper all our proofs work without change for the stable homotopy categories
of modules over symmetric ring spectra. They also work in topological setting
for apropriately defined relative stable homotopy categories of spectra. They
should also work in the equivariant setting but this is a separate story.

In the first part of the paper we deal only with quasi-projective mor-
phisms. In the second we use the results of the first together with the fact
that sheaves (unlike schemes) admit one-point compactifications to define



canonically the direct image with compact supports for all morphisms of
finite type.

One of our main technical tools is the stable version of the gluing theorem
([?, Th. 3.2.21]) which says that for any spectrum F over S and a closed
embedding ¢ : Z — S one has a canonical distinguished triangle

JuJ ' F = F = i, "F — j.j"F[1]

where j : S—i(Z) — S is the complimentary open embedding to i. We show
that the category SH(Z) is generated by objects of the form ¢*F which gives
us two corollaries. One is that the proper base change (see (5) above) holds
for closed embeddings and another that i, takes compact objects to compact
objects.

For any smooth morphism p : X — S we define the dualizing object of
X over S as Dx/s = (pr1)#A.(1) where pry : X xg X — X is the first
projection and A : X — X xg X is the diagonal closed embedding. For
a proper morphism p : X — S and an open embedding j : X — X such
that p = p o j is smooth we define a natural transformation of functors
B p*'ps — ju(— A Dx;s). The main result of the first part of the paper is
that the morphism py — p.ju(— A Dx/s) adjoint to 3 is an isomorphism for
any smooth quais-projective p.

We first prove that for pairs (p, j) such that both pand §: X —j(X) — S
are smooth the composition jxp* has a left adjoint ¢;; which has properties
very similar to the properties of py including the smooth base change theorem
and the projection formula.

We use this construction to show that the adjoint to 8 is an isomorphism
forp=(P% — S) and j = (A™ — P™). The key ingredient of the proof is the
construction of a morphism 7" — ¢; ;(1) which plays the role of fundamental
class.

The we deduce that the adjoint to § is an isomorphism for p = (P% — 5)
and j = Id. As a corollary of this fact and the proper base change for closed
embeddings we get the proper base change theorem (5) for projective mor-
phisms f. This theorem in the usual way implies that for a quais-projective
morphism p any two decompositions p = po j, p’ = p’ o j/ such that j,j’
are open embeddings and p, p’ are projective morphisms there is a canonical
isomorphism p,ju = pljy. Thus we can define p for quasi-projective mor-
phisms such that (p o ¢), = p1 o ¢ and the base change theorem holds in the
form given in (5).



We can now rewrite the adjoint to 8 as a morphism py — pi(— A Dx/s)
and show that if it is an isomorphism for two smooth morphisms then it is
an isomorphism for their composition. Then we show that the adjoint to [ is
an isomorphism for an etale morphism p using again an explicit construction
of the “fundamental class” 1 — px(1). Since any smooth morphism can be
represented locally as a composition of an etale morphism and the projection
A’ — S this implies that the adjoint to § is an isomorphism for any smooth
quais-projective morphism.

Finally we use a version of the deformation to the normal cone construc-
tion to get an isomorphism Dyx,s — Thx/s thus finishing the proof of all
the properties of direct image with compact supports for quasi-projective
morphisms.

2 The stable homotopy category of T-spectra

Everywhere below a sheaf over S means a sheaf of sets on (Sm/S)nis. The
category A%Shve(S) = APShve((Sm/S)nis) of pointed simplicial sheaves
has a proper simplicial closed model structure which is called the A'-closed
model structure and which is described in detail in [?]. The localization of
A% Shue(S) with respect to the class W a1 of Al-weak equivalences is called
the pointed A'-homotopy category over S and denoted by Ha1 +(S) or simply
He(S).

There is an alternative description of He(S) as a localization of the cat-
egory of pointed sheaves itself (see [?]) but in this paper we will use the
simplicial approach of [?]. The following two unstable lemmas will be needed.

Lemma 2.1 Let F be a pointed simplicial sheaf with the following two prop-
erties:

1. for any quasi-projective smooth scheme X over S and an open sub-
scheme U in X the morphism of simplicial sets F(X) — F(U) is a
Kan fibration

2. for any quasi-projective smooth scheme X over S the morphism F (X X
Al) — F(X) corresponding to the point 0 of Al is a weak equivalence.

Then for any pointed simplicial set K and any smooth quasi-projective scheme
X over S one has a canonical bijection

HomH.(S) (X-i- N Kv F) = WOMA"PSetS.(Ka F(X))



Proof: Let FF — Eux,(F) be a simplicial trivial cofibration such that Ez(F)
is simplicially fibrant. Our first condition on F means that it has the
B.G. property in the sense of [?, Def.3.1.13] with respect to the class of
quasi-projective schemes. By [?, Prop. 3.1.16] the maps of simplicial sets
F(X) — Ez4(F)(X) are weak equivalences for all quasi-projective X. By
our second condition on F' this implies in particular that for any such X
the map Fz4(F)(X x A') — Fz,(F)(X) is a weak equivalence. Since any
scheme has a covering by quasi-projective schemes this implies (by [?, Lemma
2.2.8(3)]) that Ez4(F) is A'-local object. Therefore

Homp,s) (X4 N K, F) = Hompy, (s)(X+ ANK,Exy(F)) =
= moHompaorgers, (K, Exs(F)(X)) = moHomaorsess, (15, (X))
Definition 2.2 The subcategory A Shvit(S) of pointed simplicial sheaves

of finite type is the smallest subcategory which contains simplicial sheaves of
the form (X x A™), for all smooth schemes over S and all n > 0 and has the

A 5 X
property that if in a push-forward square | 1 A, X and B belong to
B — Y

A?Shvft and i is a monomorphism then'Y belongs to Shv't.

Note that since any smooth scheme has a covering by quasi-projective schemes
we can equivalently start in this definition with the class of sheaves of the
form X x A™ with quasi-projective X’s.

Lemma 2.3 Let K be a pointed simplicial sheaf of finite type and (F,)aca
a filtered system of pointed simplicial sheaves. Then the natural map

colimoHomp, (s)(K, Fy,) = Hompg,(s) (K, colimaF,)
s a bijection.

Proof: Replacing F’ s by their A'-fibrant models obviously does not change
the left hand side and it does not change the right hand side by [?, Cor.
2.2.13]. Thus we may assume that the sheaves F,, are A'-fibrant. For pointed
simplicial sheaves X, Y denote by S.(X,Y") the pointed simplicial set of the
form S,(X,Y), = Hom(X AN A%,Y). For any fibrant Y and any X we have
Homp,)(X,Y) = m(Se(X,Y)). Set F' = colimyF,. Since K is compact
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as a simplicial sheaf we have colim,Hompy,s)(K, F,) = mS(K, F). If F —
Exai(F) is an A'-fibrant replacement of F' then Homp, (s)(K, colimyF,) =
To(Se(K, Exa1(F))). Let Ap be the class of pointed simplicial sheaves K
such that the map So(K,F) — So(K, Exai(F')) is a weak equivalence of
simplicial sets. Lemma ?7 implies easily that Ap contains all the sheaves
of the form (X x A™), for smooth quasi-projective schemes X. Consider a
pushforward square

A 5 X
{ {
B — Y

where A, X and B are sheaves of finite type which belong to Ar and 7 is a
monomorphism. We have two fibrant squares of simplicial sets

S.(Y,E.IAl(F)) — So(XaExA1<F)) S.(}/,F) — S.(X,F)

\ \ \ !
Su(B,Expi(F)) — Su(A Exar(F))  S.(B,F) — Su(A,F)

and a morphism bewteen them which is a weak equivalence everywhere except
possibly for the left upper corners. The right vertical arrow in the first square
is a fibration since ¢ is a monomorphism and Eza:(F) is fibrant. The right
vertical arrow in the second square is also a fibration since it is a filtered
colimit of fibrations S¢(X, F,,) — S(A, F,). Therefore both squares are
homotopy fibrant and thus the left upper corner morphism is also a weak
equivalence i.e. Y belongs to Ar. Lemma is proven.

Definition 2.4 A T'-spectrum over a scheme S is a collection E = (E;, e; :
T N E; = Eii1)i>0 where E; are pointed simplicial sheaves over S and T =
(P',00). A morphism of spectra [ : (E;,e;) — (El ¢e.) is a collection of

morphisms f; : E; — E! such that for all i > 0 one has €, o (Idr A f;) =
(Idp A fiz1) o e;.

Spectra and their morphisms form a category which we denote by Specr(5).
This category has all small products and coproducts which are defined termwise.
The spectrum (pt, Id);>o is both the initial and the final object in this cat-
egory and we denote it by pt. For any n € Z we have a functor ¥ (—,n)
from pointed sheaves to spectra such that

. [ pt for 1 < —n
27 ((X, 2),n) —{ TN A (X z) for i > —n
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The functor ¥3°(—,0) is called the suspension spectrum functor and we de-
note it simply by £¥(—) or Xr(—). The following obvious lemma will be
used below.

Lemma 2.5 For i > 0 the functor X (—, —1i) is left adjoint to the functor
which takes a spectrum (E;, e;) to the pointed sheaf E; i.e. for any pointed
sheaf (X, ) one has

Homgpee, (7 (X, x), —1), E) = Homgpy, (X, x), E;)

The stable homotopy category SH(S) is the localization of Specy(S) with
respect to the class of stable equivalences which are defined as follows. For
any spectrum (E;, e;) define functors E™ : Shvlt — Sets, n € Z setting

E"(X,x)=co_ 111{% }HomH.(S)(TM A (X, z), Eiyn)
Definition 2.6 A morphism of T-spectra f : E — F is called a stable equiv-
alence if for any pointed sheaf of finite type (X, z) and any n € Z the corre-
sponding map E™(X,x) — F"(X,x) is a bijection.

The key result which shows that our definitions are “reasonable” is the fol-
lowing theorem.

Theorem 2.7 For any sheaf of finite type (X, x) any n € Z and any spec-
trum E one has Homgys)(X7 (X, z),n),E) = E7"(X, z).

The proof of this theorem will be given at the end of this section after we
define two endo-functors on the category Specr which we call the right reso-
lution functor Rres and the left resolution functor Lres. The right resolution
functor comes together with a natural transformation i,.s : Id — Rres such
that for a spectrum E the morphism E — Rres(E) plays the role analoguous
to the role of injective resolutions for complexes of sheaves. The left resolu-
tion functor comes with a natural transformation p,.s : Lres — Id such that
for a spectrum E the morphism Lres(E) — E plays the role analoguous to
the role of flat (or free) resolutions for complexes of sheaves. In particular
the functor Rres is a part of our definition of the direct image functors f,
and Lres is a part of our definition of the functors f* and fa.

Let SmQP(S) be the set of all smooth quasi-projective varieties over S i.e.
SmQP(S) =11 SmQP(S), where SmQP(S), is the set of open subschemes
of closed subschemes of P% which are smooth over S. We define Lres and
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Pres first. For a morphism of spectra f : F — E let I(f) be the set of all
commutative squares of the form

(X x OA),, —i) — F
1 \
SR((X x AT)y,—i) — E

where the left vertical arrow is the obvious monomorphism, the right vertical
arrow is f, j > 0,7 > 0 and X € SmQP(S). Define Lres'(f) as the
simplicial sheaf given by the pushforward square

Vi SE((X x 0AT )y, —1) — F
1
Vi BF((X x AY) ., —i)  — Lres'(f)

and let pl_.(f) be the canonical morphism Lres'(f) — E. Set inductively
Lres"(f) = Lres'(pie'(f)) and pr. (f) = pres(pis (). We have obvious
morphisms Lres™(f) — Lres"™(f) and we set Lres™(f) = colim,,>qLres™(f)
and pe. = colimy>opl.,. Finally we set Lres(E) to be Lres>®(pt — E). Ob-
serve that for any f : F — E the sheaf (Lres™(f);); of j-simplexes of the
i-th term of the spectrum Lres™(f) is of the form

(Lres™(f)i); = (Fi); V (Vaea, ;57" (Xa)+)

where X, are smooth quasi-projective schemes over S. In particular for any
spectrum E the sheaves (Lres(E);); are of the form Vaea, ;37 (Xa)4-

Lemma 2.8 For any morphism f : ¥ — E the morphism p.(f) : Lres™(f) —
E is a termwise simplicial weak equivalence.

Proof: We will show that for any ¢ the morphism of simplicial sheaves
Lres™(f); — F; is a trivial local fibration. Let X be a smooth quasi-
projective scheme over S. It is sufficient to show that the morphism of
simplicial sets Lres™(f);(X) — E;(X) is a trivial Kan fibration i.e. that for
any commutative square of simplicial sets

0N —  Lres™(f);(X)

L |



there exists a morphism A7 — Lres™(f);(X) which makes two triangles in
the resulting diagram commutative. Equivalently this means that for any
commutative square of pointed simplicial sheaves

(X x 0AT), — Lres™(f);

\ 1
(X X AJ)+ — E1Z

there exists a morphism (X x A7), — Lres™(f); which makes two triangles
in the resulting diagram commutative. By Lemma 7?7 this in turn means
that for any commutative square of spectra

YR((X x OAT),—i) — Lres™(f)

{ {
SP((X x A)s,—i) - E

there exists a morphism X¥((X x AY),, —i) — Lres™(f) which makes
two triangles in the resulting diagram commutative. Objects of the form
YR((X x OAY),,—i) are compact in Specy and therefore any morphism
YX((X x 0A7),, —i) — Lres™(f) factors through the canonical morphism
Lres™(f) — Lres>®(f) for some n. By definition of Lres(f) such factor-
ization defines a morphism X ((X x AY),, —i) — Lres"™(f) whose com-
position with the canonical morphism Lres™(f) — Lref*°(f) makes two
triangles commutative.

The construction of the right resolution functor is based on a similar prin-
ciple. For any morphism f : F — E we construct a functorial decomposition

Y Rres™(f) — E and then define Rres(F) as Rres®(F — pt). The
main difference is in the set of commutative squares with which the con-
struction starts. For the right resolution functor we set r(f) to be the union
of three sets of commutative squares rp . (f), rai(f) and ro(f) defined as
follows.

For a smooth quasi-projective scheme X over S, an open subscheme U
in X and integers i > 0, j > 0, k = 0,...,j denote by C(X,U,1,j,k) the
spectrum given by the pushforward square

SE((U X ALy, —i) — SF((U x M), —i)
1 {
E%O((X X Ai)-ﬂ _Z) — O(Xa Uv i7j7 k)
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Define rp ¢ (f) as the set of all commutative squares of the form

C(X,U,i, 5, k) — F
L {
SF((X x Al)y,—i) — E

where the left vertical arrow is the morphism obvious from the definition of
C(X,U,i,7,k) and the right vertical arrow is f.

For a quasi-projective smooth scheme X over S and integers 7 > 0,7 >0
denote by Ca1(X, 1, ) the spectrum given by the pushforward square

SF(X x0AT) 1, —i) = EP((X x AT), —i)
3 3
NR((X x Al x ONT) ., —i) — Car(X,4,7)

where the left vertical arrow is given by the point 0 of Al. Define ra1(f) as
the set of all commutative squares of the form

CAl(X,i,j) — F
\J ‘ 1
YR(X x Al x AV, —i) - E

where the left vertical arrow is the morphism obvious from the definition of
Ca1(X,1,7) and the right vertical arrow is f.

For a quasi-projective smooth scheme X over S and integers 7 > 0,7 >0
denote by Cq(X,i,7) the spectrum given by the pushforward square

ST A (X x OAI )4, —i — 1) — DR((X x IAT),, —i)
4 \
SF(TA(X x Ay, —i—1) — Ca(X, 1, J)

where the upper horizontal arrow is the obvious monomorphism. Define
ro(f) as the set of all commutative squares of the form
L !
SR((X x M)y, —i) — E

where the left vertical arrow is the morphism obvious from the definition of
Cqo(X,i,7) and the right vertical arrow is f.
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We now proceed exactly as in the construction of the left resolutions.
The following lemma is an immediate consequence of our choice of classes
rB.c., Tar and rq and of the fact that spectra of the form C(X, U, 1,7, k),
Cai1(X,1,)), Ca(X,1,7) are compact.

Lemma 2.9 For any spectrum F the spectrum Rres(F) has the following
properties:

1. For a smoooth quasi-projective scheme X over S, an open subscheme U
of X and an integeri > 0 the morphism of simplicial sets Rres(F);(X) —
Rres(F);(U) is a Kan fibration. In particular Rres(F);(X) is fibrant.

2. For a smoooth quasi-projective scheme X over S and an integer i > 0
the morphism of simplicial sets Rres(F);(X x A') — Rres(F);(X)
corresponding to the point 0 of Al is a trivial Kan fibration

3. For a smoooth quasi-projective scheme X over S and an integer i > 0
the morphism of simplicial sets Rres(F);(X) — (QrRres(F);1)(X)
corresponding to the adjoint to the assembly morphism Y Rres(F); —
Rres(F);t1 is a trivial Kan fibration.

Lemma 2.10 For any spectrum F the morphism i,.s : ¥ — Rres(F) is a
stable equivalence.

Proof: It follows from the construction of Rres(F) that there exists a filtra-
tion F = E° C E! C ... C Rres(F) such that the components E™ C E/™*!
of the monomorphisms E™ C E™"! are Al-weak equivalences of simplicial
sheaves for ¢+ > m. Thus for any pointed sheaf of finite type K we have

Rres(F)"(K) = colim;s{—no Hom,s) (T N K, Rres(F)i,) =

= colim;colim,, Hompy, s (TN ANK, E".) =
= colimy,colim;Homp, (T N K, E,) = F"(K)

where the second equality follows from Lemma 77.

Lemma 2.11 Let f : E — F be a stable equivalence. Then for any i > 0 the
morphism of sheaves Rres(E); — Rres(F); is a simplicial weak equivalence.
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