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1 Introduction.

These unfinished notes is a byproduct of the paper on cohomological opera-
tions. It can be developed into a paper about general properties of sheaves
and sheaves with transfers in the cdh-topology on the categories of schemes
over a base. In [?] I have choosen to work with the Nisnevich (upper cd-)
topology instead. The plan for possible further results looks as follows.

1. Prove that the full subcategory of D~ (Shven(Cor(Sch/S))) generated
by finite complexes of sheaves of the form Z.(X) is the localization of
the homotopy category of bounded complexes over Cor(Sch/S) with
respect to short distinguished complexes. The key step is to show that
the localizing subcategory in D~ (PreShv(—)) generated by these com-
plexes coincides with the subcategory of complexes giuasi-isomorphic
to zero in the cdh-topology.

2. Prove that D=°(Sch.q) is a localization of Compl=Y.

3. Prove that D%i?zite i.e. the subcategory generated by finite complexes
over Cor(Sch/S) concentrated in non negative homological degrees is
a localization of Complfgi%ite(C’or(S ch/S)) with respect to the smallest
class of morphisms containing what comes from the short distinguished
complexes and closed uder formation of total complexes (? no good
formulation so far).



4. Prove the following universality theorems:

(a) Let F': Cor(S) — C be a functor with values in a simplicial closed
model category such that:

i. F(X) are cofibrant

ii. For a cdh-coveringp : U — X the morphism hocolim(F(C(p))) —
F(X) is a weak equivalence

Then there exists a unique functor DF : Dﬁ%ite(Sthdh()) —
H(C) such that for a finite complex C' over Cor(Sch/S) one has
DF(C) = hocolim(I'(C)) where I'(C) is the simplicial object cor-

responding to C'.

(b) Let F': Cor(S) — C be a functor with values in a simplicial closed
model category such that:

i. F(X) are cofibrant
ii. For an elementary cdh-covering p : U — X the morphism

hocolim(F(C(p))) — F(X) is a weak equivalence

Then for ay cdh-covering p the morphism like that is a weak equiv-
alence.

(c) Let F': Cor(S) — C be a functor with values in a simplicial closed
model category such that:

i. F(X) are cofibrant

ii. For a cdh-coveringp : U — X the morphism hocolim(F(C(p))) —
F(X) is a weak equivalence

Then there exists a unique functor DF : D=(Shv.()) — H(C)
such that for a complex C over Cor(Sch/S) one has DF(C) =
hocolim(I'(C')) where I'(C') is the simplicial object corresponding
to C' and Cor is the category obtained from Cor by adding infinite
direct sums.

1.1 Finate correspondences for general schemes.

In this section we describe some general constructions based on [?]. For any
Noetherian scheme S we define the category Cor(Sch/S) of finite correspon-
dences over S as follows. Objects of this category are schemes of finite type
over S. To distinguish a scheme considered as an object of the category



of schemes from a scheme considered as an object of the category of cor-
respondences which we are going to construct we denote the later by [X].
Morphisms from [X] to [Y] are elements of the abelian group

c(X,)Y)=c(X xsY/X,0)

defined in [?, after Lemma 3.3.9]. The composition of morphisms should be
given by homomorphisms of abelian groups

(X, Y)®ceY,Z)— (X, Z)
- (X x5 Y/X,0) = oY x5 Z/Y,0) = (X xg Z/X,0)

Denote by px : X — S, py : Y — § the canonical morphisms. Then for
f € (X xsY/X,0) and g € (Y xg Z/Y,0) we define the composition
go f as (py)«Cor(cycl(px)(g), f) where Cor(—,—) is the correspondence
homomorphism constructed in [?, §3.7].

The lemma below follows immediately from the definition of Cor(—, —)
and the fact that the (proper) push-forward commutes cycl(—) homomor-
phisms ([?, Prop. 3.6.2]).

Lemma 1.1.1 /missing/ Let Y — X — S be a sequence of morphisms of
finite type, p : Y — Y' a morphism over X, Y € Cycl(Y/X,r) ® Q and
X € Cycl(X/S,s) ® Q. Assume that p is proper on the support of Y. Then

pCor (Y, X) = Cor(p.(Y, X)).

Proposition 1.1.2 [associativity/ For any f € ¢(X,Y), g € ¢(Y,Z), h €
c(Z,T) one has
(hog)o f=ho(gof)

Proof: Let us write both sides explicitly:
(hog)of=(py)Cor(cycl(px)((pz)Cor(cycl(py)(h),9)), f)

ho(go f)= (pz)«Cor(cycl(px)(h), (py):Cor(cycl(px)(g), f))

For the first expression we have:

(py)«Cor(cycl(px)((pz)«Cor(cycl(py)(h), 9)), f) =
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= (py)«Cor((pz)scycl(px)Cor(cycl(py)(h), 9), f) =
= (py)+(pz)+Cor(cycl(px)Cor(cycl(py)(h),9), f) =
= (pv)«(pz)«Cor(Cor(cycl(pxx v (h), cycl(px)(9)), f)

where the first equality holds by [?, Prop. 3.6.2], the second by Lemma 1.1.1
and the third by [?, Th. 3.7.3]. For the second expression we have

(pz)«Cor(cycl(px)(h), (py)«Cor(cycl(px)(9), f)) =
= (pz)+(py)Cor(cycl(px x v )(h), Cor(cycl(px)(9), f))
by [?, Lemma 3.7.1]. This too expressions are now equal by [?, Prop. 3.7.7].

Lemma 1.1.3 fleft]/ For a morphism of schemes f : X — Y let I'y be
its graph considered as an element of ¢(X xgY/X,0). Then for any g €
c(Y xg Z/Y,0) we have

gol'y = cycl(f)(g)

Proof: This follows immediately from the defnition of Cor(—, —).

Lemma 1.1.4 [right/ For a morphism of schemes g : Y — Z let 'y be
its graph considered as an element of ¢(Y xg Z/Y,0). Then for any f €
(X x5Y/X,0) we have

Fg o f = (ZdX X g)*(f)
Proof: We have
Igo f = (py)Cor(cycl(px)(Ty), f) = (py)Cor(idxx,y X g)(1), f) =

= (pv):(Idxszy x g):Cor(1, f) = (py).(Idx x g).(f) =
= (idx x g)«(f)

where 1 is the tautological cycle on X xgY over itself and the second equality
holds by Lemma 1.1.1.

Applying Lemmas 1.1.3 and 1.1.4 in the case of the identy morphisms we
see that the graph of the identity morphism gives a unit for the composition
of finite correspondences. Together with Proposition 1.1.2 this proves that
we indeed constructed a category. One verifies easily that this category is
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additive with the direct sum given by [X] @ [Y] = [X [1Y]. This category is
denoted by Cor(Sch/S) and is called the category of finite correspondences
over S.

Using again Lemmas 1.1.3 and 1.1.4 we see that the mapping which sends
a scheme X to [X] and a morphism of schemes f : X — Y to its graph which
we will denote by [f] is a functor from schemes to finite correspondences.

This category has an important version which is called the category
of equidimensional finite correspondences Corq,;(Sch/k). It is a subcate-
gory of Cor(Sch/S) which has the same objects as Cor(Sch/S) but where
morphisms from [X] to [Y] are given by cequi(X xs Y/Y,0) (see [?, after
Lemma 3.3.9]). We further define Coreq,;(Sm/S) as the full subcategory in
Coreqi(Sch/S) which consists of objects of the form [X] for smooth schemes
X over S. If § = Spec(k) then Corg:(Sm/S) is the catgeory SmCor(k)
defined in [?, §2.1].

1.2 More on the cdh-topology.

We start by giving a new definition of the cdh-topology. Its equivalence with
the old definition (see [?, §4.1]) is proved in Lemma 1.2.5 below.

Definition 1.2.1 Let p : U — X be a morphism of schemes of finite type
over S. A sequence

V=7, 1CZ,CZp1C...C7Zy=X

closed subschemes of X s called a a splitting sequence for p if the morphisms
p N Z; — Ziy1) = Z; — Ziy1 have sections.

Definition 1.2.2 jupandlow/ The upper cd-topology on Sch/S is the Grothendieck
topology generated by coverings of the form {p; : U; — U} such that p; are
etale and [1p; : 11U; — U has a splitting sequence.
The lower cd-topology on Sch/S is the Grothendieck topology generated
by coverings of the form {p; : U; — U} such that p; are proper and [1p; :
[TU; = U has a splitting sequence.
The cdh-topology on Sch/S is the Grothendieck topology generated by the
upper and lower cd-topologies.

Remark: In this definition cd— is the abbreviation of “completely decom-
posed” introduced by Nisnevich in []. The adjectives “upper” and “lower”
come from [].



The following lemma is straightforward.

Lemma 1.2.3 [cdhcov]/ A morphism p : U — X is a cdh-covering if and
only if there exists a composable sequence of morphisms pi,qi, ..., Pn,n
which goes from a scheme Y to X and a morphism s :Y — U such that

1. the morphisms p; are proper and have splitting sequences
2. the morphisms q; are etale and have splitting sequences
3. DS = qnPnln—1Pn—1 - - - q1P1
Lemma 1.2.4 /Niscom/ The upper cd-topology is the Nisnevich topology.

Proof: The fact that any upper cd-covering is a Nisnevich covering is ob-
vious from the definitions. The fact that Nisnevich coverings have splitting
sequences is proved in [?, Lemma 3.1.5].

Lemma 1.2.5 [cdcov/ The definition of the cdh-topology given above is
equivalent to the definition given in [?, §4.1].

Proof: For the proof of this lemma let us call the topology defined in [?, §4.1]
the cdh’-topology. It is obvious from definitions and Lemma 1.2.4 that any
cdh’-covering is a cdh-covering. It is also obvious that any etale morphism
with a splitting sequence is a cdh’-covering. Thus the only fact which needs
a proof is that a proper morphism p : U — X with a splitting sequence is a
cdh’-covering.

Let Zy C ... C Z, C X be a a splitting sequence for p. We proceed
by induction on the length of this sequence. If its length is zero than p has
a section and thus it is a covering in any topology. For the inductive step
consider the pull-back square

v, B U
{ R
X-z, & X

and let s : X — Z; — U; be a section which exists by definition of a splitting
sequence. Set Vi = U — 5, (U, —s(X — Z1)). Since p is separated s(X — Z) is
closed and thus V] is a closed subset of U. In particular V; — X is proper and
one verifies easily that Vi [[Z; — X is an “elementary” cdh’-covering. To
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show that p is a cdh’-covering it is sufficient now to show that U x x V; — V;
and U x x Zy — Z; are cdh’-coverings. The first of these morphisms has a
section. The second has a splitting sequence of length less than n.

Definition 1.2.6 [eldis/ A Cartesian square in Sch/S of the form

Y — Y
\ Ip
X 5 X

1s called a lower distinguished square if p is proper, e is a closed embedding
and p~H (X — e(X")) = X — e(X') is an isomorphism.
A Cartesian square in Sch/S of the form

Y — Y
\ ip
X 5 X

1s called an upper distinguished square if p is etale, e is an open embedding
and pH (X — e(X")) = X — e(X') is an isomorphism.

Remark: In [?, Def. 3.1.3] the upper distinguished squares where called

elementary distinguished squares.

The formulation must be changed for non additive functors!.

Theorem 1.2.7 [general/ Let A be an abelian category and F : Sch/S — A
a functor such that for any distinguished square

Y - Y
{ ip
X 5 X

the chain complex
Lo F(XIIYY) - F(X'IIY)x) —» FX'TTY) = F(X)

where the differentials are given by alternating sums of partial projections is
exact. Then for any cdh-covering p: U — X the complex

. FlUxxUxxU) > FUxxU)— F{U)— F(X)

where the differential is given by the alternating sum of partial projections is
exact.



Proof: Denote the complex whose exactness we want to prove by éfi (p). In
addition for a pair of morphisms p: U — X, ¢ : V — X denote by Cr(p,q)
the bicomplex whose terms are F(UY xx V).

Lemma 1.2.8 /splitcase/ Assume that p has a section s : X — U. Then
Cr(p) is exact.

Proof: The morphisms F(U%) — F(Uxt") given by F(Idx...Idx s) define
a contracting homotopy for this complex. (7 signs)

Lemma 1.2.9 [uppersplit/ Let p : U — X be an etale morphism with a
splitting sequence
Z,C...CZiCcX

Then the complex Cp(p) is exact.

Proof: If p has a splitting sequence of length 0 then it has a section and thus
Cr(p) is exact by Lemma 1.2.8. Assume that we have proven that C'r(q) is
exact for any etale ¢ which has a splitting sequence of length < n.

Consider the pull-back square

U, U
Y
7, inx

and let s, : Z, — U, be a section which exists by definition of a splitting
sequence. Since p is unramified s,(Z,) is an open subset in U, and V,, =
U — gn(Un — $,(Zy,)) is an open subset of U. One verifies easily that the
pull-back square

w.,, — V,
4 \
X-7Z, - X

is an upper distinguished square. 3
Consider Cp(p: U — X,q: (X — Z,) 11V, — X). Its first row is Cp(p).

Its other rows are of the form Cr(p;) for I > 0 where

P Uxx (X = Za) [TV = (X = Z) [TVa)x-

These morphisms have splitting sequences of length less than n. Indeed, p;
for [ > 1 are obtained from p; by base change and for

P (Uxx (X =Z)[[U xx Vo) = (X = Z,) [[Va
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the closed subschemes

(Zn1—Zn)[[0C...C(Z1—Z,)]]0

give a splitting sequence of required length. Thus by the inductive assump-
tion the total complex of Cp(p: U — X,q : (X — Z,) [V, — X) is quasi-
isomorphic to Cp(p). It remains to note that the columns of this bicomplex
are exact by our assumption on F'.

Lemma 1.2.10 [lowersplit/ Let p : U — X be a proper morphism with a
splitting sequence
Z,C...CZiCcX

Then the complex Cp(p) is exact.

Proof: The proof of this lemma is analogous to the proof of Lemma 1.2.9.
Now we have to find a lower distinguished square

W, — W
! \:
Z1 — X

such that U x x V4 — V; has a section. Consider the pull-back square

U, B ou
{ R
X—-7Z 3 X

and let s : X — Z; — U; be a section which exists by definition of a splitting
sequence. Set V; = U — j1(U; — s(X — Z1)). Since p is separated s(X — Z)
is closed and thus V] is a closed subset of U. In particular V; — X is proper
and one verifies easily that the pull back-square build out of Z; — X and
this morphism has the required properties.

Lemma 1.2.11 /gen0/ Consider two morphismsp: U — X andq:Y — X
and suppose that

1. Cp(Y xx UL ax{d U%) are exact for alln >0
2. Cp(YP xx U faxp Y{¥) are exact for all m > 1.
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Then Cr(p) is exact.

Proof: Consider the bicomplex whose terms are F(Y{" xx U%) and the
differentials are given by the alternating sums of partial projections. Its rows

are exactly the complexes Cp(Y x x U} =y ) and by our first condition
they are exact. Thus the total complex of this bicomplex is exact. On the
other hand all the columns of our complex but the first one are exact by the
second condition. Thus the total complex must by quasi-isomorphic to its
first column i.e. to C(p). Combining we get that Cp(p) is exact.

Lemma 1.2.12 ftrrr/ Let X Ly % Zbea composable pair of morphisms
such that Cp((X o Z) x5z Y™ are exact for all n. > 0 then Cr(g) is exact.

Proof: Consider the morphisms ¢ : ¥ — Z and gf : X — Z. The mor-
phisms X7' Xz Y — X7 have sections for m > 1 and thus by Lemma 1.2.8
CF of these morphisms are exact. The complexes CF(X Xz Y™ = Y)) are
exact by assumption. Thus C’F( ) is exact by Lemma 1.2.11.

Proposition 1.2.13 /Jcomp/ Let X LY % Zbea composable pair of
morphisms such that

1. Cp((Y = Z) x5 X3) are exact for alln >0

2. Cp((X = Y) xz YL x5 X2) are exact for all n,1 > 0.
Then C‘F(gf) is exact.
Proof: We need a lemma.

Lemma 1.2.14 ftech/ If the second condition of the proposition holds then
Cr((X — Z) xz Y™ are exact for 1 > 0.

Proof: Observe first that the morphisms
bm 2 (Y} Xz Xy Xy (X Xz YY) = (Y] x4 Xy

have sections for m > 0. Indeed it is sufficient to show this for m = 1 in
which case the corresponding morphism is isomorphic to the morphism

Yixz X xz X =Yxz X
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which has a section given by the diagonal of X xz X. By Lemma 1.2.8 we
conclude that C’F(qu) are exact for m > 0. By the second condition of the
proposition Cp(Y! xz X3 — Y x5z X%) are exact for I > 0. Thus by
Lemma 1.2.11 3 )

Cr(¢o) = Cr((X — Z) xz Y1)

are exact for all [ > 0.

To prove the proposition we apply Lemma 1.2.11 to morphisms gf : X —
Zand g:Y — Z. By Lemma 1.2.14 Cp((X — Z) x; Y™) are exact for all
m > 1 and by the first condition of the proposition Cp((Y — Z) x z X2) are
exact for all n > 0. Thus Cp(gf) is exact.

Now we can finish the proof of Theorem 1.2.7. Let p : U — X be the
cdh-covering for which we want to prove the exactness of Cp (p). Assume first
that it is a composition of etale and proper morphisms which have splitting
sequences. Then applying inductively Lemmas 1.2.9, 1.2.10 and Proposition
1.2.13 we conclude that Cp(p) is exact. By Lemma 1.2.3 for general cdh-
covering p there exists a morphism s such that ps = p’ where p’ is of the
form which we just considered. Applying Lemma 1.2.12 we conclude that
Cr(p) is exact in this case as well. Theorem is proven.

Recall that a functor F' from Sch/S to an additive category A is called
additive if F()) = 0 and for any X, Y over S the canonical morphism
FX)® F(Y)— F(X1IY) is an isomorphism.

Proposition 1.2.15 [additivecase/ Let F' : Sch/S — A be an additive
functor to an abelian category. Then the following two conditions are equiv-
alent:

1. For any upper distinguished (resp. lower distinguished, distinguished)

square
Y - Y
1 lp (1)
X 5 X

the complex Cp((X'11Y) = X) is ezact.

2. For any upper distinguished (resp. lower distinguished, distinguished)
square as above the complex

0 F(Y') = F(X'Y® F(Y) = F(X) = 0 (2)
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18 exact.

Proof: It is obviously sufficient to prove the proposition for upper and lower
distinguished squares. We will say that a functor which satisfies the condition
of the proposition for upper (resp. lower) distinguished squares is called
upper exact (resp. lower exact).

Definition 1.2.16 /plain/ A distinguished square is called a plain distin-
gquished square if p is a monomorphism.

The following two lemmas is straightforward.

Lemma 1.2.17 [plain/ Let F' : Sch/S — A be an additive functor to an ad-
ditive catgeory which has kernels of projectors. Then for a plain distinguished
square the normalized chain complex of the simplicial object C((X'11Y) —
X) with terms

CIX'TIY) = X)u=(X"TIY)%
is isomorphic to F(Y') - F(X') @ F(Y).

Lemma 1.2.18 [sections/ Let

Y - Y
J Lp (3)
X 5 X

be an upper (resp. lower) distinguished square and assume that p has a section
s. Then the square

X S5 X
sl ls (4)
Y —- Y

where s’ is the induced section of Y — X' is a plain upper (resp. lower)
distinguished square.

Lemma 1.2.19 /sections2/ Let F' be an upper (resp. lower) exact func-
tor. Then for an upper (resp. lower) distinguished square of the form (3)
satisfying the condition of Lemma 1.2.18 the sequence

0=FY')—>FX)YeFY)—FX)—=0

18 exact.
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Proof: The sequence in question is the cone of the morphism of complexes
which are the rows of the diagram

FY" — F(Y)
\ ip
F(X') % F(X)

The sections s and s’ give a section of this morphism. The cone of this
section is the complex associated with the square (4). By Lemma 1.2.17 and
our assumption on F'it is exact. Thus the section is a quasi-isomorphism and
therefore the morphism itself is a quasi-isomorphism and its cone is exact.

We can now finish the proof of Proposition 1.2.15. Assume first that F' is
such that for any upper (resp. lower) distinguished square of the form (1)
the complex (2) is exact. Consider the complex of complexes

Cr(Y xx (X' ][Y) = Y") —

= Cr(X' xx (X'JIY) = X) @ Cr(Y xx (X']][Y) = Y) —
- Cr(X'T]Y) — X)

as a bicomplex. Then its rows are complexes of the form (2) for upper (resp.
lower) distinguished squares and thus are exact. On the other hand the
morphisms

Y xx (X'][Y) =Y
X' xx (X'T[Y) = X’
Y xx (X'J][Y) =Y

have sections and thus the first two columns are exact by Lemma 1.2.8. We
conclude that the last column is also exact.

Let now F' be an upper (resp. lower) exact functor. Consider the same
bicomplex as before. Now we know that its columns are exact and we want
to show that the first row is. One can easily see that all the rows but the
fisrt one are direct sums of complexes of the form (2) for upper (resp. lower)
distinguished squares such that either e is an isomorphism or p has a section.
In the first case the complex (2) is obviously exact. In the second it is exact
by Lemma 1.2.19. Proposition is proved.
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1.3  Presheaves and sheaves with transfers.

Definition 1.3.1 A presheaf with transfers on Sch/S is an additive con-
travariant functor from Cor(Sch/S) to the category of abelian groups.

The category of presheaves with transfers on Cor(Sch/S) is denoted by
PreShv(Cor(Sch/S)). 1t is an abelian category. The presheaf with transfers
represented on Cor(Sch/S) by [X] is denoted by Z;.(X). Remark: Note
that this notation is not compatible with the notation of [?, §1]. For a smooth
scheme X over a field k the restriction of Z,.(X) to the category of smooth
schemes does not coincide with the functor denoted by Z;.(X) in [?]. The
later is denoted here by Z{9(X). It is the functor represented by [X] on the
subcategory Cor®“(Sch/S) of Cor(Sch/S) (see Definition 1.3.8).

Lemma 1.3.2 [representare/ For any X the presheaf with transfers Z,,.(X)
considered as a presheaf on Sch/S is a cdh-sheaf.

Proof: See [?, Th. 4.2.9].

Proposition 1.3.3 [stepl/ Let p : U — X be a cdh-covering. Then the
complex

oo =2 Ly (UXx UXxxU) = 2y (U xx U) = Zy(U) = Zy(X)
considered as a complex of sheaves in the cdh-topology on Sch/S is exact.

Proof: It is sufficient to show that the conditions of Theorem 1.2.7 hold for
the functor Z;.(—) from the category Sch/S to the category of sheaves of
abelain groups in the cdh-topology on Sch/S. The part of the conditions of
Theorem 1.2.7 related to the upper distinguished squares follows now from
[?7, Prop. 4.3.9] and the exactness of the associated sheaf functor. The part
related to lower distinguished squares follows from [?, Prop. 4.3.3].

Definition 1.3.4 A presheaf with transfers F' is called a cdh-sheaf with trans-
fers if considered as a functor on Sch/S wvia the functor X — [X] it is a
cdh-sheaf.

Applying Proposition 1.3.3 and using the same reasoning as in [?, ...] we get
the following sequence of corollaries.
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Corollary 1.3.5 [corl/ For any presheaf with transfers F' on Sch/S the
associated cdh-sheaf F.q, has a unique structure of a presheaf with transfers
such that the morphism F — F g, 1s a morphism of presheaves with transfers.

Denote by Shveqn(Cor(Sch/S)) the full subcategory of PreShu(Cor(Sch/S))
which consists of cdh-sheaves with transfers.

Corollary 1.3.6 [cor2] The category Shve(Cor(Sch/S)) is abelian and
the forgetful functor

Shvean(Cor(Sch/S)) — Shvean(Sch/S)

15 exact.

Corollary 1.3.7 [cor3] For any cdh-sheaf with transfers F' on Sch/S and
any X of finite type over S there are canonical isomorphisms

Higy (X, F) = Exty, . corsens)) (Zu(X), F)

All our constructions have immediate analogs for the Nisnevich topology (i.e.
the upper cd-topology).

Definition 1.3.8 Jequidimtransf/ A presheaf with equidimensional trans-
fers on Sch/S is an additive contravariant functor from Coreg:(Sch/S) to
the category of abelian groups. A presheaf with equidimensional transfers
on Sm/S is an additive contravariant functor from Cor.q:(Sm/S) to the
category of abelian groups.

The category of presheaves with equidimensional transfers on Sch/S (resp.

on Sm/S) is denoted by PreShv(Coreg(Sch/S)) (resp. PreShv(Coreg,:(Sm/S5))).
It is an abelian category. We denote the functor represented by [X]| on
Corequi(Sch/S) by Zs™ (X). The following lemma is straightforward.

Lemma 1.3.9 /Nisrepresentare/ For any X the presheaf Z&" (X) on Sch/S
is a Nisnevich sheaf.

Proposition 1.3.10 /stepl1Nis/ Let p : U — X be a Nisnevich covering.
Then the complex

S TEU X U sy U) = 20U % U) = Zi" (U) = Zg"(X)

considered as a complex of sheaves in the Nisnevich topology on Sch/S is
exact.
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Proof: An immediate analog of Theorem 1.2.7 where one has to consider
only upper distinguished squares holds for the Nisnevich topology. The fact
that the condition of this analog holds for the functor X — Z{%(X) follows
from [?, Prop. 4.3.9].

Remark: The sequence of the functors Z,.(—) associated with an upper
distinguished square is, probably, not exact in the Nisnevich topology.

Definition 1.3.11 A presheaf with equidimensional transfers F is called a
Nisnevich sheaf with transfers if considered as a functor on Sch/S (or Sm/S)
via the functor X v [X] it is a Nisnevich sheaf.

As in the cdh-case we have the following sequence of corollaries.

Corollary 1.3.12 [cor1Nis/ For any presheaf with equidimensional trans-
fers F on Sch/S (or Sm/S) the associated Nisnevich sheaf Fn;s has a unique
structure of a presheaf with equidimensional transfers such that the morphism
F — Fyis is a morphism of presheaves with equidimensional transfers.

Denote by Shuyis(Coreqgi(C)) the full subcategory of PreShv(Corqqui(C))
which consists of Nisnevich sheaves with transfers on C where C is Sch/S or

Sm/S.

Corollary 1.3.13 [cor2Nis/ The category Shvnis(Corequi(Sch/S)) is abelian
and the forgetful functor

Shunis(Coregui(Sch/S)) — Shuy;s(Sch/S)
1s exact. The same holds for smooth schemes.

Corollary 1.3.14 [cor3Nis/ For any Nisnevich sheaf with transfers F on
Sch/S and any X of finite type over S there are canonical isomorphisms

H}‘Vis(X7 F) = Exth'IwNis(C’orequi(Sch/S))(ngm<X)7 F)
In addition we have the following convenient fact.

Lemma 1.3.15 [rightexact] The obvious restriction functor
Shunis(Coregui(Sch/S)) = Shunis(Coregi(Sm/S))

18 exact.
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To establish the relation between the categories of sheaves with transfesr
in the Nisnevich and cdh-topologies we need the following fact which is proved
in [?, Th. 4.2.9(2)]

Lemma 1.3.16 [associate/ For any scheme of finite type X over S the
cdh-sheaf associated to Zy" (X)) is Zy(X).

For a small additive category A let PreShv(A) be the category of con-
travariant additive functors from A to abelian groups. For any additive
functor w: A — A’ we denote by

7. : PreShv(A’) — PreShv(A)

the functor of the form 7, (F) = F om. One can easily see ([?, ]) that =,
has a left adjoint n* and if Lx is the functor represented by X one has
W*(Lx) = Lw(X)-

This construction applied to the obvious functor

7 Coregui(Sm/S) — Cor(Sch/S)

gives a pair of adjoint functors which we denote by 7 and 7P respec-

preshv
tively.
The lemma below follows immediately from the definition of sheaves with
transfers.

Lemma 1.3.17 [shtosh/ For a cdh-sheaf with transfers F' on Sch/S the
presheaf 7P"¢"(F) is a Nisnevich sheaf (with equidimensional transfers).

Consider the diagram of categories and functors

ﬂ_freshv

PreShv(Cor(Sch/S)) : PreShv(Coreg,(Sm/S))

*

preshv
bean T 1 Gean inis T 4 anis
T
—
Shvean(Cor(Sch/S)) . Shonis(Coregui(Sm/S))
7T*
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where ¢ are the inclusions, a are the associated sheaf functors and

* * .
T = acdhﬂpresh'[}lcdh

,ﬁfreshv .

T« = QANjs INis-

Lemma 1.3.17 implies immediately that pi, is a right adjoint to pi*.
Going back to the case of an additive functor 7 : A — A’ between additive
catgeories define

Lr* : Compl™ (PreShv(A)) — Compl™ (PreShv(A"))

as follows. For a presheaf F' let Lres(F') be the canonical resolution of F' by
representable presheaves. For a complex C' bounded from the (cohomologi-
cal) above we define Lres(C') as the total complex of the bicomplex obtained
by applying Lres(—) to the terms of C. The functor Lres : Compl~ —
Compl~ has the following obvious properties.

Proposition 1.3.18 /Iresl/
1. Lres(CI1]) = Lres(C)[1]
2. for a morphism f : Cy — Cs there is a canonical isomorphism

Lres(cone(f)) = cone(Lres(f)).

3. For any set of complexes C,, the canonical morphism
Do Lres(Cy) — Lres(®,Cy)
18 an isomorphism.
4. For any C the canonical morphism Lres(C) — C'is a quasi-isomorphism.

5. If terms of C are isomorphic to direct sums of presheaves of the form
Z;"(X) for smooth X then the canonical morphism Lres(C) — C is
a homotopy equivalence.

6. The functor Lres takes quasi-isomorphisms of complexes of presheaves
to homotopy equivalences.

Define now L7*(F) as 7n*(Lres(F)). The following properties of L7* are
straightforward ([, |).
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Proposition 1.3.19 [Ires2/
1. L7*(CI1]) = L7*(C)[1]
2. for a morphism f : Cy — Cy there is a canonical isomorphism

Lr*(cone(f)) = cone(Ln*(f)).

3. For any set of complexes C,, the canonical morphism
Do L (Cy) — L1*(0CY)
s an isomorphism.

4. If terms of C' are isomorphic to direct sums of presheaves Lx repre-
sented by objects X of A then the canonical morphism Ln*(C) — 7*C
1s a homotopy equivalence.

5. The functor LT takes quasi-isomorphisms of complexes of presheaves
to homotopy equivalences.

In the case of presheaves with transfers this construction gives a functor
Lr* : PreShv(Coreg;(Sm/S)) — PreShv(Cor(Sch/S))
which in view of Lemma 1.3.2 factors through the inclusion
Shvean(Cor(Sch/S)) — PreShv(Cor(Sch/S)).

Proposition 1.3.20 fIres3/ Let f : Cy — Cs be a quasi-isomorphism of
complexes of Nisnevich sheaves with equidimensional transfers. Then Lr*(f)
is a quais-isomorphism of complexes of cdh-sheaves with transfers.

Proof: By Propostion 1.3.19(1,2) it is sufficient to show that if C' is a complex
of Nisnevich sheaves with equidimensional transfers which is quasi-isomorphic
to zero as a complex of sheaves then Lx*(C') is quasi-isomorphic to zero. Con-
sider Lres(C'). By Proposition 1.3.18 this complex is also quasi-isomorphic
to zero as a complex of Nisnevich sheaves. By Lemma 1.3.16 the complex
7 (Lres(C)) is just the complex of cdh-sheaves associated with the complex
of Nisnevich sheaves Lres(C'). Since the cdh-topology is stronger than the
Nisnevich topology this finishes the proof.
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Lemma 1.3.21 [directfirst/ Let Let k be a field which admits resolution of
singularities (see [?, Def. 3.4]). Then for any cdh-sheaf with transfers G on
Sch/k the adjunction m*m.(G) — G is an isomorphism.

Proof: We have

TG = acanHoT, oo, Lresm G

Let 7, Lresm.G be the complex of presheaves on Sch/S defined by the rule

that ) .
(B (X)) = ST (X,)

with Z{9"(X,) considered as presheaves on Sm/k on the left hand side and
presheaves on Sch/k on the right hand side. There is a canonical morphism

W;TeLresmG — Lresw,G

preshv

and by Lemma 1.3.16 the induced morphism of complexes of associated cdh-
sheaves is an isomorphism. Thus it is sufficinet to show that the morphism

*
T lresmG — G

is a quasi-isomorphism in the cdh-topology. For any smooth scheme U over
k we have
(m}. . Lresm,G)(U) = (Lresm.G)(U) = G(U)

pre
and thus it is a quasi-isomorphism of presheaves over smooth schemes. On
the other hand it follows from the resolution of singularities assumption that
any scheme of finite type over k has a cdh-covering which consists of smooth
schemes. Therefore 7,  Lresm,G — G induces a quasi-isomorphism of the
complexes of associated cdh-sheaves.

Lemma 1.3.22 [withresl] Let Let k be a field which admits resolution of
singularities (see [?, Def. 8.4]). Then for any Nisnevich sheaf with equidi-
mensional transfers F' the canonical morphism Lm*(F) — ©*F is a quasi-
1somorphism of complexes of sheaves with transfers in the cdh-topology.

Proof: It follows immediately from the constructions that
T F = acgn H(L7*(F))

and all we have to show is that a.H'(L7*(F)) = 0 for i # 0. Con-
sider L7*(F') as a complex of cdh-sheaves of abelian groups on Sch/k. By

20



Lemma 1.3.16 it is the complex of cdh-sheaves associated with the complex
of presheaves 7  Lres(F') (see proof of Lemma 1.3.21) Since the associated

sheaf functor is exact we have

aegn H'(L7*(F)) = acqnH' (77, Lres(F)).

pre

By Lemma 1.3.18(4) for any smooth scheme U over k we have

H'(r*, Lres(F))(U) =0

pre

for ¢ # 0. The resolution of singularities assumption implies that any scheme
of finite type over k has a cdh-covering which consists of smooth scheme and
therefore acqnH' (7, Lres(F)) = 0 for ¢ # 0.

pre

1.4 Triangulated categories of motives over S.

Definition 1.4.1 /dmcdh] DM_;/(Sch/S) is the localization of the de-
rived category D~ (Shvean(Cor(Sch/S)) of complexes bounded from the above
over Shv.qgn(Cor(Sch/S)) with respect to the localizing subcategory generated
by objects of the form Zy, (X x A) — Z.(X) where Al is the affine line over
S.

The category DM ;7 (Sch/S) is called the triangulated category of of ef-
fective motives over S in the cdh-topology. Denote by

Mg, : Sch)S — DM (Sch/S)
the functor which takes X to Z(X).
Definition 1.4.2 /dmequi/ DMy (Sch/S) is the localization of the de-

rived category D~ (Shvyis(Coreqi(Sch/S)) of complexes bounded from the
above over Shuy;s(Coreqi(Sch/S)) with respect to the localizing subcategory
generated by objects of the form Z{™ (X x Al) — Z{1"(X) where Al is the
affine line over S and X is a scheme of finite type over S.

DMy (Sm/S) is the localization of the derived category of complexes
bounded from the above over Shuy;s(Coregi(Sm/S)) with respect to the lo-

calizing subcategory generated by objects of the form
Z" (X x AY) = Zi(X)

where Al is the affine line over S and X is a smooth scheme over S.
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We denote by
My - Sch)S — DM (Sch/S)

the functor which takes X to Z{(X) and use the same notation in the
smooth case.

Lemma 1.4.3 /piupper/ There exists a unique functor

La* : DMy (Sm/S) — DM_;1(Sch)S)

PE]
such that the diagram

Ln*

Compl™ (Shunis(Corequi(Sm/S))) =  Compl™ (Shvean(Cor(Sch/S)))
\J !
DMy (Sm)S) S DM (Sch/S)

commutes. For a smooth scheme X over S we have a canonical isomorphism
LW*MNZ‘S(X) = Mcdh(X)-

Proof: This follows immediately from definitions Propositions 1.3.19 and
1.3.20.

Theorem 1.4.4 ftrc/ Let k be a field which admits resolution of singularities
(see [T, Def. 3.4]). Then the functor

La* : DMy (Sm/k) — DM ;7 (Seh/k)
s an equivalence.

Proof: We need a lemma.

Lemma 1.4.5 [pilower/ Under the assumption of the theorem there exists
a unique functor

Rr, : DM_;1(Seh/k) — DMy (Sm/k)
such that the diagram

Compl= (Shvegn(Cor(Sch/k))) = Compl= (Shvyis(Coregui(Sm/k)))
S 1
DM (Seh/k) ™ DMy (Sm/k)

commutes.



Proof: 7777

Lemma 1.3.22 implies that the analog of Lemma 1.4.3 holds for the functor
7*. Since the functors m, and 7" between the catgeories of complexes are
adjoint the same holds for the corresponding functors between the categories
DM. It remains to show that for any F in Shuys(Coregi(Sm/k)) the
adjunction F — m,m*F is an isomorphism in DMy;5//(Sm/k) and for any
G in Shveg(Cor(Sch/k)) the adjunction 7*7,G — G is an isomorphism in
DM_; (Sch/k). The second statement follows from Lemma 1.3.21.

To prove the first one it is clearly sufficient to show that if 7*F is zero
then F is zero in DMy, For this it is sufficient (by [?, ]) to prove the

following lemma.

Lemma 1.4.6 Jothogonal/ Let F' be a Nisnevich sheaf with equidimensional
transfers on Sm/k where k admits resolution of singularities. Then for any
homotopy invariant Nisnevich sheaf with transfers ® and any i > 0 one has

Extg'this(Corequi(Sm/k))(F7 (I)) =0

Proof: The proof is directly analogous to the proof of Lemma 5.4 in [?] with
the only change being that one works with sheaves with transfers instead of
the usual sheaves.
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