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EQUILATERAL TRIANGULATIONS OF RIEMANN SURFACES,
AND CURVES OVER ALGEBRAIC NUMBER FIELDS

UDC 513.6
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The introduction of a Euclidean structure on the faces of a triangulated compact
orientable surface (i.e., the specification of lengths for all the edges in such a way
that all the triangle inequalities are satisfied), like the specification of a Riemannian
metric on a smooth surface, permits the definition of a complex structure on the
surface. In this note we consider equilateral triangulations—the lengths of all the
edges are equal to 1; our goal is to prove that the collection of Riemann surfaces thus
obtained, regarded as algebraic curves over C, coincides precisely with the collection
of algebraic curves defined over the algebraic closure of Q of the field of rational
numbers.

In the case of genus 0, equilateral triangulations have been considered by physicists
(see, for example, [2]) in connection with the investigation of discrete analogues of
string theory; our result is thus fundamental for the use of arithmetic methods in
string theory.

The proof makes essential use of ideas of Grothendieck in his unpublished paper
“Esquisse d’un programme.”

1. Recall that a two-dimensional simplicial scheme S is defined to be a triple
consisting of a finite set Jy(S) (the “vertices”) and collections J;(S) and J>(S) of
two-element and three-element subsets, respectively, (the “edges” and “faces”) of it;
all the two-element subsets of an arbitrary element in J,(S) are required to be in
Ji(S).

The realization |S| of a simplicial scheme S is defined to be the polyhedron in
R%(S) constructed as follows: the elements are imbedded in R’ as the coordinate
unit vectors, and then the convex hulls of the images of the subsets in J; (S) and
Jo(S) are taken.

An important role in what follows will be played by the flag set & (S), which
consists of the tuples a x B x 7 € Jo(S) x J1(S) x J»(S), such that & C f C y. Let
ny: F(S) — J,4(S) be the corresponding projections.

2. The two-dimensional cartographical group % is defined to be the abstract group
given by the generators gy, 0y, and g, and the relations 0} = 62 = 0] = (6o02)? = 1.

3. It is convenient to formulate conditions singling out those two-dimensional
simplicial schemes S with realizations |S| homeomorphic to Riemann surfaces in
terms of the action of % on Z (). We postulate the existence of an action : & (S)
satisfying the following basic property.

(3.0) For all p, ¢ € {0,1,2} and for all F € ¥ (S5)

ng(gy - F)=mng(F) <= p #4.
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Two more properties are required:

(3.1) (Connectedness). The action %;: Z (S) is transitive.

(3.2) (Orientability). There exists a function o: & (S) — {%1}, satisfying the
equalities o(g, - F) = —o(F) for all ¢ € {0,1,2} and F € #(S).

It can be shown that if |S| is homeomorphic to a compact Riemann surface, then
there exists an action %;: & (S) satisfying (3.0)-(3.2). Such simplicial schemes .S will
be called Riemannian in what follows.

4. Let S be a Riemannian simplical scheme with a fixed orientation 0: ¥ (S) —
{%1}. Along with |S| we construct another topological realization of it on which it
is convenient to define a complex structure.

Let T* C C denote closed equilateral triangles with the real segment [0,1] as one
of the sides; T'* lies in the upper half-plane, and T~ in the lower half-plane. The
basic new realization is the disconnected set of triangles

P(S)={zx FeCxF(S)|ze T* for o(F) = £1}.

Defined on it are two equivalence relations R; and R; specifying pastings together
along edges and faces, respectively. By definition, a pair z x F is R;-equivalent to a
pair z/ x F' if and only if F/ = 0, - F and z = z’ € R. To define the relation R, we
denote by %] the subgroup of % generated by the elements ¢y and ¢,. The group &
acts on Z(S) as follows:

oo+ (zx F)=((1 - z) x (g0 - F)),

a1+ (z X F) = ((e7F"z) x (g, - F)).
The equivalence relation R; is determined by this action%]: 2(S).

Denote by R the weakest equivalence relation on () that is stronger than R;

and R; (p ~g p' if and only if there exists a chain py = p, p;,...,Pn = p’, where

Dj ~R, Dj—1 O Dj ~g, pj—y forall j=1,...,n).
Denote by X(S) the quotient Z(S)/R and by x; the natural projection Z(S) —
X(S).

LEMMA. The space X(S) is homecmorphic to the realization |S|.
PrOOF. Each flag F € #(S) can be uniquely represented in the form
ax {a,a'} x {a,d,a"} € Jp(S) x J1(S) x J»(S),

where a, o/, o € Jy(S). Therefore, an affine mapping of the triangle T+ x F'into ||
carrying 0 into a, 1 into «, and the remaining vertex into o/ is uniquely determined.
This determines a “piecewise linear” mapping #(S) — |S|; one can easily verify that
it factors through X(S) by means of xg and gives the required homeomorphism.

5. Denote by T* the interiors of the triangles 7%, and let

P(S) = {(z x F) € P(S)|z € T£).

There is a natural complex structure on this set. For an open set U C X(S) let
@y denote the ring of continuous functions ¢: U — C for which the restriction

x30|(k~'U) N 2(S) is holomorphic.

ASSERTION. The correspondence U — &y determines on X(S) a sheaf @ of rings
that turns X(S) into a compact Riemann surface.

ProOF. Denote by X (S) the surface X(S) with the vertices removed, i.e., without
the images under the mapping ks: P(S) — X(S) of the vertices of the triangles
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T+ x F. The fact that the restriction of the sheaf @ to X(S) turns X(S) into a
complex curve follows from the fact that X (S) is covered by the “rhombusés”

Fr = Int(ks(T* x F)Ukg(TT x (05 - F))),

and in each such rhombus the function pr¢oxy! is single-valued and lies in g, .

To prove the assertion it remains to establish that each vertex P € X(S) has a
neighborhood U ¢ X(S) such that U = U \ {P} is biholomorphically equivalent to
a punctured disk. For this we choose a flag F € ¥ (S) such that P = ks(0 x F),
and denote by n the smallest positive integer such that (g,6,)" - F = F. For v =
1,...,n let V, be the “angle” ks(T* x (6,02)"F) (the sign on T is determined by
the orientation O(F)), and let z,: ¥, — C be the composition prcoxg Yy,. The
desired biholomorphic equivalence is given by the function Z determined by the
condition Z|y, = e2nivinz8/",

The complex structure determined on X(S) by the sheaf & will be called the
equilateral complex structure.

6. We are now ready to state our main result.

THEOREM. Let X be a complete nonsingular complex algebraic curve. It is defined
over the field Q of algebraic numbers if and only if there exists a Riemannian simplicial
scheme S for which X is biholomorphically equivalent to the Riemann surface X(S)
with the equilateral complex structure.

The proof of both parts uses a theorem of Belyi [1] asserting that a compact
Riemann surface is defined over Q if and only if there exists a meromorphic function
on it with three critical values. Such functions will be called Belyi functions.

Proor. “If”. It suffices to construct a Belyi function on the surface X(S). This
can be done as follows. In each triangle T+ x F, F € #(S), we draw the medians
dividing 7% into six small triangles. This procedure corresponds to the barycentric
subdivision of the triangulated surface X(S).

The group %, acting on 2(S), acts also on the set of small triangles; the orbits
of this action are in a one-to-one correspondence with the flagset ¥ (S), since in
such an orbit there exists a unique small triangle having the real segment [0,1/2]
as a side. This implies that the images of the small triangles under the mapping
Ks: P(S) — X(S) are also in a one-to-one correspondence with the elements of
F(S); we call a small triangle white (black) if the corresponding flag F € & (S) has
orientation o(F) = 1 (respectively, o(F) = —1). We “paint” the small triangles on
P(S) according to the “colors” of their images in X(S). Let us now construct a
continuous mapping of Z(S) onto the complex projective line P!(C), transferring
each white (black) small triangle into the upper (lower) half-plane by a conformal
mapping under which the vertex at the 30° angle goes into 0, the vertex at the 60°
angle goes into co, and the vertex at the 90° angle goes into 1. This mapping factors
through X(S) by means of xg: #(S) — X(S) and determines the required Belyi
function X(S) — P!(C).

“Only if”. Suppose that the curve X is defined over Q; by Belyi’s theorem, there
exists a Belyi function b: X — P!(C) on it. We assume that the critical values of b
are 0,1, and oo.

We need to define a Riemannian simplicial scheme .S with the help of 4. It is
determined by the fact that the one-dimensional skeleton of the corresponding tri-
angulation of X is b=!(P!(R)). More precisely, Jy(S) is by definition in one-to-one
correspondence with 5=1{0, 1,00}, and /,(S) in one-to-one correspondence with the
connected components of b~!(P!'(C)\P!(R)). Let T be such a connected component;
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the mapping b: T — P!(C) can be extended to the closure of 7', defining a home-
omorphism of 7 with the closed upper half-plane or the closed lower half-plane;
therefore, there are exactly three elements in 5=1{0, 1, 00} on the boundary 4 T. This
correspondence between J>(S) and the three-element subsets of Jo(S) determines the
desired Riemannian simplicial scheme S. The biholomorphic equivalence of X and
X(S) can be established in essentially the same way as in the proof of the preceding
part of the theorem, except that it is pasted together from conformal equivalences of
the half-planes to equilateral triangles instead of 30°-60°-90° triangles.

The theorem is proved.
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