Math 261y: von Neumann Algebras (Lecture 19)

October 17, 2011

Let X be a standard measure space, fixed throughout this lecture.
Our main goal in this lecture is to complete the proof we began in the previous lecture, establishing an
equivalence between measurable fields of Hilbert spaces on X and separable representations of L>°(X).

Suppose we are given measurable fields ({V,.}, Vineas) and (V/, VI ...}, and a bounded operator F : Vi =

meas

Vil2),. which commutes with the action of L (X). Let C = ||F||, let f; be a normalized generating sequence
in Vipeas- We claim that for almost every z € X, the construction

v > (v, fi(@)aF(f:) (@)

i>1

determines a bounded operator Fy, : V,, — V/, having operator norm < C. This map is evidently well-defined
on the linear span of the vectors f;(x) in V, To prove this operator has norm < C, it will suffice to verify
this on the finite-dimensional subspaces spanned by {f;(z)}1<i<n for each n > 0. It will suffice to show that
for almost every x € X, the map

Cc" =V,

(z1, .0y 2n) — Z 2 F(fi) ()

1<i<n

has norm < C. Note that if this condition is violated for some x € X, then there exists a vector Z =
(21,...,2n) lying in the unit ball of C™ such that ||}, ..., z:F(fi)|| > C. The collection of such vectors Z
forms an open subset of the unit ball of C™. Choose a countable dense subset S of the unit ball, and for each

ZeSset Xe={x e X:|) %F(fi)(x)] > C}. We wish to show that (J..g Xz has measure zero. Assume

otherwise; then Y = Xz has positive measure for some Z = (z1,...,2,) € S. Set f =xy (O zifi) € Véi)as,

where xy denotes the characteristic function of Y. Then

F(f)=xv Y zF(fi)
has norm > C at the points of Y. Thus
IEHIP > C2u(y) > C*|IfI,
contradicting our assumption on the norm of F'. This completes the proof that the construction

({Va}, Vineas) = V,2)

meas

is fully faithful.

We now prove the essential surjectivity. Suppose that V is a separable representation of L>°(X). Choose
an orthonormal basis vy, v, ... for V, and let V}) be the subspace of V' consisting of finite linear combinations
of the vectors v;.

For i,5 < 1, the construction

(A € L®(X)) = (Avi,v;)



is ultraweakly continuous, and therefore given by

A’—)/ )\hi’jdu
X

for some h; ; € L'(X). Note that h; ; = h;;. For each x € X, we define an inner product (,), on V, by the
formula

(Vi, v5)z = hij.
Lemma 1. In the situation above, the inner product (,), is positive semidefinite for almost every x € X.

Proof. It will suffice to show that, for each n > 0, the inner product (,), is positive semidefinite on W =
Cuv; + - - - + Cu, for almost every . Let Y be the set of those elements 2 € X such that (, ), is not positive
semidefinite on W. Choose a countable dense subset S C W. For x € Y, there exists a vector w € W such
that (w,w), < 0. The collection vectors w which satisfy this condition is open, so we may assume without
loss of generality that w € S. Thus

Y= Y

weS

where Yy, = {x € X : (w,w), < 0}. It will therefore suffice to show that each Y, has measure zero. Assume
otherwise and let x denote the characteristic function of Y,,. Then

0< (cww) = [ x(w,w)adu <0
X

a contradiction. O

Throwing out a set of measure zero, we may assume that each of the inner products (,), is positive
semidefinite; we let V,, denote the Hilbert space obtained by completing V[ with respect to the inner product
(,)z. In what follows, we will abuse notation by identifying elements of Vy with their images in V. Let
6 : Vo = [I,ex Va be the evident diagonal map. Let us say that a section g € [[ ¢y Va is measurable if the
function x — (g(x),v;), is measurable for each i > 1. Let Viyeas C Hze x Va be the collection of measurable
sections. Since the functions h; ; are measurable, we conclude that 6(v;) € Vipeas for i > 1. It follows that
({Vz}, Vineas) is a measurable field of Hilbert spaces on X, with a generating sequence given by the §(v;).

By construction, we have

(6(01). 8(v)) = /X (05,07 )aclps = / hi gt = (v1,05).

In particular, each é(v;) is square integrable, and the map ¢ : V — VH(I%LS is isometric. The map ¢ extends
uniquely to a map of (non-topologized) L (X )-modules

5t LX) ®@c Vo — VB

meas*

The L*°(X)-module structure on V determines a map L (X)®c Vy — V, and therefore a pre-inner product
on L (X)®c Vy. The vector space L™ (X) ®c Vp is spanned by vectors of the form Av;, where A € L (X).
We compute

(67 (Mi), 0% (XN'vy))

(Ad(vi), N'd(v5))
/ AN By jdy
X

~/
= (/\)\ ’Ui,’Uj)
= (/\UZ‘, )\’Uj).



It follows that the map 6T is an isometry. Since the map L>®°(X) ®c Vo — V has dense image, it exhibits V'
as the Hilbert space completion of L (X) ®c V. It follows that 6 factors through an isometry of Hilbert

spaces 6:V = Vn(i)as, which is evidently a map of L°°-modules.

To complete the proof, it will suffice to show that ¢ is an isomorphism. Since it is an isometry, it

is injective. The image of § is an L>(X)-submodule of V%) which contains the generating sequence
d(v1),d(va), ..., and is therefore dense in V2. Since this image is also closed (by virtue of the fact that §

is an isometry), we conclude that § is surjective.



