Lecture 24-Lubin-Tate Formal Groups

November 30, 2018

Throughout this lecture, we fix an algebraically closed perfectoid field C” of characteristic p. Let F be
a finite extension of Q,,, so that Q, C Ey C E where Q, < Ej is an unramified extension of degree d and
Ey — E is a totally ramified extension of degree e. Set ¢ = p%. Let O denote the ring of integers of E and
let 7 € O be a uniformizer. Let F(u,v) be the Lubin-Tate formal group law associated to the polynomial
f(t) = wt 4+ t? and let Gt denote the associated formal group. That is, F' is the unique formal O g-module
satisfying
[](t) = wt + t2.

In the previous lecture, we viewed the formal group Gy as a functor
{Commutative Og-algebras} — {Abelian groups}

given by Grr(A) = { Nilpotent elements of A} (with group structure given by (u,v) — F(u,v)). In this
lecture, it will be convenient to consider a more general construction.

Notation 1. Let A be an Og-algebra which is complete with respect to an ideal I, which we view as a
topological commutative ring by endowing it with the I-adic topology. We then define

Grr(A) = @GLT(A/I")
= {Topologically nilpotent elements x € A}.

Beware that there is some ambiguity in our notation: the definition of Gyr(A) depends on whether we view
A as a discrete Og-algebra (in which case it consists only of nilpotent elements of A) or as a topological
O p-algebra (in which case it consists of the topologically nilpotent elements of A; in particular, it includes
the ideal I). Hopefully our usage will be clear in context.

Variant 2. Let A be a Og-algebra which is complete with respect to an ideal I. We define éLT(A) by the
formula N
Grr(A) = lim(--- % Gir(4) = Grr(4).

We refer to the functor A — éLT(A) as the universal cover of the Lubin-Tate formal group Grr.

Remark 3. In the situation of Variant 2, the universal cover CN-}LT can also be defined as the inverse limit

of the tower B
GLT(A) = @1( . 1> GLT(A) 1> GLT(A)
(since 7€ is a unit multiple of p in the ring Of.
Example 4. Let K be an algebraically closed field containing F which is complete with respect to an
absolute value | @ | compatible with the valuation on Og. Then, as a set, we can identify Grr(Og) with

the maximal ideal mg of the valuation ring Og. Under this identification, multiplication by = is given by
t — mt + t9. Since K is algebraically closed, this map is surjection, and every element of mg has exactly ¢



preimages. In other words, the map Grr(Ox) = Grr(Ok) is a surjection of ©g-modules whose kernel has
order ¢, and must therefore be isomorphic to the residue field Og /(7) ~ F, as a module over Og. It follows

that the canonical map éLT(OK) — Grr(0k) is surjective.

We can be a bit more precise: for each n > 0, the kernel of the map 7" : Grr(Ok) — Grr(Ok) has order
q", but contains only g elements which are annihilated by 7. It follows that this kernel must be isomorphic
to the quotient O /(7™) as a module over Op. Passing to the inverse limit, we deduce that the kernel of
the surjection B

Gur(Ok) - Grr(Ok)

is free of rank 1 as a Og-module.

Example 5. In the situation of Notation 1, suppose that 7 € O vanishes in A (so that A has characteristic
p, since 7¢ is a unit multiple of p). Then the polynomial [7](¢) = 7t 4 t? induces the Frobenius map

Grr(A) 2255 Gir(A).

Consequently, if A is a perfect O /(m)-algebra, multiplication by 7 induces a bijection from Grr(A) to itself.
It follows that multiplication by p also induces a bijection of Grr(A) with itself (again, because p is a unit
multiple of 7¢). In particular, the projection map Grr(A4) — Grr(A) is a bijection.

Example 6. In the situation of Notation 1, assume that the ideal I contains p (this will be the case in all
the situations we care about). In this case, the canonical map

Grr(4) — Grr(A/I)
is bijective. To prove this, it will suffice to show that each of the maps
Grr(A/I"Y) = Grr(A/IM)

is an isomorphism. This follows from the observation that for u,v € I", we have F(u,v) = u+v (mod I°"),
so that we have a short exact sequence of abelian groups

0— I"/T"" = Gpr(A/I"™) — Grp(A/I") =0

where the first group is annihilated by p; we therefore have a commutative diagram

o —— Gur(A/I") L Grp(A/IMY) —L > Gp(A/I )

7 7
~ ~
~ ~
~ ~
~ ~
-~ -~
P P

s Grp(A/TY) Grr(A/IM) Grr(4/1M),

where the existence of the dotted arrows guarantees that the vertical maps induce an isomorphism after
passing to the limit.

Remark 7. In the situation of Example 6, we do not need to divide out by the entire ideal I; if J is an
ideal contained in I, then the map _ B
GLT(A) — GLT(A/J)

is an isomorphism (since both sides are isomorphic to Gur (A/I).

Example 8. Consider the Og-algebra A s ®¢ o Og. Note that the inclusion Fy < FE induces an isomor-
phism Of, /(p) ~ O /(), and therefore also an isomorphism

Ocs = Aint/(p) = (Aint ®0,, Or)/ ().



We have a commutative diagram of abelian groups

éLT(Ainf R0, Op)~—— éLT(ObC)

Grr(Aint ®05, Op) —= Grr(0p).

Here the upper horizontal map is an isomorphism by Remark 7 and the right vertical map is an isomorphism
by Example 5. It follows that the reduction map

Grr(Aint ®oy, Op) — GLT(Obc)
is a surjection: in fact, it has a canonical section, given by the composition
Grr(0g) < Grr(0) <= Grr(Aumt ®o,, O8) = Grr(Amt ®o,, OF).

In the case where £ = Q,, and Gy is the formal multiplicative group, this is the Teichmiiller section

(reld+m)m ([z] €1+ma,,).

Example 9. Suppose we are given a point of Y3, corresponding to an untilt (K, ) of C” equipped with an
Ey-algebra map E — K. We then have a canonical surjection Ay — Og, which induces a commutative
diagram

Grr(Ae R0y, O8) — Gur(0k)

| |

Grr(Aint ®0 5, Op) —= Grr(OK).

Here the top horizontal map is an isomorphism (by Remark 7 again) and the right vertical map is surjective
(Example 4). We therefore obtain a surjection

Gir(0g) = Grr(0x),

whose kernel is free of rank 1 as a O g-module.

In the special case where E'= Q,, and Grr is the formal multiplicative group, this reduces to the map

1+mbc—>1+mK x> 2t

Construction 10. Let log; denote the logarithm for the formal group law F, which we regard as a power
series

log p(t) = t + %th + %3753 +-- € E[fY).

We observed in the previous lecture that the coefficients ¢,, belong to Og. Let x be any element belonging
to the maximal ideal of the local ring A, ®¢ 5 Op. We claim that the power series
c c
logp(z) =z + —a? + —a’ +- -
2 3
converges in the ring B ®p, E = B+ 7B + -+ + w1 B. To prove this, we observe that each product ¢, z"
can be written uniquely as a sum

n __ e—1
CpX " = Qn,0 + Qp 1T +---+ Up,e—1T )



where each coefficient a,, ; belongs to Aj,¢; we claim that the elements %am converge to 0 (as n — oo) with
respect to each of the Gauss norms | e |, on Aj,¢. To prove this, write + = x¢ + 7y, where x( belongs to
the maximal ideal of Aj,¢. Then, for n > e(m + 1), the element ¢,z™ belongs to the ideal generated by the

elements

em e(m—1) m—1,e ,m
Ty PTg PRy ¢ Zg, P E-Ainf-

It follows that each coefficient of ¢, 2™ (when written as a sum of powers of 7) has Gauss norm

< max(|z§"|,, |px8(m71)|p, co, [p™p) = max [zol5™, p™

p

These norms decay exponentially as n — oo, while the Gauss norms ||, grow linearly in n.

Construction 10 supplies a canonical map O pg-linear map
log
Grr(Aint ®05, Op) = B®E, B,

which is also equivariant with respect to the Frobenius endomorphism ¢?. Composing this map with the
“Teichmiiller section” of Example 8, we obtain a homomorphism of Og-modules

GLT(ObC) — B R E, F

which is again equivariant with respect to the Frobenius ¢%. Since O, is an algebra over Op /(7), it
follows from the construction of the Lubin-Tate formal group that the Frobenius map ¢ coincides with
multiplication by m on the Opg-module GLT(ObC). It follows that the preceding construction gives a map

d__
log : Grr(0%) = (B ®g, E)¥ =",
This proves a weak form of the result promised in Lecture 22:

Theorem 11. Let x be a closed point of Xg, corresponding to a subset S C Yg which is an orbit for the
action of ¥%. Then there evists a nonzero element f € (B ®g, E’)Wd:7r vanishing on S.

Proof. Choose a point y of S, corresponding to an untilt (K,¢) of C* equipped with an Ey-algebra map
E — K. Then Example 9 implies that the natural map

Grr(0g) —» Grr(Ok)

is a surjection, whose kernel is a free O g-module of rank 1. Let u be a generator of the kernel. We then take

f =logp(u) € (B®g, E)?"=". By construction, f vanishes at the point y (and therefore on the entire orbit
S). O

To completely fulfill our promise from Lecture 22, we need to show that the function f of Theorem 11
vanishes simply at each point of the orbit S, and does not vanish on any other point of Y. This is actually
automatic: we will prove this in the next lecture.



