
Math 114, Problem Set 4 (due Monday, October 7)

September 29, 2013

(1) Let E ⊆ Rn be a measurable set and let f : E → R be a nonnegative measurable function. Show that
the set {x ∈ E : f(x) 6= 0} has measure zero if and only if

∫
E
f = 0.

(2) Let E ⊆ Rn be a measurable set, and let f1, f2, . . . be a sequence of measurable functions on E which
converges pointwise to another function f : E → Rn. Show that there exists a sequence of subsets

E0 ⊆ E1 ⊆ E2 ⊆ · · · ⊆ E

such that µ(E −
⋃
Ei) = 0 and the sequence {fi|Ej} converges uniformly to f |Ej for each j.

(3) Let f : Rn → R be a measurable function. Show that for each ε > 0, there exists a continuous function
g : Rn → R such that the set {x ∈ Rn : f(x) 6= g(x)} has measure < ε.

(4) Let E ⊆ Rm and E′ ⊆ Rn be measurable sets. Show that E×E′ is a measurable subset of Rm+n, and
that µRm+n(E × E′) = µRm(E)µRn(E′). Here µRk denotes Lebesgue measure on Rk (hint: reduce to
the case where µRm(E) <∞ and study the function S 7→ µRm+n(E × S)).
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