PROBLEM SET VII: PROBLEMS (1, 2)

PATRICK RYAN

Problem 1. Let Vg, Vi, V5, V3, ... be real vector spaces with norms
H.Hn: Vh—%}Rzo.

Given an element ¥ = (vy,),,~o € Ily>0Va, let

15l = > llvall,, € R0 U {oo}.
n>0
Let V C II,,>9V,, be the subset consisting of those elements ¥ such that ||¥]| < co.
Show that V is a real vector space and that ¥+ ||¢/]| is a norm on V. If each V;, is
a Banach space, show that V is a Banach space. We will refer to V as the £'-sum
of the Banach spaces {V,.},~ -

Proof. First we show that V' is a real normed vector space. Let ¥, € V and A € R.
We may define
T+ W= (Un +Wn),se, A= (AUn),505
which clearly induce a vector space structure on V.
Next we show that ||-|| is a norm. Definitionally, we have that ||]] = 0 if and
only if ||v,],, = 0 for all n, which is precisely when @ = 0. Next, we see

Ml =Y AMoall, = Y IAwall, = 17l
n>0 n>0

Similarly, the Triangle Inequality holds, since it holds on each component of the
sum. Thus, we have that ||-|| is a norm.

Now, if each V,, is a Banach space, then we wish to prove that V is a Banach
space. Let v; be a Cauchy sequence in V. Namely, for all € > 0, there exists some NV
such that for all j, k > N implies [|v; — vi|| < e. This implies that for v; = (vp),,~0
each sequence vy, ; is Cauchy. Since each V,, is a Banach space,

lim vy, = vy, € Viy;

71— 00
then

V= (Vn),50 = 11520 V5.
Now we must show that v € V; equivalently, ||v|| < co. However, we have, for
i> N,
[vni = vnll,, <en
and ) €, < € as the sequence is Cauchy. Thus, for i > N,
[oll = llvill < llv = will <e=[[v]l < lvill + € < oo,

as desired. 0
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Problem 2. Suppose we are given a sequence Ey, Fq, Es,... C R™ of pairwise
disjoint measurable subsets of R™. Let E = |J E,,. Show that L' (E) is isomorphic
to the ¢!-sum of the Banach spaces L' (E,,).

Proof. For brevity we denote the ¢*-sum of the L' (E,) by A. We define the map
o: L' (E) — A by

o(f)=(f |En)n20'
Then we have

le (Pl = S I 1a) iy = 30 /E (

n>0 n>0

E,)

— [ 1= 15120ey < o0,
E

so our map is well-defined and preserves norms on L! (E) and A.
Now let us define p: A — L' (E) by

P ((fn)nzo) = fn (2)

for z € F,,. This map is well-defined by the disjointness of the E,, and

b (el = Lo ()| = 5 [ 10 5 Wl = ] <

Thus, p is an inverse to ¢, so ¢ is an isomorphism of Banach spaces. In particular,
it is an isometric isomorphism ([




