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Direct sum problems
-

Is the fastest way to
solve n instances of some computational task T

,

to run the fastest algorithm for I instance n times ?

Or
,
can we achieve

economy of scale ,
and compute all n instances

faster as a group ?

cost ( nT )
?

lim
-

costCT )
n→ as n

Everywhere in complexity theory , CS ,
Math

, Physics .
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• Shannon 's source coding theorem

code (Mi )
Alice - Bob

Mi
,
- , Mn N M

Theorem

|one-way,amortizedcommunicationcostofsendingarandomessage M
is exactly the Shannon

entropy
HCM )

- -
-

-
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• Amortized Randomized communication

also deeply studied-
random bits

✓ →
f : Xxy→ for} Alice I Bob

HEXTJg. EY

ex

funny ,
Int 't

:

Theorem [Braverman - Rao]
f- ( in . yn )

-\ Amortized Randomized communication = information complexity
#

-

Y



• Direct sum problems in disguise ,
ex : matrix multiplication

up infimum

What is the smallest we R such that two n x n matrices

can be multiplied using Of nw ) operations ?

1g 6g 2014 2020

• Known that 2 E w E 2.37 [ Strassen
,
. . .

,
Le Gall

,
Atman- Williams]

• no direct sum flavour ? !

• . . . except , zw is exactly the asymptotic tensor rank of a certain tensor !
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-→ Tensor rank crash course
-

. ah - tensor is a k- dimensional array over
a field #

.
Ls simple if it is the tensor product of k vectors

[ outer product

.
Tensor rank RCA ) = min fr : A is the sum of r simple tensors }

• Asymptotic tensor rank RTA ) = mlijms RIA
④m) Ym

[
m- fold kronecker product

f-
Matrices

• z - tensors : RIA④B) = RIA) RIB)
• k- tensors with h > 2 : only I

go.SI -
y
.

There is a 3 - tensor A such that RTA ) = 2W-
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Strassenduaity-
For mates A. B write A ETB if there are matrices U , V such that A = UBV.

For k - tensors this preorder is defined analogously : A = (U
, .lk , . . -Med . B

Defn .
[Strassen 86-887
-

Let XX be the collection of all fu : ftensors} → Rao so
that

•

fu is ④- multiplicative and to - additive

• fu
is ET - monotonet÷:::i.in:i÷÷:÷÷÷÷±!.
-

pi E X
-

. Sunflowers , cap sets , . . .

→ To understand matrix multiplication it suffices to understand X !
y



Boolean formulas f p
- - In

↳ = tree - like Boolean circuit ④

Pravin lower bounds on Boolean formula size Fcf )
/ \

is a Fong - standing open problem * ÷
A formal complexity measure is a map Iz Iz

pi
: fbodean functions } → Ryo Qp Qp

such that X , Xz Xz I
•

gu
is monotone Wrt A

,
V :

-

puff ng ) E pref ) +pig ) , fulfrg) e-prffttfhlg )
•

µ
is normalized on literals : C

tneoremmtioi.in: ¥.ge#,=mqmQl:!YtiIa:aion'"
-
- -

C is itself a
formal compel. nieces .



Strassen duality vs
. Complexity measures ?
- -
-

[Strassen] [Folklore ]

[RH=mupI Ltftmaxpcftf
p
-

p
- p -

p
-

tensor T T boolean function

. Et - monotone .
Monotone Wrt A

,
V

• normalized on diagonal tensors
. normalized on literals

. multiple , add .

Coincidence ? no !

.
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Amortized circuit complexity
G- = ffinite gale set }
. Allow multiple inputs/outputs , different costs for different gales
Ex : Branching programs
X,→ 113→ f . OR- gate (free )

xz§×z§°
. g

G = { . query gate : f ↳ If a xi ,fat. ) (cost z )

f = i iff there is a path from some source to the sink for f .

q
multiset of boolean funes .

Defn
. fca¥umcostofGirc¥F=fffi,_,fn3I
-

--

Ex
. Calf fights ) E 8 10



First result : Duality theorem

Defh.ICGCFJ-amortizeda.ci#itcompWiy=mhjmgC.amntyfTyo?fIe'Tho:
--

*t "
"

A£""P↳"T""""""¥"""&"%°°"^t"""°"}→"such that

. G -gale monotone : if there is a G-gate : (fi , - , f- n ) ↳ (g . .-,gun )
with cost c

,
then ya ( g. It

- - - tfhlgm ) E fulfil t-- tpl (fn ) t c\
.i:M eiterae

.

#

Theorem

!÷¥¥.;!¥a
It



Application : submodular measures and comparator circuits
I a-"

µr:#func.b→ comparatorgale : If , g) rslfng , frg )
° pelf ng ) t put frg ) E pit f) t Mlg ) x

,
-④- - x. axznxs

antsy- µ Mai""" " '

[Leggy
B-①- xivxzvxz

Theorem [Ratg 2) puffy )- Amortized comp .
circuit size

µ,
bool

- fun . on n vars.
is at most Ocn )

.

Run .AfsoPotechintPot#/
-

12



Brief recap

tfa teams brhanchingprogramsh
f f

:*:*:*:*. i÷E¥. I :*:* :• pllfag ) Eprlf ) tpicg ) . pllfag ) Eprlf ) tpicg ) . pcfnxi Jtprffaxi )
t

• pllfvg ) Eprlf ) tpicg ) pelfvg )
e- Mt ) t 2

. full ) E l . pull ) E l . full ) E l

Lma=Ea⇒
p- B



Second result : catalytic circuit complexity
bool - fancy#

put f) spicy ) ⇐ pref) + pickle pig tph )
p r

submodular measure
, say

any
boot

. f .

Def .

)Acalaly
www.paratorcircuitisacomparatorcircuitcwhich.besid
literals

,
takes bool

. functions hi as input and produces another

copy of hi as outputs .

T catalyst-
theorem
- h

. Eat f ) E CG.cat (f ) E Cq Cf )
11÷÷÷I÷÷¥

""""

I on.ws/on.im::m:..*.somio#
-
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Third result : catalytic space Sounds similar . . .

-
de

Def [Buhrman
,
Cleve

, Kouckyi , Loff , Speelman 2014]

AcatalyticspacetmhasaneetracataHickenbottomcontent
,
and can be much longer than the work tape .

At the end of the computation,\ the catalytic tape must be restored to the original content .---

TC
' E catalytic log space .

Catalytic circuits catalytic space
there exist catalysts hi that can for all catalytic tape contents, the

7. muse: :L the.:
and the / Iwm::mg;; iapteherfsu:c:

with

circuit can depend on the catalyst . TM cannot depend on content
.

ems

Open problem : how related 4 Our duality does not characterize this
15



we can trashate some new results proved with our new duality to catalytic space !

Def (non - uniform catalytic space) [Girard , koucky , McKenzie 2015)

AF-catayticbranchingprogramforfisabranchingprogramw.tlinstantaneityreject nodes , such that : for every
xe Tony " the computation path from the ith

start node
,
ends at the ith accept or reject node .

- Fei ¥. .-

f! ÷÷¥¥ →

"

in::..
✓ work tape

(
a e Em] catalytic tape

stronger than amortized BP
. length log m
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Question [Gerard
, koucky , McKenzie]

ForwhiafunconcatalyticbranchingprogramsizesmaHer↳ranching programsiuonererage )-

Pg
tech in Trott ] LEreryfhasm-catalyhcBPofsizeo.cm#f
M = 22h )

.

-
#

Theorem

IForereryfthereisanm-catalyhicBPcompnh-ngfofsizeo.cm
degzf .-

• translate a similar result that we prove using our duality .

. Exploits symmetry heavily .

if



Proof idea of duality
theorem f.

G -gate monotone : 9g. 'm ⇒ ct-z.ph; )

|[÷
. normalized : yuceiteraeje , .

7 Eilulgi ) .

gaiesetttba.fm?FMH- Fein
,
If,g}7ccffrg , fag } , 7137%9)

Ex : Comparator circuits - Lpdualmg notation : rt- f r produces f
f- tr ! r consumes f

max pelf ) min ⇐ coster)ycr )

subject " M 'T"
+ MT" 48%1- to Egfr ) " GER 's" )⇐ pig)tp4h ) Hgh

pill ) e i Feilerall Iyyar ) t rycrlt i

y to

→ y encodes amortized circuit ! up



Eg yer ) 7 gErycr )
amortized circuit computing f

⇐ r
,
-
In

÷.sn .
-

⇒rn

"

¥.fm
y to

y (
r ) = # occurrences of r

⇐
⇒ . yer ) E 0h20 Xi Eff Xi Tf

• I
, yer) E IN

a"Eire. ± ":*
. a:i¥zi÷÷;• boost catalytic to amortized [I



our duality Strassen duality
° semigroup (s '

Tt"¥¥¥ ) - semi" 'T 's't ' ' )

•

good preorder . good preorder
- finitely generated - not recess . fin - gen
- - -

t
gate preorder → needed for graphs

tensors
GEF means G is

"

computerbe
"

from F .

20



Proof ideas for catalytic space
21

Theorem

ftorereryfthereisanm-catalyhicBPcompnh-ngfofsizeo.cm
degzf .-

⑥
submodular

-1 same distr

razborortgdtrffagqffnunrs.ITProof relies on symmetry : fp
n ( fo n xn ) v (fin In ) Nff , axn ) vffoa In )
I - -

p
- -

symmetric unit random uonnifrandoay!BP measure : puff ) --puff ) on n vars oiiapolechin

t.eu#fpCfargCfTDTEx:DargCAnDI-- Oci ) )
& E

average
decision tree depth . spantfzorblf ))

Theorem /¥f))±2. lorbtf) I .DargCfIEs
"

. implement as cat BP.



Conclusion

. What other direct sum problems can we express ?

• Information = Randomized Comm . ?
• Query comp ?
I

/

. Can

'

the catalytic space bound be further improved ?

• Relating different preorders ?

:\

22
.


