1342 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 43, NO. 4, JULY 1997

Arithmetic Crosscorrelations of Feedback [5]. However, our sequences have an added feature: they may be used
with Carry Shift Register Sequences for simultaneous synchronization and identification in a multiuser
environment.

Mark Goresky,Associate Member, IEEEand To give a simple example, suppose a central dispafthwishes
Andrew Klapper,Associate Member, IEEE to send individual messages to one of a number of possible clients
(R1,R2,---, R;). Choose a family of sequences with at least

) ) ) ) members; letV denote the period of each sequence in this family.
Abstrac_t—An_ arithmetic version of the cros,scor'relathn of two se- Egch clientR; is assigned a signature sequezefrom the family.
guences is defined, generalizing Mandelbaum’s arithmetic autocorrela- Th lient it hronizati d identificati
tions. Large families of sequences are constructed with ideal (vanishing) € clien mOI’].I 0rs a common Syn.C ronization and laentncation
arithmetic crosscorrelations. These sequences are decimations of the  channel on whichS broadcasts a bitstreafi. At the nth clock

adic expansions of rational numbersp/q such that 2 is a primitive root tick, the clientR?; computes the arithmetic crosscorrelatiop, r(n)

modulo g. between her signature sequerfeand a window of sizeV in the
Index Terms—Crosscorrelations, binary sequences, feedback with carry DitstreamT'.
shift register (FCSR) sequences2-adic numbers. When the dispatchef sends the signature sequenfg on the

common channel, the receivé; will compute a single large arith-
metic crosscorrelatio® exactly N clock ticks later, while the other
clients will compute(—)gj,T(m) = ( for all ;j # ¢ and for all shifts

In the study of pseudorandom binary sequences, we are ofign So the clientR; has been identified as the intended recipient and
interested in the correlation properties of the sequences. Thege receiver has been synchronized to the message.
properties have importance for several practical applications, suchf S is any sequence andl # 0 is an integer, then the sequence
as spread-spectrum communication systems, radar systems, sigh# said to be ai-fold decimationof S if for every i, we have
synchronization, and cryptanalysis, as well as being of theoreticgl = S,,. Let ¢ be a power of a primey = p°, such that2 is a
interest as measures of randomness. primitive root modulag. (That is,ord,(2), the least positive power of

The usual notion of crosscorrelation of two binary sequeres? that is congruent to one moduly is p“~' (p — 1). Henceord, (2)
andT is the sumy_,(—1)”"*7¢, where the addition in the exponentis as large as possible). We tbe the2-adic expansion of a fraction
is modulo2. For many classes of sequences, this sum is quite difficulid/q, with 0 < a < ¢, an({-sequence (these concepts are explained
to evaluate. The purpose of this correspondence is to investigati ahe next section). We further lefs be the family of alld-fold
different notion of crosscorrelation between sequencesyrittemetic  decimations ofS, whered is relatively prime to the period &. Our
crosscorrelation The usual crosscorrelation can be thought of asain result is the following.
the number of ones minus the number of zeros in one period ofTheorem 1:If R andT are sequences iffs, then the arithmetic
the sequence formed by addirf) and T' bit by bit modulo 2. crosscorrelation o® andT with shift 7 is zero unless = 0 and
Mandelbaum [5] investigated a notion of what amountarithmetic T = R.
autocorrelationin which a sequence was added to a shift of itself This theorem is proved in Section III.
with carry, rather than bit by bit modul@. He showed that certain
sequences have ideal arithmetic autocorrelations, in the sense that
they are zero for nontrivial shifts.

In this correspondence we extend the notion of arithmetic au-
tocorrelation to the arithmetic crosscorrelation of two sequences.To precisely describe the arithmetic crosscorrelation of two binary
We then show how to construct families of sequences with idezg¢quences, we first need some algebraic framework. Recall that a
crosscorrelations. That is, all the nontrivial crosscorrelations aeadic integeris an infinite seriesy .~ s:2*, wheres; € {0, 1},
identically zero. The sizes of these families are conjectured to bed the usual variable in a power series is replaced by the integer
large on the basis of statistical evidence. This is in stark contrastTibe setZ, of 2-adic integers forms a ring under the operations of
the case of ordinary crosscorrelations, where there are well-knoagidition and multiplicatiorwith carry. The field of fractions of this
lower bounds on the minimal crosscorrelations in families of a giveing, the2-adic number€?, can be identified with the completion of
size. For example, the maximum shifted crosscorrelation in a familye rational numbers at the non-Archimedean valuation associated to
of M sequences of period is at leastM /(M —1)/(MN — 1) the ideal(2). This field contains the rational numbeps and@Q N Z
[6]. is the set oR-adic integer$, ;2" whose associated binary sequence

Our sequences include the Barrows—Mandelbaum arithmetic codes, s, - - -) is eventually periodic. Equivalently, this intersection is
as a special case. (We have previously referred to thesé- asthe set of rational numbers of the foerylg with ¢ odd. Such a number
sequences, in order to stress the analogy withequences.) Like the corresponds to a strictly periodic sequence if and ontygf< a < 0.
Barrows—Mandelbaum codes, they may be used for synchronizatiate that inZ», we have—1 = 1+ 2 + 2> + - --. See Koblitz [4]
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M. Goresky was with Department of Mathematics and College of Computbke devices calledeedback with carry shift registef&CSR’y [2],
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I. INTRODUCTION

II. DEFINITIONS AND BACKGROUND
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theory of2-adic numbers provides a framework analogous to LFSR < a < ¢, an {-sequence (henceforth we obscure the distinction

theory for the study of FCSR sequences. between a binary sequence and its associatadic number). We
An FCSR consists of an-bit register with contentsy, ---,x,_1, further let.Fs be the family of alld-fold decimations ofS, whered
plus some additional memory.. The state is updated by computingis relatively prime to the period af.
an integer linear combination The remainder of this section consists of a proof of Theorem 1. We
" first need a constraint on the sequences that can ocduseguences.
o = an_i +m Proposition 1: If § is an f-sequence, then second half of one
=1

period of 8 is the bitwise complement of the first half.

" (0.1}, Th ace the state, A Proof: Let ¢ = p°. We have tha2?(@ =1 mod ¢. That is,

with ¢; € {0,1}. Then we replace the state,---,z,—1,m by el e—1g,_ 10, 1\ /9

Z1, -+, Tn—1, (0 mod 2), o/2 (integer division without remainder), T P (27 (e 1) (QP P02 4 1)'

and outputry. The output is always eventually periodic. These two factors are relatively prime, godivides one of them. By
Supposeés is the sequence generated by this FCSR, with associateeé primitivity of 2 modulog, p® cannot divide the first factor, hence

rational numbery = a/q. Theng = 3" ¢,2' — 1, and is called it divides the second factor. It follows that(?/? = —1modg.

the connection numbeof the FCSR. It is the analog in FCSR theoryEquivalently, v*(¥/? = —1modq.

to the connection polynomial in LFSR theory. Conversely,2kaic We haveS; = (B~' mod ¢) mod 2 for someB. Thus

expansion of every rational number with denominatocan be output

by an FCSR with connection numberThere is also a representation

Sitotq))2 = —(B7' mod ¢) mod 2

of FCSR sequences that is analogous to the trace representation of = q— (By' mod ¢) mod 2
LFSR sequences. Let= 27! mod ¢. Then, ifS is strictly periodic, which is the complement of;. |
there is an intege3 such thatS; = (B -+" mod ¢) mod 2. The above property is extended to decimationg-eéquences.

This doublemod notation means first reduce modujdo a reduced  Corollary 1: Let d > 0 be relatively prime top® — p“~*', the

residue (i.e., in the range froMto ¢ — 1), then take the parity of period ofS. Let T be ad-fold decimation ofS. Then the second half

the result. In particular, the period & is the order of2 modulog.  of one period ofT is the complement of the first half.

The period of an FCSR can be made large by choogisg that2 is Proof: Note thatd must be odd and; = 1 — S, (,c_c—1y/5-

a primitive root moduloy. For this to be true, it is necessary that Thus we have

be a power of a prime = p“, but no precise condition far to be a T =§,=1-5 —1-5

primitive root modulog is known. However, it is known that i is CT o id2E=p (i+22=2=1)a

a primitive root modulop and modulop?, then it is a primitive =1-T e_je—1. O

root modulo p® for every e. The resulting sequences are the . . 2

adic analogs ofn-sequences (maximum period linear feedback shift I 9eneral, if a is a 2-adic number, then we let be the

register sequences). We call thémequenceffor “long sequences”). complementary-adic number. That is, we replace eaclpy 0 and

They are exponentially longer than the smallest FCSR's that gener&fn0 by 1 in the 2-adic expansion of. Thena +a = -1

them, and are nearly deBruijn sequences. It is these sequences whidProllary 2: Let d > 0 be relatively prime top® — p“~", the

we consider here. See [3] for details of these and other facts abB6{i°d ofS. LetT be ad-foltlj decimation olfS. LetT be the?-gdlc

FCSR sequences. exeanfl_oln pf a fractior-b/¢’, with ged (b, ¢") = 1. Theng' divides
Recall that the ordinary crosscorrelation with shift of two 27T 4L

sequencesS and T of period N' can be defined either as the sum Proof: Leta be the2-adic number associated7a By Corollary 1

S, (=1)%t+r or as the number of zeros minus the number of

ones in one period of the bitwise exclusive—or$fand ther shift

of T' [1]. The arithmetic crosscorrelation is the with-carry analog gbr some ordinary integer (in fact, 0 < = < 2(776—776‘1)/2). It

the latter definition. follows that
Definition 1: Let § andT be two eventually periodic sequences

with period N, and let0 < 7 < N. Let T be the sequence

formed by shiftingT by 7 positions,7; = T;+.. Let o and 3, and, therefore,

be the2-adic numbers whose coefficients are given$yandT", (2(pefpe‘1)/2 + 1)b =q'(x+1).

respectively. Then the sequence of coefficients associatedwith. . , ) .

is eventually periodic, and its period dividas Theshifted arithmetic 1€ corollary follows sincé andq’ are relatively prime. ) U

crosscorrelation®s 1(r) of § andT is the number of zeros minus _ Theorem 2:Let c and d be relatively prime top® — p*. Let

the number of ones in a complete period of lengthof a — ;. R ar_1dT be e and _d-fold deC|mat|ops ofS_, respectively. I_fT is

WhenS8 = T. the arithmetic crosscorrelation is called tmithmetic & Shift of B with shift 7, then the arithmetic crosscorrelation Bf

autocorrelati(‘)nof s. andT with shift 7 is p® — p°~*. In all other cases, the arithmetic
If for all = such thatS andT™ are distinct we hav@®s () = 0, ~Crosscorrelations off andT are zero. ) )

thenS andT are said to have ideal arithmetic correlations. A family Proof:, Let N, :lpe _Pe; : Let,}? alr)dT have associateztadic

of sequences is said to have ideal arithmetic correlations if every paffmbersa’ = —a’/¢" anda” = —a"/q", respectively, with

of sequences in the family has ideal arithmetic correlations. ged(a', ¢') = ged(a”, ¢'") = 1.

—a—l=a=a420PT2,

(2(1)“’—1’6_1)/2 + 1)(1, =—(z+1)

The shift of T by r corresponds to &-adic intege2™ ~"a'" + x for
. MAIN RESULTS some ordinary integet. The arithmetic crosscorrelation & andT
As stated in the introduction, i is any sequence andl# 0 is  With shift 7 is the number of zeros minus the number of ones in one
! e e—1 5
an integer, then the sequerieis said to be al-fold decimationof ~lengthp® — p*" period of
S if for every i, we ha_veT,-, = Sqi. ThroughouF this s_ecppn we let B=a =V 0" +a) = —(d'q" —2N"Tgd" + ed'd"V/d'q"
q be a power of a primeg = p“, such that2 is a primitive root
modulog. We letS be the2-adic expansion of a fractiora /¢, with  If T is a shift of R with shift 7, theng = 0 and the result follows.
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SupposeT is not a shift of R with shift . LetU be the sequence V. GENERATING THE SEQUENCES
associated t@. It suffices to show that any period UtlslPalanced. If the sequences we have discussed are to find application, it is
Let § = —b/r with g"ﬁ%’»"“) = 1. Thenr = lem(q’.¢"), SO BY  jmportant that they be easily generated. As discussed in Section I,
Corollary 2,r divides2™/~ + 1. Moreoverb is nonzero. In a single ap (-sequences can be easily generated by a short FCSR. One way
period of U, we have to generate al-fold decimationT of § is to iterate the FCSR for
U= (B- 97" mod r) mod 2. S d pmes for_ ea_ch outpufzb_lt. U_nfortunately, this taked™ total
iterations, which is nearlyV= if d is large.

for some B. Thus Consider the analogous situation for FCSR’s. Here, if we iterate
o a registerd times, the state will still have been updated by a linear

Uiynyz = (B- 27 (N2 mod r) mod 2 function of the original state. The resulting register in turn can be
=(B-27"-27V/2 mod r) mod 2 replaced by an LFSR of the same or smaller size. The same thing

does not work for FCSR’s. lIterating the register results in more
complicated state change functions, due to the mix of integer and
modulo 2 operations.

An alternative is to use the exponential representation. Recall that
if ¢ is the connection number of the FCSR that outpftsand
~ = 27" mod g, then there is an integeB such that

= (—=B-27" mod 7) mod 2.

Sincer is odd, for anyy # 0 the parity of —y is the complement
of the parity ofy. Thus U, n,» is the complement of/;. These
elements occur in pairs iy (since N is a period ofl/), soU is
balanced. (I
Theorem 1 follows immediately. Si = (B -+ mod ¢) mod 2.

f _ d
IV. COMPUTING ARITHMETIC CROSSCORRELATIONS It follows that if 6 = ~7, then

If T and R are two periodic sequences with associateddic T, = (B -6 modg)mod?2.
numbersy and 3, the sequence associated with the differemce 3 . o ) .
may not be strictly periodic (though it must be eventually periodic).'US oneé way to generaf is to initialize a register with the value
Thus at first glance, computing the arithmetic crosscorrelation of tw: and at each iteration output the value modeland update the
sequences is problematic. How many bits of the difference must &€ bY multlzplylng it bys modulog. This update can be done in
computed before we reach the periodic part? As it turns out, howevihe O(log(¢)") (faster using divide-and-conquer techniques). This is
the number of bits needed is well bounded. much faster than iterating the original FC@Rimes for most values
Proposition 2: LetT andR be periodic sequences with peridl  Of ¢» though not as fast as using the original FCSR to genefate
Let « and 3 be the2-adic numbers associated withandR. Let U

be the sequence associated with- 3. ThenU is strictly periodic VI. DISTINCTNESS
from at leastUx on. Let S be an(-sequence with associat@dadic number—p/q, ¢
Proof: As noted earlier, the strict periodicity @ and R implies prime. Lett = |log,(¢)] and letN = ¢(¢) be the period ofS. In
that there are integers ¢, b, andr such thatv = —a/q, 5 = —b/7,  this section we prove the following theorem.
0<ac<g andd<b<r Thus Theorem 3: § is different from every shift of & = —1 decimation
) bq — ar of S.
a—pf=24"9

Proof: The basis for the proof is an analysis of the numbers of

v occurences of certaih andt + 1 bit binary sequences in a single
We have—gr < —ar < bg —ar < bg < rq. period of S. A % bit sequencer = (xo,---,zx—1) OCCUrSn times
If bg —ar < 0, thena — 3 is strictly periodic and we are done.jn g period of S if
Otherwise,
n=[{j,0<j<N —1: s;=x0,5j41=2T1, " Sj4h—1 =Th—1}|-
w_fg=14ltmar—ar , ,
’ qr We start by recalling a result from [3]. Every shift 8fcorresponds

to a 2-adic number of the form-a/q, with 0 < a < ¢ and

A
and —qr < bg —ar —qr < 0. Therefore,(bg — ar —qr)/qr =518 4.4(q,q) = 1. Thus each occurrence of fabit patternz in S
strictly periodic. LetV" be the sequence associated wijthf every bit corresponds to such an with

of Vis 1, theny = —1 anda — 3 = 0. Otherwise, there is ah< N

such thaf’; = 0. It follows that the bits ofv— 3 = 1+~ are identical of X i —a "

to those ofy from bit i + 1 on. This proves the proposition. [ = = v mod 27,
Consequently, the arithmetic crosscorrelatiorifbaind R can be

computed by computing the fir8tV bits of the differencex— 3, and Denote by|z] the residue of modulo2’ in the rangel to 2'. Every

finding the difference between the number of zeros and the numberobccurs at least once, since we can take [—qx] = [—ex], where

ones in the lasiV of these2 NV bits. This is a linear time computatione = ¢ — 2'. Any # occurs twice inS if and only if there is am

in ¥ (though not easily parallelizable as is the case with standandth 0 < a < e such thatr = —a/q mod 2, or, equivalently, if and

crosscorrelations). only if [—ex] < e. In this case, the second occurence corresponds to
Furthermore, since-3 = 3+1, we can compute— 3 asa+3+1. —(a+2")/q. Also, it follows from [3] that everyt + 1 bit sequence

If the carry from computing the firs\ bits of o« + 3 + 1 is 1, then occurs at most once i§i. Finally, it was shown in [3] that the second

a+ 3+ 1 is strictly periodic, so the firsiV bits suffice. Otherwise, half of any period ofS is the complement of the first half. Thus the

the periodic part is exactly the firs¥ bits of o + 3. Thus if we number of occurences of amybit sequence ir§ is the same as the

want to avoid storingx and 3, we can simultaneously compute thenumber of occurences of its complement.

arithmetic crosscorrelation based on the fi¥sbits of « + 3+ 1 and Let T be a—1-fold decimation ofS. That is, for each, ¢, = s_;

a + 3 as the bits arrive, and use the former if there is a carry frofwhere all arithmetic in the indices is modul). We use repeatedly

the first N bits, and the latter otherwise. the fact that a-1 decimation carries & bit sequence of consecutive

|
—

o
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i



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 43, NO. 4, JULY 1997

symbols to anothet bit sequence of consecutive symbols. It is the

1345

(sincee; = 0). It follows from points 3) and 4) that

failure of this fact for more general decimations that makes us unable

to extend the proof.

Supposel is a shift of S. Then there is @ such thats; = ¢;4+; =
s_j—i. We now show that we may assurjeis 0 or 1. Consider
the ¢ bit sequences = (0,0,---,0). We haver = 0 for this z, so
[—qx] = 2. It follows thatZ occurs exactly once i§. Since this
sequence is a palindrome, it follows that

i=—i—t+1-13j 1)
Note that if we replaceS by a shift of § and then take a-1
decimation, the result is a shift & (althoughj may change). Thus
we are free to choosé It follows from (1) that we can chooseto
makej = 0 or 1, depending on whether— 1 is even or odd. From
here on we assume this, that is, eitheés odd ands; = s_; for all
7, or ¢t is even ands; = s_,_; for all 1.

It also follows that(0,---,0) and (1,---,1) are the only¢ bit
palindromes that occur only once.

Lemma 1: If z = (wo,---,2,) iS at + 1 bit palindrome, there

cannot occur inS. Moreover,z' = (wo,---,2¢_1) Occurs exactly
once inS.

Proof: For the first statement, suppose first thas odd and
s; = s_; for all i. Supposer occurs ats;, - - -, s;4¢. Sincex occurs

at most once, we must haye=s —j — t mod N. This is impossible
since N is even and is odd. A similar argument works if is even
and 8§ = S_;_1.

For the second statement,aif occurs twice, it must be followed

by distinct bits in its different occurrences (ahy- 1 bit sequence

R 4248 =2 2P 4 8e — 342"

It then follows thate > (9/7) - 2872,
6) The sequence = (1,0,0,1,1,---,1,0,0) occurs once. Here
r =272 7. Thus
<[ =D =27 42" 4 7e.

It follows from points 3) and 5) that

R 2P T =2 2P Te -3 20
It then follows thate > 3 - 2¢~%, which contradicts point 3).
This completes the proof of Theorem 3. (I

VIL.

To construct a family of sequences with ideal arithmetic correla-
tions, we choose arrsequences of period N = p¢!(p — 1) and
include all d-fold decimations ofS with d relatively prime toNV.
The number of suchl is

CONCLUSION

ife>2

AT P2 (p — Do(p — 1),
(D(M_{ if e = 1.

o(p—1),

occurs at most once). Thereforepccurs, which we have just shown If, for example p—1 is two times a prime number, then the number of
O

is false.
We now proceed to derive a series of inequalitiesfby applying
Lemma 1 to various sequences. In each casas lengthy.

1) The sequence = (1,0,0,---,0) occurs once. Here = 1, so

suchd is about half the period. However, it is possible that distinct
decimations give rise to sequences that are cyclic permutations of
each other. This in fact happens whehe {5,9,11,13}. In these
cases, the periods are 6,10, and 12, respectively, the values of

e <[—¢] = 2" — . Hencee < 2'~' (we cannot have equality ¢(N) are2, 2, 4, and4, respectively, while the numbers of cyclically

since e is odd).

2) The sequenc& = (1,0,0,---,1) occurs twice. Herer =
271 11, 80€ > [—ex] = 2'7" — €. Thuse > 272,
3) The sequencee = (0,0,1,1,---,1,0) occurs once. Here

=21 —4,50¢ < [—e(27F — 4)] = [4e + 271 By
points 1) and 2)2" < 4e+2'"' < 3.2" If 4e4+2'7' > 2.2

[4e+2"7" | =4de+2""—2.2" > ¢

soe > 27!, This contradicts point 1), se < 3 - 272,
The sequence = (1,1,0,0,---,0,1,1) occurs twice. Here
x = 27" 4+ 272 1 3, Thus
e> a2 427 4 3)) = (2 - 3)]
=2 €2 =3¢

4)

wheree = 14 2¢; mod 4. Suppose:; = 1. Then—=3-2""7° <
3(2"2 —¢) < 0 so
[2"_2 L2t 3e] = PANED L R Ll

It follows that7 - 2'~* < €, which contradicts point 3).
Therefore,e; = 0. Now

277427 =3 =2"4+2"" = 3e < e

It follows that5 - 2'~* < e.
The sequenceg = (0,0,0,1,1,---,1,0,0) occurs once. Here
r = 272 — 8. Thus

5)

e< =27 =) =2 4277 4 84

distinct decimations aré, 1,1, and 2. respectively. Surprisingly, a
computer search has shown that for every othaequence with
period up to4253, the set of these decimations is cyclically distinct.
Conjecture 1: Let S be an/-sequence with connection number
p° and periodN. Supposep® ¢ {5,9,11,13}. Let d; andd- be
relatively prime toN and incongruent modul®/. If R is ad;-fold
decimation ofS andT is a d.-fold decimation ofS, thenR andT
are cyclically distinct.
We have proved this conjecture in the cake= 1 andd, =
—1. Should this conjecture be proved in general, we will have
produced large families of cyclically distinct sequences with ideal
arithmetic correlations. It would also be interesting to know whether
it is possible to construct still larger families with ideal arithmetic
correlations.
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