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Abstract. A d-feedback-with-carry shift register (d-FCSR) is a finite state machine, similar to a linear
feedback shift register (LFSR), in which a small amount of memory and a delay (by d-clock cycles) is used
in the feedback algorithm (see Goresky and Klapper [4,5]). The output sequences of these simple devices
may be described using arithmetic in a ramified extension field of the rational numbers. In this paper we
show how many of these sequences may also be described using simple integer arithmetic, and
consequently how to find such sequences with large periods. We also analyze the ‘“arithmetic cross-
correlation” between pairs of these sequences and show that it often vanishes identically.
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1. Introduction

Pseudorandom sequences have a wide array of uses in computer science and
engineering including applications to spread spectrum communication systems,
radar systems, signal synchronization, simulation, and cryptography. The pseudo-
random sequences in a good family should (a) be easy to generate (possibly with
hardware or software), (b) have good distribution properties which make them
appear (statistically) to be “random”, (c) have low crosscorrelation values so that
each sequence may be separated from the others in the family, and (d) arise from
some underlying algebraic structure so they can be analyzed using standard
mathematical tools. (Of course other properties are desired as well, depending upon
the application.) In this paper we continue the study begun in 1993 by the authors of
a class of sequences based on the arithmetic of the p-adic numbers and their finite
extensions [11] which enjoy all four of the above properties.

The simplest sequences of this type were described in terms of a class of efficient
hardware generators called feedback with carry shift registers (FCSRs). An FCSR is
structurally similar to a linear feedback shift register (LFSR), but whereas the
analysis of LFSR sequences involves the algebra of power series with coefficients in
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GF(2), the analysis of FCSR sequences involves the algebra of the p-adic numbers
[14] (an elementary review of which is provided in Klapper and Goresky [11]). The
analysis of FCSR sequences led to the cryptanalysis of the stream cipher known as
the summation combiner [19]. It was further shown that various desirable statistical
properties hold for FCSR sequences (see below), in most cases paralleling properties
of LFSR sequences. FCSR sequences were discovered independently in a slightly
different context by Marsaglia [17], and Marsaglia and Zaman [18] who showed they
were useful as (pseudo-) random number generators for simulations. The simplest
p-ary FCSR sequences may be described by

4= Ap~' (mod N) (mod p)eZ/(p), (1)

where p and N are prime numbers for which p is a primitive root (cf. Section 9)
modulo N, where 4eZ/(N) and where (mod N) (mod p) means that first the
number Ap~'eZ/(N) is represented by an integer between 0 and N — 1; then this
integer is reduced modulo p. (For most applications, p will be 2.)

A wide variety of generalizations of FCSRs has been described. The case of
interest in this paper, the &-FCSR, was described briefly in our papers [4] and [11]. It
is the purpose of this paper to analyze these sequences. First we describe (Theorem
4.2) the output of a d-FCSR generator in terms of certain objects arising in algebraic
number theory (namely, ramified extensions of the p-adic numbers). Then in
Corollary 5.2 we show how these sequences can often (but not always) be described
in terms of simple integer arithmetic:

a; = Ab' (mod N) (mod p), (2)

for values of be Z/(N) other than b = p~ .

A much more general class of pseudorandom generators which includes LFSRs,
FCSRs, and d-FCSRs all as special cases, was described by Klapper and Xu [13].
These generators are called algebraic feedback shift registers (AFSR). Many of the
results in this paper are special cases of phenomena which occur for any AFSR, and
some of these results were already described in Klapper and Xu [13]. The AFSR
setting is the mathematically most natural setting in which to study shift register
sequences. It also “explains” the many apparent similarities between the theory of
LFSRs and the theory of FCSRs (and d-FCSRs). However in this paper we restrict
our attention to the d-FCSRs. This paper is self-contained and does not rely on any
results from Klapper and Xu [13].

In Goresky and Klapper [5] we show how to build shift register hardware which
will generate these d-FCSR sequences with given design parameters. However, in this
paper we maintain a purely algebraic point of view and we will only tangentially
refer to the relevant shift register hardware. The constructions in Goresky and
Klapper [5] depend heavily on this paper.

In the remaining sections our attention is restricted to the binary case, p = 2. The
usual notion of cross-correlation (with shift 7) of two binary sequences S and T is the
sum », (— I)S"+T"*’. The addition in the exponent may be replaced by addition
modulo 2. Hence the cross-correlation with shift T may be thought of as the number
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of ones minus the number of zeroes in one period of the sequence formed by adding
S to the z-shift of T, bit by bit modulo 2. Recently Klapper and Goresky [12] the
authors considered a slightly different notion of cross-correlation between sequences:
the arithmetic cross-correlation (with shift t) of S and T is the number of ones minus
the number of zeroes in one period of (the periodic part of) the sequence formed by
adding S to the t-shift of T with carry. When S = T the arithmetic cross-correlation
is called the arithmetic autocorrelation. It was (to the best of our knowledge) first
considered by Mandelbaum [16] who showed that certain binary sequences (the
codewords of the Barrows—Mandelbaum arithmetic code) have “ideal” arithmetic
autocorrelations: they are zero for every nontrivial shift . The authors then showed
[12] that certain families of FCSR sequences even have ideal arithmetic cross-
correlations. That is, all the nontrivial arithmetic cross-correlations are identically
zero. The sizes of these families are conjectured to be huge, on the basis of
experimental evidence. In Section 9 we further extend these results to d-FCSR
sequences: we consider the d-arithmetic cross-correlation of two binary sequences
and show that certain families of d-FCSR sequences have ideal d-arithmetic cross-
correlations. Results of this type contrast with the case of ordinary cross-
correlations, where there are well known lower bounds on the minimal
cross-correlations in families of a given size. For example, the maximum shifted
cross-correlation in a family of M sequences of period N is at least
M?*\/(M —1)/(MN — 1) [20].

The FCSR (and d-FCSR) sequences include the codewords of the Barrows—
Mandelbaum arithmetic codes as a special case. (We have previously referred to
these as /¢-sequences, in order to stress the analogy with m-sequences.) Like the
Barrows—Mandelbaum codes, since they have ideal arithmetic autocorrelations
(respectively, d-arithmetic autocorrelations), they may be used for synchronization
[16]. However since they also have ideal (d-) arithmetic cross-correlations, our
sequences may be used for simultaneous synchronization and identification in a
multi-user environment.

To give a simple example, suppose a central dispatch (D) wishes to send individual
messages to one of a number of possible clients (R, Rz, ..., Ri). Choose a family of
(FCSR or d-FCSR) sequences with at least £k members; let N denote the period of
each sequence in this family. Each client R; is assigned a signature sequence S; from
the family. She monitors a common synchronization and identification channel on
which D broadcasts a bitstream T. At the n-th clock tick, the client R; computes the
(d-) arithmetic cross-correlation @g, r(n) between her signature sequence S; and the
current window of size N in the bitstream T.

If the dispatcher D sends the i-th signature sequence T =S; on the common
channel, the receiver R; will compute a single large correlation value ® exactly N
clock ticks later, while the other clients will compute Os,, t(m) = 0 for all j#i and
for all shifts m. So the client R; has been identified as the intended recipient and her
receiver has been synchronized to the message.

Finally, it was shown in Klapper and Goresky [11] that if the period of an FCSR
sequence is maximal in a certain sense, then the distribution of subsequences of fixed
length is nearly uniform (the numbers of occurrences of any two patterns of
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consecutive bits of fixed length differ by at most two). One expects these d-FCSR
sequences to exhibit good distribution properties also; this question has been taken
up in Klapper [10].

2. Preliminaries

Let p > 2 and d > 1 be integers such that the polynomial X — p is irreducible over
the rational numbers Q. This occurs precisely when p is not a k-th power, for any
prime number k dividing d [15], p. 221. (In particular, it holds when p is prime, which
will be the main case of interest.) Let 7€ C be a root of this polynomial. The set of all
linear combinations thol a;n’ with a;€Q is denoted Q[r]. It is a field under the
obvious operations of addition and multiplication (using n¢ = p), and every nonzero
element has an inverse (note that 7~ ! = 179"1) must use original. It is a degree d
(totally ramified) extension of the rational numbers Q and it is the smallest field
extension of Q containing 7. Having fixed n € C, we obtain an embedding Q[z] C C.
However Qn] actually admits d different embeddings into the complex numbers,
o; : Q[n]-C which are determined by setting ¢;(n) = {'n (for 0 < i < d — 1) where
{eC is a primitive d-th root of unity.
Similarly define Z[r] to be the ring consisting of all expressions

u= um' 3)

with u; € Z. It is an entire ring in which every prime ideal is maximal. Every element
of Q[rn] may be expressed as a fraction u/v with u, ve Z[x]. In other words, Q[x] is the
fraction field of Z[r], and Z[r] is an “order” in Q[x] (although it does not necessarily
coincide with the full ring of integers in Q[r], cf. Borevich and Shefarevich [2]).

Let () C Z[n] denote the ideal generated by n. The inclusion Z— Z[xn] induces an
isomorphism of rings Z/( p) =Z[rn]/(rn). If ue Z[x] is given by (3) then we denote by u
its image in Z[n]/(n); it becomes identified with the number uy (mod p)eZ/(p)
under this isomorphism. We shall often make (implicit) use of the vectorspace
isomorphism

7: Q[n]-QY, (4)

which is given by ©(3.% ') = (uo, w1, ... ,uq_1). Then t(Z[n]) = Z¢ which is a
lattice in QY.

The ring Z, of m-adic integers consists of all (infinite) formal expressions o =
ay+ ajm + arn® + - - - with 0 < a; < p — 1, with the obvious operations of addition
and multiplication (also using 7 = p). It is equal to the completion of the ring Z[n]
at the ideal (n) generated by n. If d =1 then n = p, Z[n] = Z, Q[r] = Q, and the
n-adic integers are just the p-adic integers Z,. (See also Section 8.)
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The n-adic integers Z, contains both Z, (the p-adic integers) and Z[n] as well as
many elements of Q[r]. More, precisely, we have the following proposition, whose
proof is just the same as that of Theorem 2.1 in Klapper and Goresky [11].

PROPOSITION 2.1.  The m-adic integer oo = >_."g ayn’ (with 0 < a; < p — 1) is in Q[x]
if and only if its coefficient sequence (ag,ar,ay,...) is eventually periodic. For any
u,qeln], the fraction u/qeQ(n| lies in Z, if and only if the denominator q =
Zﬁtol gim' (with q; € Z) satisfies either of the following three equivalent conditions,

® ¢ is invertible in 1.,
e the image of q in Z[rn]/(r) is invertible, or

e ¢ is relatively prime to p.
In this case, we say that ¢ is invertible mod n. The n-adic expansion

- ZainieZn, (5)
9

(with 0 <a; <p—1) is then unique, and we refer to the (eventually periodic)
sequence ay, ai, . .. as the coefficient sequence of u/q.

Definition 2.2. A d-FCSR sequence is the (eventually periodic) coefficient sequence
of the m-adic expansion (5) of any fraction u/g, where u,geZ[n] and where ¢ is
invertible mod 7.

The denominator ge Z[n] is called the connection number of the sequence. The
purpose of this paper is to describe the (pseudorandom) sequences which are
obtained this way (Theorem 4.2 and Corollary 5.2), and to investigate their
correlation (Theorem 9.2) properties. It is a remarkable fact that (when p = 2) such
sequences may be generated using a simple shift register circuit whose feedback
connections are determined by the choice of ¢ and whose initial loading is
determined by the choice of u. These circuits were first described in Goresky and
Klapper [4] and Klapper and Goresky [11] and are analyzed in Goresky and Klapper
[5] using the results of this paper. The reader is referred to these other papers for
applications and implementations of &~-FCSR sequences.

3. The Norm

As in Section 2 suppose that X¢ — p is irreducible over Q and that 7e C is a root of
this polynomial. In our analysis a central role is played by the algebraic norm of the
connection number. The norm N(x)eQ of an element x = Z?:ol x;m eQln] is
defined to be the determinant of the linear transformation f,(y) = xp on the field
Q[n] (when it is considered as a d-dimensional vectorspace over Q). With respect to
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the basis {1,7,7%,..., 7% !} the matrix of f; is given by
X0 pXdg-1 ... pX2 pXi
X1 X0 ... PX3 pXx2 (6)
Xd—1 Xd-2 e X1 X0

The norm can also be computed as follows. Let { be a primitive d-th root of unity in
the complex numbers and let g;: Z[r]->C be the above embedding defined by
oi(n) = {'n. Then the norm of an element x e Q[x] is the rational number

d—1

NG = [[oi(v): (7)
i=0
If xe Z[n], then N(x)€Z is an integer.

LEMMA 3.1. Let g€ Z[n] and let (q) denote the ideal in Z[r) generated by q. Then the
absolute value |N(q)| is equal to the number of elements in the quotient ring Z[rn]/(q).
The element 6 = |N(q)|/q is in Z[x].

Proof. The proof of the first statement is standard and follows from Borevich and
Shefarevich ([2], Lemma 1, p. 125): If N C M are torsion free abelian groups of rank
n then the quotient M /N is finite and has cardinality equal to the absolute value of
the determinant of any transition matrix from a basis of M to a basis of N. Take
M = Z[n] with basis {1,7,...,7"'} and N = (gq) with basis {g,¢n,...,qn?"'}. The
transition matrix is that of the linear transformation f;(y) = gy whose determinant is
also equal to the norm N(g).

The second statement takes a bit more work. Let ¢ = %" a;n’ with ;€ Z. As in
Section 2, let { be a primitive d-th root of unity, so that by equation (7), we can write

d—1
o=+ ]Jolo =+ ail’n.
= :

~.
Il
Il
S

For any multi-index I = (i1,i,...,iq—1) (Where 0<j <d—1), let u(I)=E =
(eo,e1,...,eq—1) if for each j, the number of occurences of j in the components of 7 is
exactly e;. It follows that

d—1

== (5 )T
E I:u(I=E i=0

where the first sum is over all multi-indices E = (ep, ey, ...,eq4—1) such that 0 < ¢; <
d—1and ) e¢; =d — 1. For each such multi-index E let
d-1
cp(x) = Z x|

I:u(1)=E
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Since the a; are integers, to prove the lemma it suffices to show that cg({) is an
integer for each E. Note that ¢ has now left the picture.

The element cg({) lies in the field Q[(], which is a Galois extension of the rational
numbers. For an integer k, let 7; be the homomorphism on Q[{] induced by
7%({) = ¢*. The Galois group Gal(Q[(]/Q) consists of all t; such that k is relatively
prime to d ([9], p. 195).

We claim that cg({) is a rational number. By Galois theory, to show this it suffices
to show that cg(t({)) = cg({) for every 1 in the Galois group of Q[{] over Q. Let
kf=1 (mod d). For any multi-index 1= (ij,...,iz—1), let i]f =iy, and ['=
(},...,1;,_;) (here the index ¢/ in ij; is taken modulo d). The mapping from 7 to I
is a permutation of the multi-indices 7 with u(7) = E. Thus

)= Y

Iu(h)=E

= 3
I:u(I)=E
S AV
Iu(I'=E

= ce(0).

This proves the claim.

Furthermore, cg({) is integral over Z ({ is integral over Z since it is a root of the
integral polynomial x? — 1. The sum and product of integral elements are integral).
But the only elements of Q that are integral over Z are the integers. Thus cg({) € Z,
proving the lemma. |

The second statement in Lemma 3.1 says that for any g€ Z[rn] the norm N(gq) is
divisible (in Z[x]) by ¢. It follows that the composition Z—Z[r]|—Z[x]/(g) induces a
well-defined ring homomorphism

¥ :Z/(N(q)—Z[n]/(q)

PROPOSITION 3.2.  Suppose that (q) = (r)' for some re Z[n] and te Z", and that N (r)
is (an ordinary, or “‘rational”’) prime. Then (r) C Z[r] is a prime ideal, N(q) = N(r)’,

and the mapping  : Z/(N(q))—Z[x]/(q) is an isomorphism.

Proof. First consider the case = 1. The ring homomorphism  is nontrivial
since it takes 1 to 1. So its image is a sub-ring of Z/(N(g)) which is a field,
so Y is surjective. Moreover the cardinality of Z[r]/(¢q) is |N(g)| so ¥ is an
isomorphism.

Now we proceed by induction on ¢ For any s let us write
V=y,:Z/(N(*))—>Z[r]/(r*). This induces a mapping between short exact
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sequences
0 — Z/(*") =5 Z[/0*) — Z/r) — 0

Tvi, Tu. Ty,
(N(E) =5 ZJ(N(Y) — Z/(NG) — 0.

The horizontal maps are additive group homomorphisms giving short exact
sequences. The vertical maps are ring homomorphisms. Since the vertical
homomorphisms on the ends are isomorphisms by induction, the homomorphism
in the middle must be a group isomorphism as well. But since it is also a ring
homomorphism, it must be a ring isomorphism as well. Finally, the norm mapping is
multiplicative so N(r') = (N(r))". This proves the proposition. [ |

Proposition 3.2 says two things:
e If ueZ[n] then there exists an integer m € Z such that m=u (mod ¢). Moreover m

may be chosen so that 0 < m < |[N(q)|.

o If a,beZ are integers, then a=b (mod N(q)) (as integers) if and only if
a=b (mod q) (as elements of Z[r]).

4. Periodicity

As in Section 2 assume that X¢ — p is irreducible over Q and that 7eC is a root. In
this section we identify the fractions u/g € Q[n] whose n-adic expansions exist and are
strictly periodic. Fix ¢ = Z;tol g;im' € Z[r] which is invertible in Z,. (By Proposition
2.1 this means that gy (mod p) is invertible in Z/(p).) Let 6 = |N(q)|/q € Z][n].

LEMMA 4.1. Let ueZ[n] and set ou=Y""zn' with z;€Z. Then the m-adic
expansion of u/q is obtained by interleaving the p-adic expansions of the z;/|N(q)|. It is
strictly periodic if and only if —|N(q)| <z; <0 foralli (0<i<d-1).

Proof. Calculating in Q[x],

u_ ou _‘5:1 Zi i
¢ IN(@| % IN@|

So the n-adic expansion of u/q is the interleaving of the p-adic expansions of the
z;/|N(q)|- Thus the former is strictly periodic if and only if each of the latter is strictly
periodic. But the p-adic expansion of z;/|N(q)| is strictly periodic if and only if
—|N(q)| < z; < 0. (This fact is proven, for example, in Klapper and Goresky [11] for
the case p = 2 however the same proof works for general p.) [ ]
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Suppose that geZ[rn] is invertible mod = (cf. Proposition 2.1). Define the (half
open) parallelepiped for ¢ to be

d-1
P:{Zaiqni|a[eQ and — 1 <a,~§0} C Q[n]. (8)
i=0
(The terminology refers to the fact that in equation (4) the image 7( P) C Q7 is the
parallelepiped spanned by the vectors — ¢, — gm, — gn°, ..., — qn?"!.) Define
A =PNZ[x]

to be the set of lattice points in this parallelepiped. Applying the projection to
Z[rn]/(q) gives a mapping

¢ : A=Zln]/(q). ©)

As in Goresky and Klapper [4], Klapper and Goresky [11], and Klapper and Xu [13]
we have the following result.

THEOREM 4.2. [If qeZ[n] is invertible mod n then the mapping ¢ is a one to one
correspondence. For any element ue A, the n-adic expansion

u_ Z‘””i (10)

of the fraction u/q is strictly periodic with
a;=q '(n'u (mod ¢)) (mod 7). (11)

This last equation needs a bit of explanation. Using the fact that ¢ is a one to one
correspondence, for any element x e Z[n]/(g) define

x (mod 7) = ¢~ (x) (mod m) e Z[r]/(n) = Z/(p), (12)

meaning that we first lift x up to A and then reduce modulo n. The image of « in
Z[n]/(q) is invertible, so the product x = n~‘u is defined in Z[r]/(¢). Hence

n'u(mod n) = ¢~ (n~"u(mod ¢)) (mod 7)
is defined in Z/(p). Moreover, the element
q = q (mod m)eZ[n]/(n) = Z/(p)

is also invertible; by (6) it coincides with go(mod p). So the product (11) makes sense
in Z/(p). We remark that the mapping (12), Z[r]/(9)—Z/(p) is not a ring
homomorphism and in fact it depends on the choice A C Z[xn] of a complete set of
representatives for the elements of Z[xn]/(q).
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Proof. We need to show that the composition A C Z[rn]—>Z[r]/(g) is one to one and
surjective. The idea is that existence and uniqueness of representatives (mod g)
in P corresponds to existence and uniqueness (mod |N(g)|) in the (half-open)
hypercube

d=1
oP = {Zaini|aieQ and — |[N(q)| < a SO},

i=0

(the image of P under the linear map Q[n]—Q|[x] which is given by multiplication by
0). First we verify surjectivity. For any ze Q define Ze Q to be the unique rational
number such that —|N(g)| < Z < 0 and such that z — Z = m|N(q)| for some integer
m. If z is an integer then so is Z.

Now let xe€ Z[rn] be arbitrary, and write éx = 2?;01 x;n' for some integers x;. Set
y= Zf: %' We claim that 6~ 'y e A and that it is congruent to x modulo ¢. In fact,

x—0ly=06"0x—y)

i=0

(for some integers m1;). This last expression is in Z[z], hence 0~ 'y e Z[r]. But 6~ 'y is
also in P, so 6 'ye A and (again by the last expression) it is congruent to x modulo
(¢). To prove injectivity, suppose that x,x’eA are congruent modulo (g). Then
x — X' = ¢q for some ce Z[xn], so dx — 0x' = ¢dq = ¢|N(q)|. But both dx and ox’ lie in
the half-open hypercube 0 P whose sides all have length |[N(g)|. So no coordinate can
differ by as much as |N(q)|, hence ¢ = 0. The statement about strictly periodic n-adic
expansions follows immediately from Lemma 4.1.

Now let us verify (11). The sequence {aj,ay,...} is also strictly periodic and
corresponds to a m-adic integer o/ /g = Y% a;+1 7' with the same denominator ¢ (and
with some numerator #’ € A). Then

u u

—n=—-——ay Or uln:u—aoqEZ[TC]. (13)
q q

Reducing this equation mod = gives the first case of (11), ag=g 'u(mod =). (Since
the element u is already in A it is not necessary to “lift” it.) Similarly,

a1 =q "u/'(mod 7). (14)

Reducing (13) modulo ¢ gives ' =n~'u(mod ¢) e Z[r]/(q). Since ¢ : A>Z[r]/(q) is a
bijection, this element ' is the unique “lift” of the quantity n~'u(mod ¢) € Z[r]/(q).
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Substituting into (14) gives
a =g (x"u) (mod q) (mod 7),

where the operation z+— z (mod ¢) (mod n) means that first ze Z[x]/(g) is lifted to
A C Z[r] then reduced modulo 7. Now equation (11) follows by induction. [ ]

Remark. A face F C P of the parallelepiped (8) is the set of points obtained by
setting some of the coefficients a; = 0. The set of lattice points AN F in any face
correspond under equation (9) to an additive subgroup of Z[x]/(g). If N(g) is prime
then there are no additive subgroups other than {0}. Hence, if N(g) is prime, all the
nonzero elements of A lie in the interior of the parallelepiped.

In order to reconcile the notation with that of Goresky and Klapper [5] we briefly
consider the special case p = 2. Then Z[n]/(n) = Z/(2). If g€ Z[r] is invertible mod =
(meaning that ¢ is odd) then g~ = 1. Let

P = {Zaiqniel[n] la;eQand 0 < a; < 1}

and set A" = P' N Z[r]. Then A’ is the “negative” of A and, like A it is a complete set
of representatives for the elements of Z[n]/(g), that is, the mapping

¢ A= Z[nl/(q),

(which is given by reduction modulo ¢) is a one-to-one correspondence. Fix ue A and
set h = —ueA’. Then Theorem 4.2 becomes:

COROLLARY 4.3.  Suppose that d = 2, that q is invertible mod n, and that he A'. Then
the m-adic expansion

_h & A
_ i
7 5
i=0
of the fraction — h/q is strictly periodic with

bj = n"h(mod ¢q) (mod 7),

where the operation z(mod q) (mod 7) means that first the element z € Z[n)/(q) is lifted
to the complete set of representatives N, and then reduced modulo q.

We now return to the general case. The following lemma will be used in the proof
of Proposition 9.3 to analyze arithmetic correlations.
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LEMMA 4.4. Suppose xeA. Then the representative of —x modulo q in A is
d
¢ —1

T—1

y=-—q X.

Proof. The element x is in A if and only if each n-adic coordinate z; of dx is between
—|N(q)| and 0. If this holds, then
—[N(g)l < —IN(g)| =z <0.

But —|N(gq)| —z is the i-th m-adic coordinate of —|N(g)|(1 +n+nr>+ -+
n?~1) — 6x = dy. Thus y is in A and is congruent to — x modulo ¢. [ ]

5. [Elementary Description of d-FCSR Sequences

In most cases it is possible to describe the d-FCSR sequences in elementary terms
(without reference to algebraic number fields). This is the first main result of the
paper.

As in Sections 2 and 3, suppose that n¢ = p and that X — p is irreducible over Q.
Let g€ Z[n] and suppose that

e ¢ is invertible in Z,,

e d is relatively prime to N(gq),

(¢) = (") for some re Z[xn], and

e N(r)is (a “rational”, or ordinary) prime.

Recall that all these conditions are satisfied if p is prime and N(g) is prime.
Let N denote |N(g)|. By Proposition 3.2 we have a natural isomorphism of rings,
W : Z/(N)—>Z[r]/(¢q). Each of these rings has a canonical set of representatives: let

S={0,-1,-2,....—(N—-1)} C Z,

and let A C Z[r] be the parallelepiped as defined as in Section 4. Then S is a complete
set of representatives for the elements of Z/(N) and A is a complete set of
representatives for the elements of Z[r]/(g). By abuse of notation we shall also write
Yy : S—A for the resulting one-to-one correspondence. By Lemma 3.1 the element

0 =|N(q)|/q is in Z[r] and may be expressed as ¢ = thol s

THEOREM 5.1. Let ueA. Then in Z/(p),

(@ ") (mod 7) = N(g)™(so™' () (mod N))(mod p).

The left side of this equation makes sense since the image ge Z[n]|/(n) of g€ Z[n] is
invertible. On the right side of the equation, the element v~ ' (1) € Z/(N) is multiplied
by so(mod N) then lifted to the set S of representatives. Then the result is reduced
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modulo p. The image N(¢)eZ/(p) of N(q)€eZ is invertible, so the product on the
right hand side makes sense. This result may be best explained in terms of the
following two diagrams. Both the upper and lower squares in the first diagram
commute. Although the upper square in the second diagram commutes, the lower
square does not. Theorem 5.1 supplies “correction factors” which are needed in
order to make it commute.

/v 5z z/v) % zi/(g)
moanT  Tmods 1 T
z — zn s oA
mod p, Jmod = ! !
Z/(p) — Zn/(n) Z/(p) = Za]/(n)

Replacing u with 7~ 'u in Theorem 5.1 gives the following corollary which describes
the d-FCSR sequence completely in terms of operations on ordinary integers.

COROLLARY 5.2. Let ueA and let m =y~ (n)e Z/(N). Write u/q = oo am for

the m-adic expansion of the fraction u/q. Then the coefficient sequence ag,ay, ... is
strictly periodic and moreover

a; = N(q)"'(4b'(mod N))(mod p),

where b =m~" and A = spp " (u) e Z/(N).

The proof of Theorem 5.1 will occupy the next section.

6. Proof of Theorem 5.1

Continue with the same notation as in Section 4, that is, 7 =p, qeZln|,
N =|N(q)|, 6=N(q)/g=3") s’ and m=y "(n)eZ/(N). Let {eC be a
primitive d-th root of unity and let R denote any one of the following rings:
Z,Z[n),Z[(],Z[n,(]. The integer NeZ generates an ideal (N), in the ring R. If
a,beZ we write

a=b(mod N) in R,

to mean that a — be (N),.
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LEMMA 6.1. For any a,beZ we have
a=b(mod N) in R <= a=b(mod N) in Z.

Proof. Both n and ( are integral over Z so each xeR is integral over Z. If
a=b(mod N) in R, then a — b = xN for some x€ R. Then x = (a — b)/N is a rational
number which is integral over Z, hence xeZ. [ |

LEMMA 6.2. The inclusion Z[{]-Z[rn,{] induces a ring isomorphism
¥ Z[L/(N)=Z[m, [/ (q)-

Proof. The proof is similar to that of Proposition 3.2. Since ¢| N in Z[r,{] the
mapping WV is well defined. To see it is surjective it suffices to show that 7 is in the
image of ¢. But 7 = m(mod ¢) in Z[x], hence also in Z[r, (], that is, W (m) = «.
Finally, the cardinality of both rings is |N \‘b(‘” (where ¢ is the Euler totient function),
hence W is also injective. |

LEMMA 6.3. Let ueZn| and set du = Z;{:o zin'. Then zin*=z¢(mod q) (in Z[n])
and zym* = zg(mod N) (in Z) for all k =0,1,...,d.

Proof. Let z; denote the j-th Fourier coefficient of the finite sequence of complex
numbers

2 d—1
(20721757227-[ yeeeyZd—1T0 )7

which may be considered to be a function f : Z/(d)—C. In other words, if {eC
denotes a primitive d-th root of unity, then

U

-1
i = Zl'TElZU.

R\

Il
o

Evidently, the Fourier coefficient Z; lies in the ring Z[r,{]. The homomorphism
o; : Z[n]—C may be extended to this ring by setting ¢;({) = {. Then

7;(0) = Hﬂi(Q),

i#]

which implies that, in the ring Z[n, (], the element o;(d) is divisible by ¢, for
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j=1,2,...,d — 1. Hence

d_l . Py
Z = sz’(”
i=0
= 0;(0u)

= 0;(0)a;(u)
= 0(mod q).

The Fourier inversion formula gives

which is independent of k. Since d is invertible mod N(g) it is also invertible in
Z[n]/(q), meaning that dx = | 4 yq for some x, y € Z[n]. Hence d is also invertible in
Z[rn,{]/(q), which shows that

znt = zon’(mod ¢) in Z[x, (],
for all k. We need to show the same holds in Z[zn]. However,

zx7k = zo(mod ¢) in Z[x, ]

= zm" = zg(mod ¢) in Zr, (]

= zym* = zg(mod N) in Z

(

(

= zym* = zg(mod N) in Z[(]

(

= zxm" = zo(mod gq) in Z[x]
(

= " = zo(mod ¢) in Z[n],

by Lemmas (6.1), (6.2) and Proposition (3.2). [ ]

6.1. Proof of Theorem 5.1

As in the previous section set du = Y97} zn* and set & = Y {_) s;n*. Lemma 6.3
gives ou = dzp(mod ¢) and J = dsp(mod ¢), hence dzy = dsou(mod ¢). Since d is
invertible (mod ¢), this implies zo = sou(mod ¢). The isomorphism Y
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Z[n]/(q)—>Z/(N) is the identity on integers, so we obtain

20 = so¥ " '(u) in Z/(N).

Now lift these elements to the set S C Z of representatives of Z/(N) and reduce
modulo p to obtain

zo(mod p) = (so¥™"(u)(mod N))(mod p).
But zo(mod p) = du(mod =) e Z/( p). That is,

(du)(mod 7) = (soif ' (u)(mod N))(mod p).
Multiplying by N(¢)"'€Z/(p) gives

(g'u) (mod ) = N(g)™ (sow™ (1) (mod N))(mod p),

where ge Z[n|/(n) is the image of ¢, and where the right hand side is interpreted as
follows: first compute soiy ' (1) € Z/(N), then lift this to the set S of representatives,
then reduce modulo p, then multiply by N(q)_l. This completes the proof of
Theorem 5.1. |

7. Example

Consider a binary d-FCSR (meaning that p = 2) with 7> =2 (so d = 2) and with
connection number geZ[rn] which is invertible in Z,. Let N = |N(g)|. Then
N(q)f1 = 1 and Corollary 5.2 says that the strictly periodic portions of the &-FCSR
sequence will be described by

aj = Ab’(mod N)(mod 2),

for certain 4,beZ/(N). Let us take ¢ = 5+ 2n. Then N(g) = 17 which is prime, so
the parallelogram contains 16 elements in its interior. It is illustrated in Figure 1.

The isomorphism y : Z[n]/(q)—Z/(17) maps = to m = 6. Hence m~ ! =3e€Z/(17)
which is primitive, so we obtain a maximal length output sequence. The element
0 =5 —2m hence sy = 5. Each element in Z[r]/(¢) has a unique representative v in
the parallelogram; these representatives are listed in the second column of the table
in Figure 2. Each element in Z/(17) has a unique representative in the set
S={-1,—-2,...,—16}; these representatives / are listed in the third column. The
correspondence between the second and third column is given by Theorem 5.1, that
is, h = soy~ ' (u) (since § = N(g) = 1(mod 2)). The fourth column (which is the d-
FCSR sequence under consideration) is the third column modulo 2, and it concides
with the second column modulo 7.
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-4

- —-7q

Figure 1. Parallelogram for ¢ = 5 4 2=.

| 7 'modg) [ 56 '(mod17) [ output |

i
0 —-4-27 -12 0
1 -2-27 -2 0
2 -2-7 -6 0
3 —-1l-7 -1 1
4 -3-37 -3 1
5 -5-4n -9 1
6 -6-57 -10 0
7 -5-3m -13 1
8 -5-57 -5 1
9 —-T7-5m —15 1
10 —-7-6m -11 1
11 -8-6m -16 0
12 —-6—4m -14 0
13 -4-37 -8 0
14 -3-27 -7 1
15| —4-d4r -4 0

Figure 2. Model states for ¢ = 5 + 2=.

8. Arithmetic in Z,

The comments in this section will be needed for Section 9. As in Section 2, let 7¢ = p.
A p-ary sequence a =ay,a;,... is an infinite sequence of symbols with
0 < a; < p — 1. Such a sequence is the coefficient sequence of a unique n-adic integer

o0
o= E amn' el,.

i=0

Addition of m-adic integers o =Y " am’ and f =37 b’ is accomplished by
adding their coefficients symbol by symbol, using a “carry” operation which delays
each carried bit d steps before adding it back in. In other words, if « + f = > e’
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with 0 < ¢; < p — 1 then
ai +bi+ ¢; = e; + pira,

where ¢; denotes the amount carried to the i-th position. Since ¢y = 0, it follows
immediately that ¢; is either 0 or 1. Similarly the difference oo — =3 fin' is
obtained by subtracting the coefficients symbol by symbol, using a “borrow”
operation which is delayed d steps. The “borrow’ operation is actually the same as
the “carry” operation, but the carried quantity is negative, that is,

ai — bi + ¢; = fi + pcita,

from which it also follows immediately that the amount ¢; to be carried to the i-th
place is either 0 or — 1.

EXAMPLE. If the coefficient sequences of o, f € Z, are eventually periodic of the same
period, say L, the coefficient sequence of a+f may have a larger period. In the
following example, p = 2 and d = 4. In the table the “carries” are indicated in the row
c¢. Spaces are provided to help distinguish the periods of o and B, which are periodic with
period L = 6. We see that the coefficient sequence for y = a + [ is eventually periodic
with period 12. Although the periodic part of « and f begins at i = 2 the periodic part of
v does not begin until i = 14.

o: 11 101001 101001 101001 101001 101001
p: 11 010100 010100 010100 010100 010100
c: 11 11 11 1 1 1 1

y: 00 110001 001110 111001 101100 111001.

LEMMA 8.1. Let a=>"jam’ and B=3 7 b’ be m-adic integers whose
coefficient sequences are eventually periodic with period dividing L. Then the
coefficient sequence of o=+ [ is eventually periodic with period dividing lcm(L,d). If
the coefficient sequences of o and [ are strictly periodic beyond index k, then the
coefficient sequence of o.+ f is strictly periodic beyond index k + lcm(L,d). Moreover,
if o and f are strictly periodic, then the eventual period is a divisor of L.

Proof. We only consider the case of o + f3; the case of the difference is similar.
Suppose that o and f are strictly periodic beyond index k. First consider the case
d=1, so n=p. In this case we have a=a+pre; and B =B, +p'p, with
0 < ag, By < P, where the coefficient sequences of «; and f; are strictly periodic. It
follows (cf. Lemma 4.1) that o) =d'/(p* —1) and B, =b"/(pF — 1) for some
integers —pt+1<d,b <0. Also, o+ fy=0+cp’ with 0<6<pr and
c€{0,1}. Therefore for some e with —pl+1<e<0,def{0,—1}, and y with
strictly periodic coefficient sequence, we have

d+bv
o + = oL =

e
d+——=d+7.
=t =d
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Thus
o+ B =200+ p(c+d+y),

with ¢ +de{—1,0,1}. If ¢ + d = 0, the conclusion of the lemma holds.

Suppose ¢ + d = 1. If every coefficient of y is p — 1, then ¢ + d + y = 0, which is
strictly periodic. Otherwise at least one coefficient is less than p — 1, so there is no
carry beyond this place when we add ¢ + d + 7. Since y has period L, « + f has the
same eventual period and its periodic part starts by index k + L.

Suppose ¢+d=—1. If every coefficient of 7 is 0, then c¢c+d+y=
—1=37,(p—1)p', which is strictly periodic. Otherwise at least one coefficient
is greater than 0, so there is no borrow beyond this place when we add ¢ +d + y.
Since y has period L, o + f has the same eventual period and its periodic part starts
by index k + L. These are all the possibilities.

Now suppose d > 1. We can write o = Y ain’ = Sy oy and B = 307 an’ =
2;1;01 By’ with a;,b;€{0,1,...,p — 1} and o;, ;€ Z,. We have o; = > a;;p/ and
By = > bjp’ with a;; = ag; and bj; = bgii;. Let M be the least common multiple
of d and L. Then

GjivM/d = Adi+M+j = Qdi+j = dji-

That is, the coefficient sequence of o, is periodic beyond the [(k —j)/d] place with
period M/d. Similarly for f;. Thus (by the case d = 1) the coefficient sequence
o + f; is periodic beyond index [(k —j)/d| + M /d with period dividing M /d. The
coefficient sequence of o + f3 is the interleaving of these d sequences, (cf. Lemma 4.1)
so it is periodic beyond index k + M with period dividing M.

Finally, suppose that the coefficient sequences of « and f are strictly periodic of
period L and that the period of o + 8 does not divide L. Let o + = Y7 e;n’ with
0 <e; <p. Then for some j we have e;#e¢;, ;. But ¢; = a;+ b; + ¢j(mod p) and
ejrr = ajr +bjrr + ¢jrp(mod p) = a; + bj + ¢jp. Thus @; + b; = p — 1 and we may
assume that ¢; = 1 and ¢;y; = 0 (these values could be reversed, but then would need
to be as assumed for some larger j). Let us take j to be the least index such that ¢; = 1
and CiyL = 0.

Suppose that j > d. We must have a; ¢ +bjq+c¢jig>pand aj 1 g+ by a+
Cj+1—4 < p, and the only possibility is that aj_y +bj—y = a@jr1—a + bjsr-a =p —1,
¢j—¢ = 1 and ¢jy; 4 = 0, which contradicts the minimality of j. Therefore j < d. But
this is impossible since there is no carry to any index j < d. [ ]

9. Arithmetic Correlations

In this section we consider only the binary case, p = 2. Recall Klapper and Goresky
[11] that a binary ¢ sequence is a periodic sequence of the form

a; = A27'(mod N)(mod 2),
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where N is a prime number such that 2 is a primitive root modulo N (meaning that
the powers of 2 account for all the non-zero elements of Z/(N)). In this equation,
Ae€Z/(N), and (mod N)(mod 2) means that first A2~'€Z/(N) is represented as an
integer between 0 and N — 1, then this integer is reduced modulo 2. The sequence has
period N — 1. Different choices of 4 give different cyclic shifts of the same sequence.

Recall that Artin’s conjecture states that for any integer k > 2, if k is not a square,
then there are infinitely many primes N for which k is a primitive root modulo N.
(We are only interested in the case k = 2 here.) Heilbronn conjectured, and Hooley
[8] proved that if a certain extension of the Riemann hypothesis holds, then Artin’s
conjecture is true, and more precisely, 37.39558136% of all prime numbers N have 2
as a primitive root. There has been considerable progress (Gupta and Murty [6] and
Heath-Brown [7]) in removing the dependence on the Riemann hypothesis in these
proofs. In any case, binary ¢-sequences are abundant.

As in Section 2 (specialized by setting p = 2), let n¢ = 2, let g€ Z[r] and suppose
that (¢) = (+') for some re Z[n] such that n = N(r) is (an ordinary) prime number.
(Then N(g) = n'.) By Proposition 3.2, Z[n]/(q) = Z/(N(q)) = Z/(n"). The group of
invertible elements Z[r]/(¢)" in this ring is cyclic and has order ¢(n') = n'"'(n — 1).
In analogy with the simpler situation described in the preceding paragraph, we
further assume that 7 is a primitive element in Z[r]/(g), meaning that the n'~!(n — 1)
different powers of 7 exactly account for the elements in Z[r]/(¢)*. Fix ue Z[=]/(¢q)".
We shall say that the resulting d-FCSR sequence,

a; = un~'(mod ¢)(mod 7) (15)

is a generalized ¢-sequence with connection number ¢. The sequence is periodic of
period n'~!(n —1). Different choices of u give different cyclic shifts of the same
sequence.

If a=aop,a;,... s a binary sequence and k#0 is an integer, then the sequence
b = by, by, ... 1s said to be the k-fold decimation of a if b; = a;; for every i. Let abe a
generalized /-sequence. Let %, be the family of all k-fold decimations of a, where
k > 1is allowed to vary over all integers which are relatively prime to the period of a.

Let © be a nonnegative integer. If b = by, by,... is an infinite binary sequence,
denote by b the shift of b by t steps, that is, b7 = b;.. If f = > b’ is the n-adic
integer corresponding to b, let f, denote the n-adic integer corresponding to b*. That
is,

1 T—1\ __ - i
Po=—(b—by—bim—-:—bo 7 )_;bmn.

Recall that the ordinary cross-correlation with shift T of two binary sequences a and
b of period L can be defined either as the sum % | (— 1) or as the number of
zeros minus the number of ones in one period of the bitwise exclusive—or of a and
the t shift of b [3]. The arithmetic cross-correlation is the with-carry analog of the
latter definition. The following definition makes sense, because of Lemma 8.1.
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Definition 9.1. Let a and b be two periodic binary sequences with period L, with
corresponding m-adic integers «,f€Z,. Let 0 <t < L. The d-arithmetic cross-
correlation with shift 7, ®,,(t) of a and b, is the number of zeros minus the number
of ones in any periodic portion of length L of the coefficient sequence for o« — 5, € Z,.
When a=0>b, the d-arithmetic cross-correlation 1is called the d-arithmetic
autocorrelation of a.

The sequences a, b (of period L) are said to have ideal d-arithmetic correlations if,

L ifa=b,
Oap(r) = {O otherwise,

for each t with 0 <7 < L. A family of sequences is said to have ideal d-arithmetic
correlations if every pair of sequences in the family has ideal d-arithmetic
correlations. The second main result in this paper is the following.

THEOREM 9.2. Let n? = 2. Let a be a generalized (-sequence with connection integer
q€Z[n]. Suppose that (q) = (1') for some r € Z[r] such that N(r) is prime. Suppose also
that gcd(d, ¢(N(q))) = L. Then the family F , has ideal d-arithmetic correlations.

Remarks. The last two hypotheses are satisfied automatically if N(g) is prime. One
would like to find families with ideal d-arithmetic correlations such that whenever
a, b are distinct elements in the family then a and b® are distinct (for all ), and such
that whenever 70 then a and a® are distinct. There is a certain amount of evidence
that this happens quite often, cf. Klapper and Goresky [12].

The remainder of this section consists of a proof of Theorem 9.2. We first need a
constraint on the sequences that can occur as generalized ¢-sequences.

PROPOSITION 9.3.  Under the hypotheses of Theorem 9.2, the second half of one
period of a is the bitwise complement of the first half.

Proof. Since Z[n]/(q) = Z/(N(q)), we have that
7PWV(@) = 1(mod q).

That is, g divides
|2 ) = (D2 (e 02 ),

These two factors differ by 2, so r can only divide one of them. Thus ¢ divides exactly
one of them. Since 7 is primitive modulo ¢, ¢ cannot divide the first factor, hence it
divides the second factor. It follows that 7¢?V(4)/2 = — 1(mod g¢).

By Corollary 5.2 we have

A $(N(g)))2 = (zn1_i_d’(N(q))/2(mod N(g)))(mod 2)
= (= zm(mod N(q)))(mod 2),
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for some z. By Lemma 4.4, if x is the element of A congruent to — zm ' modulo ¢,
then the element of A that is congruent to — zm~' modulo ¢ is

nd— 1

n—1

—q —x=1-x(mod 2).
That is,
iz p(N(g)/2 = 1 = di,

which proves the proposition. [ ]

The above property is extended to decimations of generalized ¢-sequences by the
following lemma.

LEMMA 9.4. Let a be a binary sequence of even period L whose second half is the
complement of its first half. Let k > 0 be relatively prime to L, and let b be a k-fold
decimation of a. Then the second half of one period of b is the complement of the first
half.

Proof. Note that kK must be odd and a; = 1 — a;,;/>. Thus we have

bi = ajx
=1- dik+L/2
=1 —aqirpk
=1-bip,
which proves the proposition. [ ]

LEMMA 9.5. Let L be an even integer. Let b = by,by,... be a strictly periodic
sequence with period L such that the second half of each period is the bitwise
complement of the first half and let

* .
p=> b
i=0
Then
v
[)) = 7'[1‘/2 + 1 ’

for some veZlxn].

Conversely, if b = by, by, . .. is the n-adic expansion of a n-adic integer w/(n"/* 4 1)
with eventual period dividing L, gecd(L,d) =1 and w ¢{0, (n%> +1)/(n — 1)}, then
the second half of each L bit period of b is the bitwise complement of the first half.
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Proof. 1If o is a w-adic number, then we let & be the complementary n-adic number.
That is, we replace each 1 by 0 and each 0 by 1 in the n-adic expansion of «. For the
first part, we have

B+B=1+n+n*+--

=—(l+n+n+-- +7),
since ¢ = 2. Therefore

—(l+n+n*+-+2"")—p=8
= x +n"p,

for some x € Z[n]. Solving for  we have
—x—-1l-n— —q¢!

ﬂ: 7TL/2+1 ?

as claimed.
Now consider the converse. We first reduce to the case when b is strictly periodic.
We can write

W otk
Ay TR D
with x e Z[n], k a positive integer, and y a n-adic integer with strictly periodic n-adic
expansion. Since the n-adic expansion of y is periodic, we can write y = y/(zl — 1)
for some yeZ[rn]. Thus

(w—x(n"? + 1) (n"? = 1) = nky. (16)

In particular, 7% divides the left hand side of equation (16). It follows that m divides
w — x(nl/? 4 1), since ©'/? — 1 is congruent to — 1 modulo 7. Note that we must be
careful here since Z[r] may not be a unique factorization domain. By induction, n*
divides w — x(n*/? + 1). Thus we can write w — x(n’/? 4 1) = n*z for some ze Z][n].
Therefore

o V4

)) - TCL/2 + 1 )

and we may assume b is strictly periodic.
Let

o= DL =L 2
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so u(nt? +1) = n/2 41 =252 4 1. Then

W W
a2+ 1 21241
_ Vo Vi o Vd—1 d—1
B 7 LT 7C s L
for some rational integers vy, vy, ..., v4_1. Since b is strictly periodic, we must have

Q1) <y <o,

for all ;.
We claim that if any of the v; is zero, then they all are, and that if any of the v; is
— (242 4 1), then they all are. For any j we have

0
Vj :
Y bdi+j21-

Fix a particular j. Since L and d are relatively prime, we can choose n,meZ so that
nL + j = md, and we can assume that n and m are nonnegative. Then by the fact that
b is periodic with period dividing L, for every i

baiyj = baisnr+j

= bd(ier)-

It follows that

0
Vj .
= bd(i-‘rm)zl
% .
—2 dm § bdizl
i=m

__ ~A—dm Vo _
()

where x is a rational integer between 0 and 2" — 1. That is, 29"v; = vy — (212 + 1)x.
It follows that if 2£/2 4+ 1 divides one of v; and v, then it divides the other. If vy = 0
and v; = — (212 + 1), then x = 2% which is impossible. If vg = — (2//2 + 1) and
v; =0, then x = — 1, which is also impossible. The claim follows.

Now, by hypothesis the v; are not all zero and are not all — (2% 4 1). Hence by
the above claim, none is zero and none is — (2%/2 +1). In particular there is an
exponential representation for vo/(25/% + 1),b4 = (— vp2~"(mod 2%/% + 1)) (mod 2).
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Since d is odd,

baiyry2 = ba(isr)2)
= (— 0272 (mod 2%/ 4 1))(mod 2)
= (v2'(mod 242 + 1))(mod 2)
=1- bzli~

Now let m be arbitrary and pick i and k so m = id + kL and i > 0. Then

buir)2 = bigikr+r)2
= bid+L/2
=1-by
=1—=burr
=1-by,,

which proves the lemma. |
Theorem 9.2 is an immediate consequence of the following computation.

THEOREM 9.6. Let the hypotheses be as in Theorem 9.2. Let k and k' be relatively
prime to ¢(N(q)) with 1 <k, k' < ¢(N(q)). Let b and ¢ be k and k'-fold decimations of
a, respectively. Then the d-arithmetic cross-correlation of ¢ and d with shift t is

Ocalt) = {«ﬁ(N(q)) I

0 otherwise.

Proof. Let L= ¢(N(q)). Let b and ¢ have associated 7-adic numbers o =
d/(n"? 4 1) and o’ = a”"/(n"/* 4- 1), respectively. This is possible by Lemma 9.5.
The shift of ¢ by t corresponds to a n-adic integer %o + x for some x e Z[n]. The
d-arithmetic cross-correlation of b and ¢ with shift 7 is the number of zeros minus the
number of ones in one length L period of

ﬁ — o — (ﬂ?Li‘[O(" er)
ad — by — X(TEL/2 4 1)
N /2 41

w b
RN

If ¢ is a shift of b with shift 7, then f = 0 and the result follows.

Suppose ¢ is not a shift of b with shift 7. Let d be the sequence associated to f. It
suffices to show that any period of d is balanced. The element b is nonzero and by
Lemma 8.1 the coefficient sequence of b/(n"/> + 1) € Z, has eventual period dividing
L. The theorem then follows from the second part of Lemma 9.5. [ |
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Remark. It is not in general true that the coefficient sequence of a n-adic integer of
the form w/(n’/?> 4 1) has eventual period dividing L. For example, if we take
w = — /2 — 1, then the period is . However, the n-adic integer b/(n"/> 4 1) (which
arises in the preceding proof) is the difference of two m-adic integers whose
coefficient sequences have period dividing L.

Acknowledgments

Mark Goresky and Andrew Klapper would like to thank the Institue for Advanced
Study in Princeton N.J. for its hospitality and support while this paper was being
written. Research of Mark Goresky was partially supported by N.S.F. grant #
0002693. Research of A. Klapper was partially supported by the National Science
Foundation under grant # 9980429.

References

1. L. Blum, M. Blum and M. Shub, A simple unpredictable pseudorandom number generator, SIAM J.
Comp., Vol. 15 (1986) pp. 364-383.

2. Z. 1. Borevich and I. R. Shefarevich, Number Theory, Academic Press, New York, N.Y. (1966).

3. S. Golomb, Shift Register Sequences, Aegean Park Press, Laguna Hills, CA (1982).

4. M. Goresky and A. Klapper, Feedback registers based on ramified extensions of the 2-adic numbers,
Advances in Cryptology—Eurocrypt '94, Lecture Notes in Computer Science, Vol. 950, Springer
Verlag, New York (1995).

5. M. Goresky and A. Klapper, Fibonacci and Galois representations for feedback with carry shift
registers, IEEE Trans. Info. Theory, (2002) pp. 2826-2836.

6. R. Gupta and R. Murty, A remark on Artin’s conjecture, Invent. Math., Vol. 78 (1984) pp. 127-130.

7. D. Heath-Brown, Artin’s conjecture for primitive roots, Quart. J. Math. Oxford, Vol. 37 (1986)
pp. 27-38.

8. C. Hooley, On Artin’s conjecture, J. Reine Angew. Math., Vol. 22 (1967) pp. 209-220.

9. K. Ireland and M. Rosen, 4 Classical Introduction to Modern Number Theory, Springer-Verlag, New
York (1990).

10. A. Klapper, Distribution properties of d-FCSR sequences, Journal of Complexity, Vol. 20 (2004)
pp- 305-317.

11. A. Klapper and M. Goresky, Feedback shift registers, combiners with memory, and 2-adic span,
Journal of Cryptology, Vol. 10 (1997) pp. 111-147.

12.  A. Klapper and M. Goresky, Arithmetic cross-correlations of FCSR sequences, /EEE Trans. Info.
Theory, Vol. 43 (1997) pp. 1342-1346.

13.  A. Klapper and J. Xu, Algebraic feedback shift registers, Theoretical Computer Science, Vol. 226
(1999) pp. 61-93.

14. N. Koblitz, p-Adic Numbers, p-Adic Analysis, and Zeta Functions, Springer-Verlag, New York (1984).

15. S. Lang, Algebra, Addison-Wesley, Reading, MA (1965).

16. D. Mandelbaum, Arithmetic codes with large distance, IEEE Trans. Info. Theory, Vol. IT-13 (1967)
pp. 237-242.

17.  G. Marsaglia, The mathematics of random number generators, The Unreasonable Effectiveness of
Number Theory, Amer. Math. Soc., Providence R. 1. (1992) pp. 73-90.

18. G. Marsaglia and A. Zaman, A new class of random number generators, Annals of Applied
Probability, Vol. 1 (1991) pp. 462-480.

19. J. Massey and R. Rueppel, Method of, and apparatus for, transforming a digital data sequence into
an encoded form, U.S. Patent No. 4,797,922 (1989).

20. L. R. Welch, Lower bounds on the maximum correlation of signals, JEEE Trans. Info. Theory,
Vol. IT-20 (1974) pp. 397-399.



