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Introduction

In [2] it was shown (using the Weil conjectures) that the /-adic Betti numbers
of a nonsingular projective algebraic variety X (over an algebraically closed
field) having a G, action can be recovered from those of the components
X,,...,X, of the fixed point set X% It follows that for a smooth complex
projective variety X with algebraic C* action, there exist canonical isomor-
phisms

J@Hk—ZmJ(Xj;Q)g@rlHk—zm,(Xf;Q)sz(X§Q) (1)

for k=0,1,2,... although such isomorphisms were not constructed explicitly.
Here, X=( )X ; is the Bialynicki-Birula plus decomposition of X (see [1]),

X ={xeX|lim i -xeX}
A0

and m; is the fibre dimension of the bundle

B Xj =X B)=limix.

This homology basis formula (1) was motivated by a theorem of Frankel [7].
In [5], also motivated by [7], it was shown that (1) is valid for integer
coefficients if X is a compact Kaehler manifold with holomorphic C* action
having fixed points. In this paper we further extend (1) by allowing X to be a
(singular) compact complex space admitting a so called good decomposition,
which is a generalization of the Bialynicki-Birula decomposition of a smooth
complex projective variety with algebraic C* action.
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Theorem 1. Suppose X = U W, is a “good decomposition” (§1) of X into locally

Jj=
closed subsets W,, ..., W.,. Then there are integers m; such that
H (X;Z)~ .(‘BlHk-zm,(Wj;Z)~ (2)
j=

The isomorphism (2) is explicitly constructed on the chain level (for a
certain complex of “transverse” chains) and this leads to insight into certain
phenomena such as restriction of (2) to subvarieties of X.

Theorem 1 is a partial generalization to singular spaces (and to integer
coefficients) of the “glueing principle” [3] which arises from the Weil conjec-
tures: certain algebraic decompositions of X also decompose the homology
and cohomology of X. Unfortunately, not every locally closed algebraic de-
composition is “good”, as we show in ExampleS (§3) where the homology
basis formula (1) fails.

If X is nonsingular, the isomorphism in Theorem 1 preserves (p,q) types as
in [5]. However, for singular X we do not know whether this isomorphism is
compatible with the weight filtration.

An important source for examples of good decompositions is among the
invariant subvarieties of compact Kaehler manifolds with C* action. In Theo-
rem4 of §2 we state a sufficient condition that the plus decomposition of an
invariant subvariety be good. It is an open question whether formula (2) holds
for eachTf when X itself is smooth.

The plan of this paper is as follows: §1 concerns the definition of a good
decomposition and the statements of the main results. In §2 we describe how a
good decomposition can arise from a C* action. §3 consists of examples. §4
contains the main technical tool of this paper (the ‘plus construction’). The rest
of the paper is devoted to the proofs of the theorems.

We would like to mention that Peter Orlik originally suggested to us that the homology basis
formula might hold on singular varieties with C* action. The final form of this paper has been

greatly influenced by A. Bialynicki-Birula and we would like to thank him for several valuable
discussions. We would also like to thank Andrew Sommese for his enlightening comments.

§ 1. Results on Good Decompositions

In this section, X will denote a not necessarily irreducible but connected
compact complex space.

Definition. A good decomposition of X consists of a locally closed decom-

i’

position of X, say X = U W,, where the subvarieties W,, called cells of the
decomposition, satisfy the followmg

(1a) for each i, 1 <i<r, there exists a holomorphic map p;: W,— X, onto a
compact complex space X; making W, a topologically locally trivial fibre
bundle with affine fibres C™;

(1b) each p; extends meromorphically to W, in the sense that

I;=topological closure {(x,p,(x))|xeW;} =X x X,

is a closed subvariety of X x X, containing the graph of p; as a Zariski open
set.
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(1¢) if X, is singular, then it admits an analytic Whitney stratification such
that if A is a connected component of a stratum, then g; '(A) is irreducible,
where g;: I;— X; denotes the projection on the second factor; and

(1d) there exists a filtration of X by closed subvarieties

p=Zyc..cZ,=X

such that (for some renumbering of X |,..., X)), Z,—Z, =W, for 1Zi<r.
The technical condition (1¢) allows us to define homomorphisms

Hit Hy 5 (X3Z)—> H (X5 Z)
with the following useful property:

For almost every cycle z in X, uj(c? 2) is 3)

is represented by pj“l(z) where ¢/ z denotes the homology class of z. The
isomorphism (2) is the composition

@Hk—Zm,(VVj;Z)“*@Hk_sz(Xj;Z)‘“’Hk(X§Z)
defined by @ pjop;.
=1

Remarks. (a) Suppose n: E—Y is a holomorphic affine bundie where Y is
smooth and compact. If X is any compactification of E so that n extends
meromorphically to X in the sense of (1b), then X=(X —E)UE is a good
decomposition of X and formula (2) decomposes a homology class in X into a
component at oo plus a component along Y which comes from the Thom
isomorphism. Unfortunately (1b) cannot be relaxed, for the homology basis
formula fails for the decomposition of the elliptic Hopf surface H=(C2
—(0,0))/Z, where neZ acts via n-(w,z)=(2"w,2"z), as TU(H—T) where T is
the torus T={(w,0)}cH. H—T is made into the trivial line bundle on T via
the map n(w, z)=z but n does not extend meromorphically to H.

(b) Condition (1d) is necessary in order to avoid certain spaces such as the
union of three PVs joined together so as to form a ring. This space can be
decomposed as CuCuUC but (2) obviously fails although (la,b,c) hold. Of
course (1d) implies that W, is closed and W,=X. In the terminology of C*
actions, X, is called the sink of X and X, is called the source of X (with
respect to the plus decomposition).

(c) Formula (1) is also known to hold for algebraic C* actions on a
complete algebraic manifold X. Condition (1d) may fail however for such
actions as was noticed first in [11] using torus embeddings (see also [12]) and
later in [6] and [19] using quite different methods.

Theorem 1 has several interesting corollaries.

Corollary 1. Let X have a good decomposition, let {Z;} denote a filtration
satisfying (1d), and let Y be a closed subvariety of X such that, for some i, Y
—(YNnZ)) is a union of .certain cells W;, say

Y- (YnZ)=W, u...0W,

Then Y=(YNZ)UW, u...uW, is a good decomposition of Y. In particular, if
J={j,...,J}, then for every k,
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H(Y;Z)=H (YNnZ;Z)® [@Hk_zijj; 7)]
je

If Yis, in fact, a union of cells in X, e.g. if Y=2Z, for some i, then H.(Y;Z) is a
direct summand in H.(X ; Z).

Proof. In fact, for the first part one only needs to show that the decomposition
of Y is filterable (i.e. satisfies (1d)), and this follows from induction using the
fact that X satisfies (1d). For the second part, just use Theorem 1. For the last
assertion, use the fact that for every g, the diagram

DH 2 X3 L)—— H (Y Z)

jeJ

EBIHk—Zma(Xa;Z) Hk(X;Z)

is commutative with respect to the natural maps, which follows from (3). [

There is a useful relative version of Theorem 1 for pairs (X, Y) where X has
a good decomposition X =( )W, and Y is a closed subvariety of X that is a

union of certain W, say Y=W, u...uW, as in Corollary 1.

Corollary 2. For each k,
H.(X,Y; Z);@Hk_zml(Xi; Z),

where J={j,,...,j,}.

The next theorem was proved in [5] for C* actions. We state it here for
completeness.

Theorem 2. Let X be a compact Kaehler manifold with good decomposition X
= | J W, where all X, are smooth. Let m; denote fibre dim¢p;. Then:
i=1
(1) for all p and q,

HA (X, Q)= @ H =™ (X, Q'~™);
i=1

(2) there exists an exact sequence
0— K — Pic(X)— Pic(X,)—0,

where X, denotes the source of X and K denotes the Z-module of divisors
generated by the W, of codimension one in X,

(3) Index(X)= ‘2 Index(X)),
i=1

1

and
4 n,(X)=mn,(X,).

One of the pleasant features of good decompositions is that they are well
behaved with respect to certain birational transformations.
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Theorem3. Let f: X — X' be a holomorphic map of compact complex spaces
where X has a good decomposition X =\ )W, 1<i<r. Suppose Y is a closed
subvariety of X so that Y—(YAW,) is a union of cells of X, say Y
=(YnW)uW,u...0uW,. Then if f» X—Y—X'— f(Y) is an isomorphism, the
decomposition X' =W uW,u...0W,__, where W)= f(W,UY) and W/=f(W,,)
for 1Si<r—s, is a good decomposition of X'.

Corollary 3. (i) Let f: X — X' be a holomorphic surjective map blowing down a
subvariety Y of the sink W, of X. Then X' has a good decomposition
W oW, u...uW, where each W) = f(W)).

(i) If the subvariety of Y of X is a union of cells from X, say Y
=W, u...UW,, then there exists a short exact sequence

0— H,(Y)—— H(X)® H,(f(Y))
L L H(X)—0
where a(x)=(i,(x),0) and B(x,y)=f, (x)+j, (), i: Y= X and j: f(Y)—> X' denot-

ing the inclusions. Moreover, o and f split over Z.

This sequence bears some similarity to the exact homology sequence of a
birational morphism [10].

§2. Good Decompositions Arising from C* Actions

In this chapter we assume X is a closed invariant subvariety of some compact
Kaehler manifold Y with a holomorphic C* action which has a nonempty fixed
point set.

Let X,,...,X, denote the components of the fixed point set of X. The
Bialynicki-Birula plus decomposition of X is the union

X=) X} where Xj={xeX|limi xeX}.
j=1 A-0

This decomposition exists by [18].

Definition. The C* action on X (which is induced from that on Y) is good as
A—0 if the associated Bialynicki-Birula plus decomposition is good.

Remark. Conditions (1b) and (1d) are always satisfied by the Bialynicki-Birula
decomposition - see [4, 5] for the basic properties of this decomposition.
For good actions, H,(X )=H,(X}") so in this context, Theorem 1 becomes

Theorem 1. Suppose X has a good C* action with fixed point components
X,,X,,....X,. Then for all k,

Hk(X);J@ Hy 3 (X)

where m; is the fibre dimension of the affine space bundle X — X ;.
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Definition. The C* action on X is singularity preserving as A—0 if there exists
an equivariant Whitney stratification of X such that for every stratum A, and

for every xeA, the limit x,=1lim A-x is also in A.
A-0

The role of the singularity preserving condition is in the following lemma.

Lemma 1. Suppose X admits a Whitney stratification which is singularity preserv-
ing as A—0. Then condition (1a) is satisfied, i.e. p;: X — X is a locally trivial
affine space bundle.

Theoremd4. Suppose X admits a singularity preserving analytic Whitney
stratification. Suppose that for any stratum A of X and for any fixed point
component X;, either AnX;=0 or ZmX}“ =(AnX;)*. Then the nonempty
ANnX; are the strata of a Whitney stratification of X which makes the C*
action good.

Of course, one can also consider actions that are good as A— oo, i.e. those
for which the minus decomposition is good. For singular X, an action that is
good as 1—0 may or may not be good as A — oo - see Examples (1), (2), (4).

§3. Examples of Good Actions and Other Good Decompositions

Example (1). A good action with no minus isomorphism. Let E be the cone (in
P?) with vertex p=(0,0,0,1) over an elliptic curve Y =P E is invariant under
the C* action A-(zy,2,,2,,23)=(2¢,2;,2,,423) and E=YU{p}. E is the Thom
space of a negative line bundle on Y and the plus isomorphism is the Thom
isomorphism. In particular, H,(E)=0 which shows there is no minus isomor-
phism.

Example (2). A good action with a singular source. The C* action on C> which
is given by :

A(21,25,25,24:,25)=(21,25,A25,24,25)

takes subspaces into subspaces and thus determines an action on the Grassman
manifold G,(C®). The Schubert variety

X =0(3,5)={PeG,(C%)|dim(PnC*=1}
is invariant. X may be stratified with one singular stratum
2 ={PeG,(C%|Pc=C3}
and the action is singularity preserving as A— 0. X has two components

X ={PeX|Pc{e,,e,,e,,es» and dimc(Pn<{ey,e,))21},
X,={PeX|P>{e;» and dimc(Pn<{e;,e,,e,,e5>)=1}

where e; denote the standard basis vectors in C°> and < ) denotes the span.
Then X,=~Q(2,4), is singular, and has Betti numbers 1,0,1,0,2,0,1. X,=P?
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and has Betti numbers 1,0,1,0,1,0,1. XnX,=~a point and ZInX,
~P!. X} —>X, is a bundle with fibre ~C? while X7 =X,. X, can be
stratified with one singular stratum (consisting of the singular point) and this
renders the action good as A —0.

From Theorem 1, the Betti numbers of X can be read off from the follow-
ing table:

dim 0 1 2 3 4 5 6 7 8 9 10

B; 1 0 1 0 1+1 0 1+1 0 2 0 1

X5 — X, is not a fibration and the homology basis formula fails if we use
the minus homomorphism.

Example (3). The Springer fibre for SL(n,C) ([17, 20]). Let F(V) denote the flag
manifold of V'=C" and let ueSL(n,C) be a fixed unipotent matrix. The variety
X, in F(V) consisting of flags fixed by u admits a good decomposition into
affines, by [17]. X, also admits C* actions induced by the one parameter
subgroups of the centralizer of u. If the Young diagram associated to u as in
[17] has r rows with 4, cases in the i-th row and A, =4,=...21,, then a C*
action on X, is obtained as follows: fix integers a,, ..., o, and for all i such that

set
A-e;=A%%e;, (s=1,...,7).

This action defines a one parameter subgroup of the centralizer of u, hence a
C* action on X,. Unfortunately, the affine decomposition of [17] is only the
plus decomposition associated to a C* action with isolated fixed points in
special cases, as the following lemma shows.

Lemma. (a) If o,,...,a, are all distinct, then XS is an isolated set having

( " )oints
PR Kot

(b) X, has a good action with isolated fixed points precisely in the following
cases: (i) r=1 or r=2, and (i) r is arbitrary but A,=Ai;...=1,=1 and
ay>0,>...>a,. In the case r=1 or r=2, the action is good both as A—0 and
A— o0. In case (ii), the action is only good as 4 —0.

(c) If the diagram of u has more entries in the first column than the second,
then any C* action with o, =0,=...=0a,_,>a, is good as A—0 (but fails to
have isolated fixed points ).

Outline of the Proof. The first part of part (a) follows from the fact that the
maximal torus in the centralizer of u has the same fixed point set as the one
parameter group being considered, so that XS must be finite. To see the
second part of (a) it is easiest to consider an example. Suppose that the

diagram of u is Then we may suppose that u has been chosen so that (u




374 J.B. Carrell and R.M. Goresky

—I): e,—e; —0, e,—e;—0. Hence the flags fixed by both u and C* are of
the form (F,, F,, F,, F5, F,) where F, is generated by i of the vectors e,,e,,e;,e,
and (u—I)F,cF,_,. Therefore the fixed flags can be uniquely labelled by the
permutations of 1,2,3,4 where 1 preceeds 2 and 3 preceeds 4. The fixed flags
are (1 234),(1324),(1342),3124),3142),(3 41 2).Obviously,

in the general case, this procedure leads to exactly ( ) fixed points.

n
Alseeird,
The proofs of (b) and (c) of the lemma are done by induction, using the
construction of Spaltenstein in [17, Lemma, p. 453] which is, in fact, C*
equivariant. As soon as the diagram for u contains the sub-diagram

4)

any action on X, with isolated fixed points fails to be good both as 41— 0 and
A— o0. The action on X, associated to (4) with o, >a,>a; has a singular three
dimensional plus cell and a singular two dimensional minus cell. In the case (b)
where u has two Jordan blocks (r=2) or is of one hook type, the plus
decomposition decomposes X into a union of affines (if the fixed points are
isolated), giving us another proof of a special case of the result of Spaltenstein

[17].

Example (4). Blowing down a good action. Let F, denote the rational ruled
surface P(C@® 0(n)), and let C denote the exceptional curve with C*= —n. F, is
a compactification of C*xC*, ie. a torus embedding. The map f: F,—F,
blowing C down to a point is equivariant with respect to any C* action on F,
and by Theorem 3 any C* action on F, induces a good one on F,. Notice that
if E<" is finite, then the action on F, is not singularity preserving either as A —0
or A— o0, although it is good in both directions.

The rest of this section is devoted to showing that some condition such as
the graph condition (1c¢) is needed for Theorem 1 to hold.

Example (5). In this example we consider a variety X with a decomposition
satisfying (1a), (1b), (1d) but not (1c) for which the homology basis formula is
false. Let Y denote the nodal curve or “pinched torus” obtained by identifying
two points of P'. Thus the singularity of Y is a normal crossing at the singular
point y, of Y. Let X denote the space obtained from Y xP! by blowing up
(yo, ©) where o0=[0,1]. Let f: X >P' be the composition X > Y x P! > P!
and define a decomposition of X by

Wy =f""(0)
W,=f~1(P*— ).

W, is the trivial line bundle on Y and W, =Z, consists of three copies of P!
joined at points so as to form a cycle (i.e. ring). Condition (1c) fails for the
projection W,— Y for g5 '(y,) is a union of three P'’s meeting at a point. The
homology basis formula fails because H,(W,)® H,(W,)=2Z, while H,(X)=0. In
fact the vanishing of H,(X) can most easily be seen by observing that X
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admits a good action. Namely the action 1-(y,[z4,2,])=(y,[424,2,]) on Y
x P! induces a good action on X whose source is the P! = W, corresponding
to the desingularization of Y, whose sink is Y x[1,0], and whose remaining
fixed component is an isolated fixed point whose plus cell is C. The plus cell
over the source is ¢(—2). Since H'(P')=0, H,(X)=0 too.

§4. Preliminary Remarks on the Plus Construction

The main step in the proof of Theorem1 is the construction of wrong way
homomorphisms H, (X ;;Z)— H, +2m( 5 Z). The definition of these maps,
when X; is smooth, goes as follows (Z coeff1c1ents understood). We have the
sequence

H,(X ) —2 H2574(X ) H*~*(F)

PD -
— Hy 0, (1)~

(W)

k+2m

where PD stands for Poincaré duality, Ij denotes a resolution of singularities of

I}, and b;=dim¢ X ;. However, our aim is to describe these wrong way maps on
the chain level even when X is singular. To do this, we describe a sub-complex
CT(X ) of the complex of s1ngular chains on X; which admits a wrong way
chain map C{(X))—C,, 2m,()- If X; is smooth, then the first step will be to
filter X; by subvarletles X Jk-{xeX |d1mcg 1(x)>k-i—m} The smoothness
implies that the codimension of X ;, in X; is at least k+ 1. The chains that lift
nicely under the plus construction to I; are those “transverse” to the stratifi-
cation {X;, — X} of X;.

There are two reasons such transverse cycles must be used. First, not all
cycles on X; lift to cycles on I; (see Example(5)). The other reason is that
homologous cycles in X; may hft to nonhomologous cycles in W,. Such
behavior is due to the existence of envelopes at infinity, as the followmg
example shows.

Example (6). Let Y denote P! x P2. Blow up the point [1,0] x[1,0,0] on Y to
obtain X. The C* action (4,[zy,2,], [Yo, 1>y, = ([20:42,], [Vos¥15¥2) on Y
lifts to X, and the plus decomposition associated to this action on X is a good
decomposition. Let D<= X denote the exceptional divisor. D is the “envelope”
of limits of orbits. Take F=[0,1]xP2 Then D<F* —F* but D is not con-
tained in the fiberwise compactification of F*. In fact D is isomorphic to a
subvariety of the fiber of the projection g: F—»F over [0,1]1x[1,0,0] as in
Example(5) where I' is the closure of the graph defined in §1. The naive
definition of the plus homomorphism is to lift the cycle ¢ in F to ¢¥ and show
that this yields a cycle in X. To see why homologous cycles in F may lift to
nonhomologous cycles, in X, let X=[0,1]x[1,0,0] and let y be any other
point of F. Then y* ~x* +z, where z is a nontrivial 2-cycle in D, so x¥ and y™
are nonhomologous. Note that in the plus isomorphism for X, the homology
class of z comes from the sink of X; in the diagram below, this class arises by
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[1,01x P2

10,11xP2 vy

intersecting D and the top face of X. Instead, we will show in §5 how to lift
transverse cycles (e.g. y) in F to X.

§5. The Plus Construction

Throughout this section, W; will denote one cell of a good decomposition of X,
and A4 a connected stratum of X; satisfying (1c). Homology groups are under-
stood to have integer coefficients. We will define the homomorphism
H(X;)—H,, ,,(X), where m is the complex dimension of the fibre of the affine
space bundle p: W;— X ;. This construction associates to almost every oriented
cycle {cX; the orlented cycle E=n +8 ') where g: I’ —X;and n: I' > X are
the prO_]CCtIOIlS and I' denotes the graph I; of (1b). The surpr1s1ng fact is that &
is a cycle, i.e. that 0&=0.

Let I, =g~ '(A). Since the projection I,—A is analytic, there is a proper
subvariety X AcZ such that g~'(4-X,)—»A—Z2, is a topologically locally
trivial fibre bundle whose fibre is an analytic compactification of C™. Define

. A0=ZA7
A,={xeA|dimcg~'(x)=m+k} for k=1.
Then we have the following key fact based on the graph condition.
Proposition. For any k=0 the complex codimension of A, in A is at least k+1.

Proof. Since A is connected, [ is irreducible. If the proposition were false for
some k, then g~'(4,) would be a proper subvariety of codimension 0 in I},
which is impossible. [

Remark. I, is, in fact, the closure of the graph of p;|p; (4)in X x X i
Let C, (X)) be the complex of subanalytic chains on X (see [9]). For each
chain {e C;(X ), let |£| denote the support of &.

Definition. A subanalytic chain {e C,(X)) is transverse if, for every stratum A of
X; and for every k=0,

dimg(|| N A) Si—2k—2
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and
dimg(10¢|nA4,)<i—2k—-3
where
A, is defined in §4.
The subcomplex of transverse chains will be denoted CI(X )
Lemma. The inclusion CL(X,)— C,(X ) induces an isomorphism on homology.

Proof. For any subanalytic cycle ¢ there is a triangulation of X; such that |¢]
and each A4, are subcomplexes. By [14], £ can be approximated by a P.L. cycle
& such that for each stratum A, |£'|nA is in general position with respect to
each A, N A. Thus, & is “transverse” and it may be further approximated by a
nearby subanalytic cycle £” which is still transverse. Therefore every homology
class has a transverse representative. A relative version of this argument shows
that any two transverse representations of a given homology class can be made
homologous by a transverse chain. [J

Definition. For any transverse chain e CJ(X ) let g*()eC,, ,,(I') denote the
chain whose support is |g*(¢)|=g~!(|£]) and whose orientation is the product
of the orientation of £ with the canonical orientation of the fibres of g.

Proposition. If £ C[ (X)) then 0g*(£)=g*(0¢) so g* induces a map on homology
(which we also denote by g*: H{(X ;)= H,  ,,,(I)).

Proof. We shall denote by X the set of nongeneric points in the image of g,
r={Jz,
A

where the union runs over all strata 4 of X ;. It follows that g~ Y(X i—2)—(X;
—2X) is a topological fibre bundle with a compact oriented fiber of real
dimension 2m. But g~ !(|¢]) is an oriented subanalytic subset of I' with real
dimension i+2m and

dimgg= (€N Z)Si+2m—2,
dimg g~ M(|0¢|N2)<i+2m—3
(which can be verified by counting dimg~'(|/é|n4,). Therefore dg*(£) has no
contribution from g~1(|&|nX). This implies dg*(&)=g*(@¢). O
Definition. The homomorphism

1y Ho(X )= H,  o(X)

i+2m
is the composition of the homomorphisms

g¥: H(X)—H,;, ,,(I
and

H; (D)= H; 5,(X)

which is induced by projection to the second factor.



378 J.B. Carrell and R.M. Goresky

It is clear from the construction that |¢|=closure p~!(|£|) whenever & is a
transverse chain in F. It is also clear that the homomorphism u; factors
through H, ,,(W).

Our construction can be used to produce wrong way homomorphisms in
other circumstances. For example, if g: Z— W is a surjective morphism be-
tween normal compact algebraic varieties such that all the fibres of g have
dimension k, then g induces g*: H,(W)— H,,,(Z). The appropriate dimension
estimates follow from the isomorphism H,(X)=IH!(X) of [8].

§6. Proof of Theorem 1

The decomposition is filterable, i.e., there exists a filtration of X by closed
invariant subvarieties,

0V=Z,cZ,c...cZ,=X

such that Z,—Z, ,=W,. Consider the following exact sequences, where o, f, y
are the plus homomorphisms of the previous section:

Hq+1(ZkaZk—1)—a“’ Hq(Zk—l) - Hq(Zk) —"Hq(zk’zk—l)_a”+
aj ] X\ {

0———»j@ch_mj(Xj)—«»j(ir)qu_zmj(Xj)——» H

q—ka(Xk) —0
The decomposition Z, =W, u...uW,_, is good. Hence by induction on k,
is an isomorphism. We must show ¢ is an isomorphism. Now Z, — X, defor-
mation retracts to Z,_, because:

(a) X, has a tubular neighbourhood Vin Z, so Z, — X, deforms to Z, -V,

(b) one can use the affine bundle structure on W, to deform Z, —V into
some regular neighbourhood U of Z, _, (by compactness), and

(c) U can be chosen to deformation retract to Z, _,. Thus one sees that § is
the Thom isomorphism since

H(Z,,Z,_)=H/(Z,,Z,—X)=H, W, W,—X))

by excision. The diagram commutes, so d=0. Theorem 1 now follows from the
five lemma and induction on k. [

To prove Corollary 2, consider the sequences

0@ Hy 2, X3 2)—— D Hy 30X 2) — D Hy 0, (X;;Z)—0
je

J j¢d
Ja

0— H(Y;Z) 5 H(X;Z)- H(X,Y;Z) —0

B Y
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where the maps « and f are the isomorphisms of Theorem 1 and the homo-
morphism y is induced by an obvious relativization of the plus homomorphism.
Now the top sequence is exact and from this and the fact that the bottom
sequence contains part of the long homology sequence of the pair (X,Y), it
follows that the bottom sequence is also exact, due to the fact that 1:
H((Y;Z)— H,(X;Z) is injective for all k. Hence, by the five lemma, y is an
isomorphism. [

§7. Proof of Theorem 3

Note first that the decomposition X'= f(YU W)U f(W,, )u...uf(W,) consists
of locally closed affine bundles provided we let f(YUW,) be the sink of X'
Moreover, since Yu W, is closed and a union of plus cells in X, one can show
directly that the decomposition of X’ is filterable. Hence conditions (1a, b, d)
are satisfied. To show (lc), let us suppose for simplicity that W=W, W’
=f(W) and Z=X,. Also, let I and I'"" denote, respectively, the closures of the
graphs of p: W—Z and p': W' — Z. We must verify that I""|A4 is irreducible for
any connected component of a stratum for the Whitney stratification of Z
satisfying (1¢c) for I'. Now the point of condition (l¢) is that for any such A4,

I'|A=graph (p|d)cX xZ 5

For the right hand side of (5) is always an irreducible component of I'|A4.
Using the isomorphism f,: graph (p|A4)— graph (p’|4) induced by f, we obtain
a morphism f, of I'| 4 onto an irreducible variety containing I""|4. Hence I'"'|4
must also be irreducible. [

Corollary 3(i) follows immediately from Theorem3. The proof of
Corollary 3(ii) is identical with the proof of Corollary 2, so it will be omitted.

§8. Proof of Theorem 4

Suppose X has a Whitney stratification that is singularity preserving as A —0,
and let F denote a fixed point component. To show that for any xeX, p~'(x)
is equivariantly biholomorphic to some C™, let xeAnF for some stratum A4 of
X. By the singularity preserving condition, it follows that x* ={yeX: y,
=x}cA. But as A4 is nonsingular, the result follows from [4]. The linearized
C* action on T, A gives rise to subspaces (T A4)~, (T, A)°, (T, A)" generated by
all vectors of negative, zero, or positive weight. These subspaces may be locally
identified with T (x~ n A4), T.(F~A4) and T(x* n4) by exponentiation. There-
fore FnA is a manifold and the fibres of p~*(Fn4)—FnA form a smooth
affine space bundle as in [4] or [1].

Now suppose yeAnF. We shall show dim¢(y*)=dim¢(x*). By the upper
semicontinuity principle applied to AN F, we have dim¢x* <dim¢y*. To get
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the reverse inequality, suppose B is the stratum containing y and choose a
sequence x;€ AN F such that x,—y. By choosing a subsequence if necessary we
may assume the T A converge to some limiting plane t and the subspaces
(T, A)~, (T, A)°, and (T, A)* converge to subspaces of 7. By continuity, 7 is C*
invariant. Since the weights are integers, lim(T}, 4)°<° and lim(T, A)* 1.
Thus these inclusions are equalities. Whitney’s condition A says T,Bcrt, so
(T,B)* —t*. Hence

dim¢ y* =dimg(T, B)* £dim1* =dime(T, 4)* =dim¢x*

which establishes the reverse inequality. In fact, we have shown that (T,B)*
=1*=1im(T,A4A)* so F*—F is (topologically) locally trivial near y. This
completes the proof of Lemmal. [J

Let F be any fixed point component. We claim that F can be Whitney
stratified with the manifolds A*=A4NF where A runs over the strata of X. We
check the Whitney conditions for a pair of such manifolds (A%, B¥)
=(AnF,BNnF) at a point yeB* Let x;eA* and y,eB* converge to y and
suppose the secant lines XJ; converge to some line # and suppose the tangent
planes T, A* converge to some t*. We must show that £/ ct*. We may suppose
the T, A* converge to some limiting plane t as above, so t°=lim(T} A)°
=lim TlA* =1* Whitney’s condition applied to X guarantees that /<1 and in
fact £/ =t° because x; and y; are in F. Thus £ = t*.

Now suppose Ijm ¢ denotes the closure in X x F of {(a,p(a))|acAnF*}. We
will verify (1¢) for the above stratification of F. To do so, it suffices to show

“YANnF)=TI,, r since I}, is irreducible. Let weg™ (4 N F). Clearly w=(g(w),
n(w)) where g(w)eg™! (AnF). Clearly w=(g(w), n(w)) where g(w)eAnF and
n(w)eF*. We claim that there exists a chain of orbits from g(w) to n(w) which
is completely contained in AnF*. To see this, note that w is a limit of points
(p(x,),x,) in I' such that g(w)=limp(x,). We may, by [13, Corollary to
Theorem 1.1] choose a subsequence so that lim C*-x, exists and is a chain
0,u...U0, of closures of orbits, ie. (0;),=(0,, ,), for 1Li<t—1. Clearly (O,),
=g(w) and n(w) lies in some @,. The singularity preserving assumption implies
that each @, c 4. In fact if yeANF then y* = 4. (For if B is the stratum of X
containing y, then y* c Bc A4 by the frontier condition). It follows by induction
that 0,u...u0,c4. Hence n(w)edAnF* =(AnF)* (since ANF=+(@). This
means w=(g(w), n(w))el},,r which proves that g~'(4nF)<I}, . The reverse
inclusion is clear. This completes the proof that the action is good and the
proof of Theorem4. [
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