SIMPLICIAL DIFFERENTIAL FORMS WITH POLES

By J. P. BRASSELET, M. GoreskY' and R. MACPHERSON?

Introduction. This paper has two purposes: 1) to introduce and
study a new class of differential forms on a simplicial complex and 2) to
give an intuitive and elementary argument for the relation between
intersection homology and L* cohomology. We will consider each of
these purposes separately in this introduction.

Shadow forms. Consider a simplicial complex K. Whitney asso-
ciated to each simplicial cochain { a differential form v({) on K. Whit-
ney’s map v from simplicial cochains to differential forms is a map of
cochain complexes which induces the deRham isomorphism. We call
the forms v({) Whitney forms. They have been useful in several contexts,
most notably integral geometry and rational homotopy theory.

In this paper, we introduce a generalization of Whitney forms called
shadow forms. We associate to certain simplicial chains & with respect
to the first derived subdivision K’ of K a shadow form w(£) on K. Let
us illustrate the construction of shadow forms when K is a single
n-simplex, which we now denote by A. In this case, w(§) is defined for
k-simplices £ of A’ which do not lie in the boundary of A (or for linear
combinations of these). For example, if A is the 2-simplex, then either
of the 1-simplices &, or &, pictured below has an associated shadow form.
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Given such a &, the associated shadow form will be an (n — k)-form
(&) which we will describe by specifying its integral over (n — k)-chains
c in K. The integral [, o(§) is equal to the volume of a certain region
S:(c) in A which we call the “shadow” cast by the chain ¢ with respect
to the simplex &. The following pictures show the shadows of a chain ¢
with respect to & and &, (as usual, the volume must be counted with
appropriate signs and multiplicities).
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In general, the shadow cast by ¢ with respect to & can be defined as
follows: For each point p in the interior of A, there is a canonical
realization of the first derived subdivision A’ such that p is the “‘bary-
center’” of A: the barycenter g of an n — 1 dimensional face F with
opposite vertex v is determined by the condition that v, p, and g are
colinear, and the barycenters of higher codimension faces are deter-
mined inductively. Denote by &(p) the simplex corresponding to & in
this subdivision. Then the shadow Si(c) cast by ¢ with respect to £ is the
set of all points p for which the simplex &(p) intersects c.
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If the chain £ is a union of dual cells of faces of A [Bra] [Mc], then w(§)
is precisely a Whitney form. For example, &, above is a dual cell so w(&,)
is a Whitney form. In contrast to Whitney forms, however, general
shadow forms may have poles near the faces of K of dimension n — 2
or less. For example, w(&;) has a pole near the top vertex of A. This
may be seen from the fact that w(§;) integrated over a very small chain
¢ near this vertex can produce a very big result.

In this paper, we study shadow forms on a simplex A by giving
explicit formulas for them. Then their L? norms (with respect to the
usual Riemannian metric on the Euclidean space containing the simplex)
can be written as explicit integrals. These integrals turn out to be clas-
sical: they are related to hypergeometric functions, Dirichlet integrals
[WW] p. 253, and Eulerian integrals [WW] p. 258. By appropriate
estimates, we determine for which combinatorial types of simplices &
the forms w(§) are L? integrable.

Of course, we want to consider more general polyhedra than the
simplex. We consider a simplicial complex K which is an n-dimensional
oriented pseudomanifold. This means that K is the union if its n-sim-
plices which are all oriented, and every (n — 1)-simplex is contained in
exactly two n-simplices which induce opposite orientations on it. In this
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case, the associated shadow form w(§) is defined whenever the chain
£ € C(K') satisfies a technical ‘“‘transversality condition” (see Section
9). The definition of w(§) amounts to the above construction in each
simplex of K. The transversality condition guarantees that the resulting
shadow form w(§) extends continuously across the n — 1 dimensional
faces of K. Then, w gives a chain map from the chain complex
CL(K'") of “transverse” chains in K’ to the cochain complex of shadow
forms.

L? cohomology and intersection homology. There are a number
of recent theorems which say that for certain classes of pseudomanifolds
K, with an explicit Riemannian metric on the nonsingular part K — X,
the intersection homology of K is the L? cohomology of K (see, for
example, [B], [BC1], [BC2], [C1], [C2], [Chl], [Ch2], [CGM], [G],
[HP], [KK], [L], [N], [Sa], [SS], [Z1], [Z2], [Z3]). Intersection homology
is most constructively defined by imposing an allowability condition on
the simplicial chains which restricts the dimension of intersection of a
chain with the singularities of K. The L* cohomology is defined by an
integrability condition on differential forms.

Question. What do allowability conditions and integrability con-
ditions have to do with each other? "

Suppose K is an oriented pseudomanifold of dimension n and let
> = K(.-2 denote the n — 2 skeleton. We may then consider the complex
of transverse intersection chains in K’ which satisfy the ‘““allowability
conditions” of intersection homology,

ICI(K'; R) = {¢ € CI(K'; R)|dim(|¢| N F) =i — [\M2] — 1 and
dim(|a&| N F) =i — [M2] — 2 for any simplex F C 3}

where [x] denotes the greatest ooteger less than or equal to x and A
denotes the codimension, n — dim (F), of the simplex F. The homology
of this complex is the intersection homology of X (with “upper middle
perversity” p(A\) = [(A — 1)/2]) (see [GM2] and [GM3]).

If we linearly embed K in some Euclidean space, then this induces
a metric on the manifold K — X, the “nonsingular part”” of K. Then it
makes sense to ask what the L? norm of a differential form on K — =
is. Our main result is
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THEOREM 5.2.  For any chain & in C](K'; R), the shadow form w(§)
is square integrable (i.e. w(§) € L?) if and only if £ satisfies the allowability
conditions for intersection homology (i.e. £ € IC(K'; R)).

This theorem is proven by explicit computation of the L? norm of
o(&) as described earlier. It makes sense of the concept of the growth
rate of a geometric chain and provides a direct answer to the question
posed above.

Since o is a chain map, this theorem gives a chain level proof of
the following

CoROLLARY 9.3. The intersection homology of K is isomorphic to
the cohomology of the complex of L* shadow forms on K.

Since K with a linear embedding has conical singularities, it is a
much deeper result due to Cheeger [Chl], [Ch2] that the cohomology
of the complex of all L? differential forms coincides with the middle
intersection cohomology of X. We do not know if the methods here
could be used to give a proof of Cheeger’s theorem by successively
refining the subdivision. However our construction provides a strong
intuition behind his theorem.

More generally, we investigate the shadow forms which have finite
L7 norm and show that they are precisely those forms which are asso-
ciated to chains satisfying an intersection homology restriction for a
particular perversity (p(\) = M\gq), which we call the L9-perversity. It
follows that the cohomology of the complex of L? shadow forms is
precisely the intersection homology with the L? perversity: in fact the
two chain complexes are isomorphic. For example, the cohomology of
the complex of bounded (or L*) shadow forms is isomorphic ‘to the
ordinary cohomology, if K is normal. In general we are led to the
following

Conjecture. If K is a pseudomanifold with conical singularities,
q = 2, and the L? cohomology of K — X is finite dimensional, then it
is isomorphic to the intersection homology of K with the L7 perversity.

Presumably the methods of [Chl] could be used to proye this con-
jecture although they require careful L? estimates for the homotopy
operators.

We would like to thank Phil Hanlon, Richard Askey, Donald Rich-
ards, and David Witte for useful and stimulating conversations. We are
especially grateful to Steven Zucker for his careful reading of a prelim-
inary version of this manuscript and his many useful suggestions. The
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first author would like to thank Northeastern University for partial
support while this paper was being prepared.

1. Differential forms on a simplex. Let A = A" denote the stan-
dard n-simplex

A" = {(x), X2, . . . , Xas)) ER™ 0 =x, =1, 3x, = 1}.

We shall use the symbol Q%(A) to denote the smooth differential k-forms
on the interior of A. Recall that an (abstract) k-simplex o in the first
derived complex of A is a chain of incident faces F, < F, < -+- < Fy,,.
For any specific choice of barycentric subdivision of A, (where we denote
the barycenter of a face F by the symbol F), the realization of ¢ is the
k-simplex spanned by the vertices Fl, Fz, e, ﬁ‘kﬂ. A choice of bary-
center p € int(A) determines a barycentric subdivision of A: the bary-
center F(p) of a face F is uniquely determined as the intersection

F(p)=FN A

where A is the affine subspace spanned by the point p and the opposite
face to F. This gives rise to a realization o(p) of o, i.e. as the k-simplex
which is spanned by £(p), Fx(p), . . . , Fxs1(p). Throughout this paper
we will suppose that o(p) is not contained in any proper face of A, i.e.
that F,,, = A.

Fix the orientation of A corresponding to the ordered basis {e, —
e, e — e, ..., e, — e} of vectors in the affine space spanned by
A (where e; € R"* is the standard unit vector with a 1 in the i™ position).
Then Lebesgue measure on A is given by the Whitney form

dvol(A) = W(A)

n+1

a3 (1) ade, Ade Ao Ade A A dxss.
i=1

Define the incidence manifold,

D, = {(p, x) € int(A) X int(A)|x € o(p)}
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with inclusion i : D, = A X A. The manifold D, is n + k dimensional
and it fibers over A in two ways. The projection to the first factor has
fiber o(p) which is oriented by the canonical ordering of the vertices of
o. We orient D, using the orientation of A followed by the orientation
of o. This induces an orientation on the fibres of the projection to the
second factor by requiring that the orientation of D, agree with the
orientation of A followed by the orientation of the fibre.

Definition. The shadow form w(c) € Q" %(A) is the differential
form

(o) = Jﬂz *af(W(A))

where , and 1, denote projections to the first and second factors, and
where [, denotes integration over the fibres of m, (see [GHV] p. 298
and [BT] p. 61).

This is a smooth differential form on int(A) since , : D, N
m; '(int(A)) — int(A) is a smooth fibre bundle whose fibre m; '(x) N D,
is a smooth compact manifold with corners, and since the differential
form i*w{W(A) is the restriction to D, of a smooth differential form
w1 W(A) which is defined in a neighborhood of the closure D,.

2. Currents on the simplex A. Let Qf denote the space of smooth
k-forms on int (A) with compact support, endowed with the C* compact
open topology ([F] Section 4.1.7). The space €* of currents is the dual
space, €¢* = Hom.(Q%, R) of continuous homomorphisms ()} — R. There
is an embedding ¥ : ("~ <> ¢ defined by

Vo) = [, 0An

We now give the dual construction of the form w(c). Fix a bary-
center p € int(A) and consider the induced barycentric subdivision of
A. Let o denote an abstract k-simplex in the first derived complex of
A. The corresponding realization o(p) defines a current ¢(a(p)) €
Hom, (Q}, R) which associates to any smooth k-form v the number

s = [
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We can average the current ¢(o(p)) over all choices p € A and so
obtain a new current ¢(o),

som = [ ([, n)avor

where dvol (A) denotes the volume form on A. We will now show that
this averaging procedure smooths the current o(p):

PROPOSITION 2.1.  &(0) = ¥(w(o)).

Proof. It suffices to show that, for any differential k-form with
compact support, m € Qf, we have ¢(c)(n) = ¥(w(c))(n). But

Fo@)m = [, o@ An= ( | i*wr(W@») A

= [, vy A )

= L (L i*w%"(ﬂ)) N W(A)
- ( [ n) Awe = | ( [, n)avor®)

= b(o)(n)

by the projection formula (see [GHV] Proposition IX p. 303). The
change of order of integration is justified since m has compact
support. ]

COROLLARY 2.2. If o is an abstract k-simplex in the first derived
complex of A, then the differential of the associated shadow form is

do(c) = g (—1)*Dw(1)

where the sum is taken over all codimension 1 faces v of o such that
int (1) C int(A) and where o(t) = 0 if the orientation of T which is induced



SIMPLICIAL DIFFERENTIAL FORMS WITH POLES 1027

from that of o coincides with the orientation which is determined from
the ordering of the vertices of T and o(t) = 1 otherwise. ]

3. Shadows. Imagine a piecewise linear or piecewise smooth chain
¢ of dimension n — k which is contained in the interior of A. Corre-
sponding to an abstract k-simplex o in the first derived complex of A
(which is not contained in any proper face of A), we may associate the
“shadow”’ of ¢ which is ““cast” by o (as illustrated in the introduction),

So(c) = {p € Alc N a(p) # ¢}.

The differential form w(c) defined in Section 1 has the beautiful
property that its integral over a chain c is precisely the volume of the
shadow (counted with appropriate sign and multiplicity):

ProPosSITION 3.1.  For any chain ¢ C int(A) of dimension n — k
we have

J'C (o) = volume (S,(c)).

Proof. The proof is a direct computation:

fc w(o) = fc J-ﬂz *ar(W(a)) = fﬂ{‘(c)noo *ar(W(A))

= = -1
B fﬂl(vz"(c)nno) W(A) - VOI(T"l(’ﬂ'z (C) N DG))

where ““vol” denotes volume counted with appropriate sign and
multiplicity. Ul

4. Equations of shadow forms. In this section we give explicit
formulas for the forms w(c) in terms of barycentric coordinates on the
n-simplex A. First we recall the corresponding formula for Whitney’s
differential forms.

Let e; denote the standard unit vector with a 1 in the i" position.
For any ordered subset S C {1, 2, . . . , n} consisting of r + 1 numbers

S = {il, iz, e ey ir+1}
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we associate the r-dimensional oriented face F of A whose vertices are
{e, e, . . ., e, } and whose orientation is given by this ordering of the
vertices. Radial projection 7 : A — F is then given by

Tr(xl, X2y o vy x"+1) = (xi1’ xlz’ Tt xir+l)/ES

where =S = 37| X,

Definition. ([W] p. 139, [ST]) The Whitney form W,(S) is the
differential r-form on int(A) which is given by

r+1

Wa(S) = 11 2 (~1)*xdr, A Adx, A A dx, |
J=1

1

(for r = 0 we interpret this as Wy({x,}) = x;). If § = {1, 2, .. .,
n + 1} (i.e. if F = A) then W,(S) is the volume form on A.

Remark. A closely related form on A is obtained by pulling back
the volume form from F, and it is

—1 W)

w*(dvol (F)) = o S5y

Let o be an abstract k-simplex in the first derived complex of A,
which is not contained in any proper face of A and which is defined by
the faces Fy < F, < --- < F;,; = A. We obtain a decomposition of the

set{l1,2,...,n + 1}into k + 1 disjoint subsets S,, S, . . . , Sc+, such
that for each o, (1 = a = k + 1), the face F, has vertices {e,-li e S U
Sz u---u Sa}.

Lets, = ]S, denote the cardinality of S;, and let W(S,) = W,(S)
denote the Whitney form on A which corresponds to the face whose
vertices are {¢,|j € S}.

For fixed positive real numbers v,, v, . . ., v, whose sum is less
than one, we define the function ®(v,, v,, . . ., v 51, S2, . . ., 5) as
follows:

J‘R(v) d)dukduk_l M du.
4) —

J.R bdduduy - -+ du,
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where
d = () () ()N - w = up — e — w) T

where s,.; = n + 1 — 2, s;, and where R(v) is the subset of the
simplex

R={(u1,u2,...,uk)€R"]OSu,

Slandu1+u2+"‘+uk51}

given by
U, U
RV) = {(up, tt, ..., ) |0=—=—=<---
Vi V2
-y - _ _
- W 1 | U, Uy
ve 1 —vi—v,— - V

AN u,

vy 1
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The numerator of ® is a Dirichlet integral which can be explicitly com-
puted, but we do not know a general formula for it.! A simple formula
approximating & is given in Proposition 6.1. The denominator is

~ T(s)I(s2) - T(sk+1)
B I'(n + 1)

D,

THEOREM 4.1. The differential form w(co) is equal to
(_ 1)“3”5“"'“‘S"*“r](()')d)(zsl, 252, e ey ESk, Sty 82y « « o Sk)
where m(o) is the closed differential form of degree n — k,

W) L W) o W)
") = sy N sy N s

Proof. We will explicitly perform the integration over the fibre
as indicated in the definition (Section 1) of w(c),

(o) = J’ﬂ i (W(A)).
We shall use the following notation: a point in A X A will be denoted
(xl, X2y o v v 5y Xnty x;a x2” LI ] xr’t+l)

and in general a dot will be used to indicate a variable associated with
the second factor. For each of the subsets S, we define u, = =S, =
S{x;|j € S}, ul = =S/, and f*W(u, s, . . . , wis1) to be the pullback
of the volume form under the mapping f : A" — A* which is given by

f(xl, X2y o v vy x,,+|) = (2S1, 2S2, ey 2Sk+1) = (ul, Uy, . . ., uk+1).

Remark. With this notation, the region R(u') above is precisely
the projection to the plane u;., = 0 of the set fm(m '(x') N D).

We will now decompose the form W(A) into a product and then
compute its pullback to the incidence manifold D,.

'Added in proof: A. Zelevinsky has recently shown us how to evaluate this integral by
calculating the associated generating function.



SIMPLICIAL DIFFERENTIAL FORMS WITH POLES 1031

Lemma 4.2. The restricion to D, = {(x, x') € int A X
int A | x' € a(x)} of the form wiW(A) is equal to the restriction to D, of
the form

mw=aﬂ{W“DA"4Hw&m]
142 (u{):‘ (ull(+1)xk“
/\ "‘TTf*W(uk+1, ey U, ul)usll“lu;zfl . u_;(kill-l
where
+
a, = (_1)SZ+2S~‘+"‘+’<SI(+| 1—‘(n 1)

T(s)T(sy) -+ T(sps1)

This lemma will complete the proof of Theorem 4.1 because
o) = | rFmiw@) = [

= a j,, wi(n(a)) N\ wFf*W(tesr, - - o, Uy, w)u w2t e ugr !

and the value of this integral, at a point x" € A is

% L% —1,,5-1 .. -1
am(x') | _ Wity « oy Uy w)U U2 e uy
) ](x’)r‘qu

— () |

*Wu U. U u51_1u52_1 e u3k+1_1
e 2 1
ﬂ](ﬂ'z’l(X')ﬂDa)f ( k+15 ’ ’ ) 1 2 k+1

= ante) | £ (dvol (A)up g™ -+ wipay ™

my(my {(x")NDy)

(= 1)t Tem(x )P’ 51, - - -, Sk)

by the above remark. [l

Proof of Lemma 4.2. The lemma follows immediately from two
calculations:
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Calculation 1:

WESier, - . ., 555, 58)
(ES)(ES,) - (ZSinr)

W) = @W(S) A - A W(Se) AL

Calculation 2:
*((ZS)msW(S))) = i*((ZS))ywiW(S)).

Calculation 1 is proven by induction on k, using the following formulas
which can be verified directly:

T(s, + 53) *W(ZS,, =)
WS US,) = (-1 =—=W(S) AW(S,) N ———2—2
(@) WS US) = (-1 Lo B W) A W(s) A G sies
(b) W(ES,, 281) = WES, + 35,, =8)).
Calculation 2 is proven by induction on s = |S|. By relabelling the
coordinate axes, we can assume that S = §, = {1, 2, . . ., s}. Writing
u=235=ux +x,+ - + x, it suffices to show that
wmW', x;, ..., x) = W)YmiWu, xz, . . ., X5)
on the incidence manifold D,, since W(x,, x5, . . . ,x,) = W(u, x,, . . .,

x,). The manifold D, is contained in the plane

X X2 X u

X X X, u

IR

We conclude
udx, — x,du’ = u'dx, — x!du.
Multiplying by uu’ we have
wmW', x)) = (W' )Y’niW(u, x,)

when restricted to D,,. This is the case s = 2 of calculation 2. The general
case is easily checked by induction, using part (a) above. L]
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If an abstract k-simplex o is defined by the sequence
., Si+1 then we will write either o =

Examples.
of groups of indices S, S, . .
(Sl)(SZ) e (Sk+]) or o = ({xi}iESl)({xl}IESZ) e ({xl}iESkH)-

o = (yz)(x)

o = (x)(y2)

o(o) = ydz — zdy

w(o) = H (ydz — zdy)

z

o = (x2)(»)(w) o = (2)(xy)(w)

w(o) = O i ) (xdz — zdx) (o) = ‘252_—_2;2 (xdy — ydx)

S. Growth rates of shadow forms. In this section we study the
relationship between the growth rate of a shadow form w(o) and the

allowability properties of ¢ (in the sense of intersection homology). We
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fix the standard orientation of R* and orient A by requiring that the
projection A — R” to the first n coordinates is orientation preserving.
The standard inner product on R**! induces an inner product on the
tangent spaces of A and therefore also on the differential forms Q*(A)
which are defined on the interior of A. Let * denote the associated
Hodge star operator. Thus we may define the g-norm |lw||, of a differ-
ential form w, where 1 = g < © by

loll, = < f R dvol(A)>

where o /\ *w = f dvol(A). A differential form w is said to be of type
L7 if o], < .

Recall [GM1] that a perversity is an integer valued function p de-
fined on the positive integers such that p(0) = p(1) = p(2) = 0 and
p(\) = p(A» + 1) = p(A\) + 1. A k-dimensional simplex o in the first
barycentric subdivision of A is (p, k)-allowable iff for each proper face
F of A we have

dim(c N F) =k — X\ + p(\)

where A = n — dim(F).

Definition. 1If o is a k-simplex in the first barycentric subdivision
of A whose vertices are the barycentres of the faces Fi < F, < -+ <
F,., = A, we define the profile p, of o to be the following integer valued
function:

p.(0) = 0

ps(\) = N — (k — i + 1) if X is one of the special values,

A Sk+1 + Sk + -0+ Si+1-

If \ is between two special values, say A = Ay + t where N\, =
Sks1 + Sk + o0 + sivpand 1 = ¢ <s,, define p,(\) = po(No) + (¢t — 1).

LemMa 5.1.  The profile p, is the smallest perversity p for which o
is (p, k)-allowable.
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Proof. This is a simple counting argument. U

THEOREM 5.2. Let ¢ be an abstract k-simplex in the first derived
complex of A, let p, denote the profile of o and let w(c) denote the shadow
form corresponding to o. Fix a real number q with 1 = q < ». Then
(o) is in L7 iff p,(\) < Ngq for all integers \ with1 =X =n + 1 — s,.

The proof will occupy Section 6, Section 7, and Section 8. In order
to estimate [w(o), = |[®n(0)|, we will estimate separately |®|? and

(o).

6. Estimates on |<I)| Fix nonnegative integers sy, 2, . . . , Sk, Sk+1
such thats,,, = n + 1 — 5, — 5, — -+ — 5. Fix positive real numbers
vii(l =i=k)suchthat 0 <v,<1and 2, v, <1.

ProrosiTioN 6.1. The function ®(vi, . .., Vi; Si, ..., Sx) IS
bounded as follows:

J=® =a,J
where
4 = I'n +1) 1
L(s)T(s2) <o« T(sex1) (5)(s1 + 82) == (51 4+ 82 + =+ + Spy1)
and where

52 Sk
J = V'}’ v Vi
1 — WV 1 — Vi — Vy — = Vi

Proof. To compute the numerator of ®, use the change of vari-
ables givenby t;, = wy/viandt, = (1 — vy — v, — -+ — v, )((wfv) —
(u;-1/v,—1)) for 2 = i =< k. The inequalities in the definition of the domain
of integration imply that # = 0 and 2¢, =< 1, and this defines a new
domain of integration. Solving for u;,

t, tl—l
u = v; +
1 —vi— o = vy 1—vi— " —vi,
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we obtain the bound

V,' Suis V,(t] + - + t,)
1—vi—vy— - —viy 1 —vi—v,— o —viy
and
l—tl—tz—--'—tkSl—ul—uz—"'—ukSI.

The volume form becomes

du,du,_, -+ du,

=WV V2 b Yk dtkdtkfl R dtl
1 - 1—wvi—vy— o — Vi

so we conclude

]fﬂl*l ti‘71(1 — = e — tk)-ful“'dts PP,

SJJ’tSllfl(tl + l‘z)xl_l (tl 4+ e+ tk)fkfldt

where the integrals are taken over the region f; = 0 and 2¢, = 1. The
integral in the lower limit was previously defined as the “Dirichlet in-
tegral” and has the value ®,, while the integral in the upper limit can
be evaluated explicitly as 1/(s))(s; + 82) -+ (51 + 52 + -+ + 5. [

7. Estimates on [n(c)||. The Whitney form W,(S) is the pullback
to A = A" of a differential form on R**'. We wish to compute *W,(S)
by working with differential forms on the ambient Euclidean space. For
this purpose we will use the following two lemmas.

LemMMma 7.1. Leti: A < R"*! denote the inclusion of the standard
n simplex into Euclidean space (see Section 1) and let 6 € (V' (R"*") be
a differential form. Let

1 n+1

2 dx;

L:——'—
d \/n+11=1
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denote the differential form of unit norm, whose kernel is parallel to the
simplex A, then

**(0) = ——(_n__lif_; i* = (6 /\dL).

Proof. We have an orientation preserving orthogonal decompo-
sition as Riemannian manifolds, R"*' = H X L, where L is the line
spanned by the vector (1, 1, 1, ..., 1) and H is the affine subspace
containing A. Let g and 7, denote projections to H and L respectively.
Then

QR = 7Y (H) @ mEQY(L) ® whY - (H) ® wiQI(L).

With respect to this decomposition, the operations * and i* are given
by

*(mhoy N\ wiB + whoaa N wiBy) = Bi(1, 1, . . ., Day
and
#(mhon A\ wEB + o A\ TER,)
= mhCran) A mEGB) + (= D7 mi(ras) A wE(sBy).

The result follows immediately. l

LeEmMMA 7.2. Suppose F is a r dimensional face of the n-simplex,
A". By relabelling coordinates if necessary, let us assume that F is spanned
by the vertices {e,, e, . . . , €,+1}. We denote by W(F) the Whitney form
on F: it is the pullback to F of the r-form on R**' which is given by

r+1

WF) = 13 (— 1) da Adu A Adx A e A dxas.
j=1

Then
r+1

1) sWW(F) = (-1)7! 2 xdx

where h : R™*' — R**! is the inclusion of the first r + 1 coordinates.
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r+1 r+1
2 W(F) N 2 dx, = (—1)’r!<2 x,)d)q Ndxy /\ -+ N\ dx, .,
j=1 =1

r+1 r+1
(3) WF)N Z xdx; = (—1)’r!<2 xf)dxl Ndx, /\ o+ N\ dx,...
=1 =1

Proof. The proof is straightforward. U
ProrosiTION 7.3.  Suppose Si, S, . . ., Sk+1 forms a partition of
the set{1,2,...,n + 1} as in Section 4, and let

0 = W(S) A W(S) A - N\ W(Sk+1)
be the corresponding differential (n — k)-form on the n-simplex A. Then
0\ =0 = f dvol(A)
where f is bounded above and below, a;F < f < a,F, with
F = (CS)X(ZS,)? -+ (ZSk+1)?

b _(k+ 1) (C)T(s:) - Tlsen))
P (5182 0 Sker) (n+1)

(C(s)T(s2) - - - Tlsx41))?
(n+1) ’

a, = (k + 1)

Proof. We shall show that

k+1

0/ %0 = as X (SSH(ZSH) -+ (38)° - (SE.1)dvol (4)

where 287 = Z{x}|i, € S} and where as = (I'(s))I'(s2) - T(sk+1))%
(n + 1). The conclusion will then follow from the inequalities of Holder
and Minkowski:

% (ES)? = (28) = (=)~
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Clearly 6 is the pullback (to A) of a differential form 6 € Q*(R"*?)
which is given by the same formula. By Lemma 7.1 we have,

0 A\ 0 = i*(0) /\ =i*(0) = %i*(é A #(6 A dL)).

By abuse of notation we write
0 = W(S) A W(S) A -+ /A W(Sii1)
and

dL = (dSS, + dSS, + -+ + d=Si. )V F 1

from which we see

k+1

. 1 \
AL = = (E (—1)'W(S) A W(S,)

N s N [W(S) N AES] A - N W(Sk+l))

wheret, =n — k + i + 85,41 + Siv2 + -+ + Siy1. Since this differential
form on R"*! has been written as a product of forms on orthogonal
subspaces of dimensions sy, S,, . . . , Sx+1, the Hodge star operator acts
on each factor separately according to equation (1) of Lemma 7.2. The
result now follows directly from equations (2) and (3) in Lemma 7.2.

(]

CoROLLARY 7.4. The pointwise norm of

0
n(o) = (S - (ESear)*

is bounded above and below by a constant times the following quantity

(251)1_51(252)1_s2 e (ES}H\. 1)1¥Sk+]- E’
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8. Integration of . By Proposition 6.1 and Corollary 7.4 we see
that ||w(o)||? is bounded above and below by a constant times the integral
of the ¢" power of the following quantity:

(ESI)(ESZ) (ESIH—I)
(1 — Syl — =S, — S85)% - (1 — 38, — S8, — -+ — SS)*

We will integrate this quantity over the simplex A.

LetS = {i} C{1,2,...,n + 1} be a subset of s elements which
corresponds to a face F of A as in Section 4. For simplicity of notation
we will write y,, y», . . ., ysin place of x,, x;,, . . . , x;. Let

S =2 y.
=1

We will use the symbol [4s_, fdV(S) to denote the following integral
g Integ

A A-y, A=y =yr— =Y
J>}’1:0 fygz() o fy‘z() fdysdyx_l dyl

LemMma 8.1. Assuming q = 1 as above, the function

A

J(A) = f L, (E9)A - 3Sy~av(s)

converges iff r > 0, and in this case there are constants as, and a, such
that

aﬁAq+r+:—l < J(A) <= a7Aq+r+s—I.

Proof. Use the change of variables y, = At — y, — y, — -+ —
ys-1 (s0 =S = A¢) in the first integral (let us call it J}), and set £S5’ =
yi+ y» + -+ + y,.; to obtain

1

A—-ZS'
J = f . (ZS)4(A — =S) 'dy, = A‘“’f ti(1 — o) ldt
Ys=

1=(25)/A

which diverges if r = 0. Now suppose r > 0. Since #? is monotonically
increasing on [0, 1], the integral J, is bounded above and below by
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1

1
C(ES)A - By =T = AT f R a2

This last integral is an ‘“Eulerian integral” and has the value
I'(g + DI'(n/(g + r + 1) (JWW]). Therefore J(A) is bounded as follows:

%IZEO (ZS)1(A — Z8')dV(S') = J(A)

(g + DI'(r) (4
I'g+r+1)J=-

= Aq+r

. 1dV(S")
from which we conclude by induction that

Aq+r+s—l fl
——— | /(1 — o)yt < J(A
'r+s—-1)Jo ( ) (4)

Mg + D0, 1
I'g+r+1) I(s)

S Aq+r

This completes the proof and in fact we see that we may take

I'(qg + DI'(r)

__Tg+1
s T(q + r + DI(s)

_F(q+r+s) U

and a;, =

Proof of Theorem 5.2. We must decide whether the following
integral converges:

f;l=o E)(1 = 2y fl_z; )11 — 3, — S,) % -

3=

=2 = =32,
f G )1 = 3 — oo = S )

24-1=0

-5 — =3

I=Z) = =32
f C)1—- 3 — - — zk)qqumf 1 dA

=0 Sii1=0

where X, denotes =S, = E{x,«|j € Si}, where 2., = Z¢11 — Xn+1, and
where dA' = dZ;. .2, -+ d2,. (In other words, no integration is per-
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formed over the last coordinate y,.,; because the sum of all the coor-
dinates is 1).
The value of the last integral is

1
I1(5‘k+1)

a-z5-35- - Esk)skﬂ—]‘

We now perform the remaining integrals successively, using Lemma 8.1.
Thus the =S, integral converges iff ¢ — gsi+1 + sk+1 > 0, and in this
case it is bounded above and below by a constant times

(1 = 28, — «++ — 38, )@ s seatal
Similarly the =S, , integral converges iff —gsi + q(2 — s+1) +

Sk+1 + 8¢ > 0, and so on. We conclude by induction that w(o) is in L?
iff the following conditions hold:

Sivr — 1 < (Ses1)lq
Sk t Sky1 — 2 < (Sk + Sk+1)/q

(*)

Ser + o F s — (k=i + 1) < (541 + 0+ Skr)g

n+l1l-s —k<(m+1-s)gq.
Finally we claim the conditions (*) hold iff the profile p, of o satisfies

(**) p(\) < Mg

for all A with 1 = A = n + 1 — s,. First note that condition (*) is
equivalent to the conditions p,(\) < Nq for every ‘“‘special value” N =
Si+1 + Siv2 + -+ + sisq because for these values the profile satisfies
p.(\) = N — (k — i + 1). But it is easy to see that p,(\) < Mg for the
special values of \ iff p,(N\) < Mg for all values of N because the special
values are the only points of concavity on the graph of p,(\). U
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p(c)

L* Growth Rates

9. Globalization. In this section we consider a triangulated pseu-
domanifold K and we show how the L? forms (o) of the preceding
sections may be patched together to form a chain complex whose ho-
mology is the intersection homology of K. Our goal is to associate to
any (m, i)-allowable chain ¢ € IC(K') a collection of L* differential
forms on the n-simplices of K which agree on the n — 1 dimensional
simplices. Unfortunately there is a technical complication introduced by
the possibility that ¢ might be contained in the n — 1 skeleton of K, for
in this case we have no way of constructing corresponding differential
forms on the n-simplices of K. We will rule out this possibility by as-
suming the chain c is “transverse” to the n — 1 skeleton of K.

Throughout this section, K will denote a purely n» dimensional sim-
plicial complex linearly embedded in R", which is also an oriented pseu-
domanifold, stratified by the simplices of K. Let K’ denote the bary-
centric subdivision of K, with respect to some fixed choice of
barycenters. Lét K(; denote the j-skeleton of K and ¥ = K,_,, denote
the ““singularity set” of K.

Definition. A chain ¢ € C(K') is transverse if dim(|c| N K1)
=i — 1 and if, for each n — 1 dimensional simplex F in K, we have
dim(|ac| N F) =i — 2. The transverse chains (with R coefficients) form
a complex, which we denote by CL(K'; R).

Remark. If ¢ = Za;o; is a transverse i-chain then each o; is con-
tained in some n-dimension simplex A of K, and is not contained in any
proper face of A. Consequently o; is the kind of simplex which was
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considered in Section 1 and for which we were able to associate a shadow
form.

Now fix a perversity p. Define I?C(K’; R) to be the group of all
chains £ € C(K'; R) in the first barycentric subdivision of K, such that
¢ is (p, i)-allowable, and 9§ is (p, i — 1)-allowable with respect to the
stratification of K which is given by the simplices of K. Define the
complex of allowable transverse chains I’C%L(K’; R) to be the intersec-

tion I’C«(K’; R) N CL(K'; R).

PropPOSITION 9.1.  The homology of the complex I’C%(K'; R) is the
intersection homology IH%(K; R).

Proof. The proof is surprisingly delicate since the chains are re-
stricted to those which come from the first barycentric subdivision. See
[GM3] for a proof without the transversality assumption. The addition
of the transversality condition is handled as follows: Any chain & €
IC(K") is a sum of i-dimensional simplices of two types: those which
are contained in an (n — 1)-dimensional simplex of K, and those which
are not. This gives rise to a canonical direct sum decomposition of
IC(K") into two subgroups, which we denote as follows:

IC(K") = IC(K' — Ku-1)) ® IC(Ki{u_1).

The boundary homomorphism preserves the second subgroup but not
the first, so we have

(&1, &) = (0:&1, 0.6 + 9&)

where 9,&; (resp. 9,§) is the component of 9&; which lies in the first
(resp. second) subgroup. Clearly,

IC,T(K,) = IC,(K, - K(nfl)) N ker(az).

However, 62| 1C(K' - K,,_y) 18 SUTjective since each allowable (i = 1)-simplex
in K(,_ ) is the face of an allowable i-simplex in K'. It is a simple exercise
in homological algebra to verify that the surjectivity of 9, implies that
the subcomplex IC% has the same homology as the full complex. [
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Definition. A differential form on K — X is a collection of smooth
forms w, defined on each n dimensional simplex A of K, which agree
on the interior of each n — 1 dimensional simplex, i.e. whenever F =
A, N Az is an n — 1 dimensional face of two n-simplices, then

Wa |Fe = W4, |Fo.

Definition. Let Q‘(K) denote the vectorspace of all linear com-
binations of shadow forms w(c) such that o is an n — i dimensional
simplex in K'. Let ) denote the subspace of Q' consisting of those linear
combinations which agree on each n — 1 dimensional simplex of K. Let
Q,, denote the subspace of Q' consisting of forms ® such that v € L7

and do € L.
THEOREM 9.2.  The operation w which associates to each transverse
chain ¢ = Za,0; € C/(K') the differential form w(c)
w(c)a = Za;wa(0;) * Xa())

(where wa(0) is the shadow form defined in Section 1, and where X, is
the characteristic function of A, i.e. it takes the value 1 on o iff ¢ C A)
induces a chain isomorphism

o : CI(K'; R) = Q" (K).

Furthermore if 1 = q < and ifp = p(q) is the largest perversity function
such that p(\) < Nq for all N, then o restricts to a chain isomorphism

PPCI(K'; R) — Qi (K).

Proof. The mapping w is an isomorphism of groups, by definition.
It commutes with the boundary because of Stokes’ theorem (see [BT]
p. 62). U

CoroLLARY 9.3. If p and q are related as above, then the coho-
mology of the complex Qf,(K) is naturally isomorphic to the intersection
homology IH%(K; R).

10. Products of shadow forms. For differentiable manifolds, the
wedge of differential forms corresponds, by deRham-Poincaré to the
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intersection of cycles. In this section we relate the wedge of shadow
forms (o) /\ w(a') to the shadow form of the intersection w(ac N o).
For this, we need the following notations and definitions:

Notation. Let o be an abstract k-simplex in the first derived com-
plex of A. For p € int(A) we denote by [o(p)] the affine plane spanned
by a(p). If ¢’ is another abstract simplex, of dimension k' in the first
derived complex of A, we denote the intersection dimensions by:

q = dim([o(p)] N [0'(p)]) and r = dim(a(p) N a'(p)).

These dimensions do not depend of the choice of p € int(A) and we
have g = randg =k + k' — n.

Definition. The simplices o and ¢’ are affine transverse iff g =
k+ k' —n, ie.:

codim ([c(p)] N [¢'(p)]) = codim[o(p)] + codim[c'(p)].

Definition. The simplices o and ¢’ are topologically transverse iff
r=k+ k' —n,ie.:

codim(o N ¢') = codim(o) + codim(c’).
Denote by S;, S5, ..., Siwi and S1, S5, . . ., Sk+1 respectively the
groups of indices corresponding to ¢ and ¢’ as in Section 4.

THeOREM 10.1. 1) The simplices o and o' are affine transverse iff
o(c) N\ o(c’) # 0.

2) If the simplices ¢ and o' are affine transverse and topologically
transverse (i.e. q = r = k + k' — n) then:

n+1
o(o) N w(c’) = t%;—\?—q-, (H x,—)w((r Na')
aoNag’ =1

where, for ¢ = (5,)(S2) -+ (Sk+1),

v - D(ZS,, 2Sa, . . ., 28k S1, 82, .+ - ., Sk)
7 (Z8)(ZS2)% -+ (SSksr)™
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Note that o N ¢’ = (T,)(Ty) -+ (T,+1) where the groups of indices
T, are described as follows: Set r, = r; = 0 and define by induction 7,
and r; as the minimal numbers such that:

Then this union is precisely T,.
The rest of this section is devoted to the proof of Theorem 10.1.
Define a bipartite graph G(o, o'), as follows:

The vertices are labelled S, S,, . . . , Sk+1, 51, S2, - - ., Ske+1. The edges
connecting S, and S; are labelled.by the indices they have in common.

LeMMA 10.2.  The graph G(o, ¢') has q + 1 connected components.

Proof. Suppose the vertices S, Say -+ - 5 Sap Sp> gy - - - 5 Sg
form a connected component of the graph. Then we have a minimal
expression

™) Sey USe, U - US, =85 USpU---USg.
We denote this union by L, and we associate to it a vertex in the

intersection [o(p)] N [¢'(p)], namely the barycenter of the face (x)ic..

The vertices obtained in this way are clearly linearly independent.
They span the plane [o(p)] N (o'(p)] because every vertex in this plane
is described by an expression (*) but not necessarily a minimal such
expression. In summary, there are ¢ + 1 such vertices, each of which
is associated to a connected component of G(a, ¢'). U

Lemma 10.3. (a) If S\ N S, = {x} then:

W) AWS) = s e

xW(S: U S,).
(b) If card(S: N S;) = 2 then:

W(S) A W(S,) = 0.

Proof. The proof is straightforward (the case S; N S, = 0 was the
formula (a) in the proof of Lemma 4.2). O
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To prove Theorem 10.1 we will calculate the product W(S,) /\ ---
N W(Sk1) NW(ST) N\ -+ AN W(Si .,) by repeated application of Lemma
10.3 within each connected component of the graph G(a, o’).

Proof of the Theorem 10.1. (1) The simplices o and ¢’ are affine
transverse iff the graph G(o, ¢') does not contain a cycle, since both
statements are equivalent to the equality:

#(edges) = #(vertices) — #(connected components).

However, if some connected component contains a cycle, then Lemma
10.3(b) implies that the corresponding wedge of differential forms van-
ishes.

(2) If o and o' are affine transverse and topologically transverse,
the differential part of w(o) /\ w(c’) is the product of Whitney forms:

W(S) A W(S:) A o+ A W(Ser) A WS A WS A -+ A W(Sha)

- +F(51) e Dsea) Ts1) - Dlsesn) (T
- MR (T ey

ANWT) A -+ A W(T,.,)

where s, = |S,|, s/ = |S/| and t; = |T}|. This gives the differential part
of w(o N o) since in this case, the groups of indices L; and T, coincide
up to reordering. The formula is then a consequence of Theorem 4.1.

O

Remarks. 1) Even if o and ¢’ are affine transverse, it is not true
that w(o) /\ w(¢’) and w(o N ¢') are proportional (by a function), but
there is a differential ¢ — r-form m such that w(oc N ¢') = w(c) /A
w(a’) N\ .

2) The differential n — r-form w(c N ¢’) is never 0.

Examples (in A’). 1) Let ¢ = (x;x)(x3)(xs) and o' =
(x4)(x1x3)(x2). Then o N ¢’ = {p} and [o] N [o'] is the line spanned by
(X4)(x1x,x3). In this case, ¢ and o' are affine transverse, but not topo-
logically transverse. We have: r = Oandg = k + k' —n=1;L, =
(1, 2, 3), L, = (4). The differential forms are w(c N ¢’) = W(A) and
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N XXsXe(2 — x4)
(o) N\ o(c’) = (6 + x)(1 — x,)?

W(xi, x2, x3).

2) Let 0 = (x,x2)(x3)(x4) and ¢’ = (x4)(x1x2x3). Then o N ¢’ =
{p} and [o] N [o'] is the line spanned by (xX;)(Fx,%3). In this case, &
and o' are topologically transverse, but not affine transverse. We have:
r=k+k'—n=0andq=1;L, =(1,2,3), L, = (4). The differential
forms are w(o N ¢') = W(A) and o(c) N\ w(c’) = 0.

3) Let 0 = (x;x3)(x3)(x4) and ¢’ = (x4)(x,x2)(x3). Then o N ¢’ =
{p} and [o] N [¢'] is the plane spanned by (¥,3)(x3)(xs). In this case,
o and ¢’ are neither topologically transverse nor affine transverse. We
have:r = 0,k + k' —n=1andgq =2; L, = (1,2), L, = (3) and
L; = (4). The differential forms are w(c N ¢') = W(A) and w(c) A\
w(a’) = 0.

4) Let 0 = (x1)(x2, x3)(xs) and o’ = (x;, x2)(x3)(xs). Then o N
o' = (x1, X2, X3)(xs) and [a] N [o¢'] is the line spanned by (m)()&).
In this case, o and ¢’ are topologically transverse and affine transverse.
Wehave:r =k + k' —n=qg=1,L, = (1,2,3)and L, = (4). The
differential forms are w(o N ¢') = W(x,, x,, x3) and

x1x:x3(2 — x))
1= (x + x)A — x)?

o(o) N\ (') = W(xi, x2, x3).

11. Whitney forms. Whitney’s form W(S) may be recovered as
sums of shadow forms corresponding to the dual cone decomposition
of K. Fix an n dimensional simplex A and let F denote an r dimensional
face of A. The dual cell D(F) consists of the union of all abstract simplices
o in the first derived complex of A which are spanned by vertices F, F,,
...,EwithF<F <---<F.

ProrosiTiON 11.1.  The Whitney form W(F) is equal to the sum of
the shadow forms

W(F) = ={w(o)|o is an n — r dimensional simplex in D(F)}.

Remarks. The Sullivan-Whitney theorem [Su] [W] that the co-
homology of the complex of Whitney forms is isomorphic to the co-
homology of K is thus equivalent to the fact ([Bra]) that the homology
of the chain complex of dual cones is isomorphic to the cohomology of
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K. Whitney forms are bounded (i.e. in L*); however there are bounded
forms which are not Whitney forms. In fact the cohomology of the
complex of bounded shadow forms is precisely the perversity 0 inter-
section homology of K, which coincides with the cohomology of K if K
is normal [GM1].

Proof. For notational simplicity we set k = n — r. By renumbering

the vertices of A so that F is spanned by {e,, e,, . . . , €,.1}, and using
the notation of Section 4, each k dimensional simplex o in the dual cone
D(F) is associated to a decomposition of the set {1, 2, . . . ,n + 1} into

k + 1 nonempty subsets S; U S, U -+ U Siy with S, = {1, 2, ...,
r + 1} (corresponding to F) and with s, = [S,| = 1for2 =j=k + 1.
Thus the k simplices o in D(F) are in one to one correspondence with
permutations of the set {r + 2, r + 3, ..., n + 1}. A permutation 7
corresponds to the choices S, = {r(r + j)}. Let us denote this simplex
by o.. We have

o(o,)

W(S)
= (—1)kkrD2 SIS P S S U PO DU | .

(-1 D(ZS1, Xerr2) Xen+1)5 ¥ ) S,y
In particular, the forms w(a.) for various choices of T are all proportional
to W(S,). The factor of proportionality ® = @, can be evaluated using
the change of variables given in Section 4, and it equals

Xa(r+2) Xr(r+3)

(1 — ES]) (1 - ESl - xT(H.z))

(DT = (ESl)r

Xx(n+1)
(1 - 28 - Xegr+2) — °°° — xf(n))

Summing over all (n — r)! permutations 7 gives

2P = (28

T

which completes the proof. U
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