THE TOPOLOGICAL TRACE FORMULA
MARK GORESKY AND ROBERT MACPHERSON

ABSTRACT. The topological trace formula is a computation of the Lefschetz number of a
Hecke correspondence C' acting on the weighted cohomology groups, defined in [GHM], of
a locally symmetric space X. It expresses this Lefschetz number as a sum of contributions
from fixed point components of C' on the reductive Borel Serre compactification of X. The
proof uses the Lefschetz fixed point formula of [GM2].

AMS subject classification: 11F75 (primary); 55M20, 11F60 (secondary)

1. INTRODUCTION.

1.1. The goal. Although this paper is self contained, it is actually the fourth in a series of
five papers ([GM1], [GM2], [GHM], this paper, and [GKM]) in which we derive a formula for
the Lefschetz number of a Hecke correspondence acting on the weighted cohomology groups
of any locally symmetric space X. For various reasons, the publication of this paper was
delayed for many years, and it is now appearing after [GKM]|, which logically depends on
results from this paper.

In [GM1] the formula is described (without proof) for the special case of locally symmetric
spaces associated to Sp(4, R).

In [GM2] we address the general topological problem of determining the contribution from
a single fixed point component to the Lefschetz number of an arbitrary “weakly hyperbolic”
correspondence acting on a complex of sheaves on a compact stratified space. (An error
[GM2] is corrected in §11.7 of the present paper.)

In [GHM] we construct a family of (complexes of) sheaves W”C*(X,E) on the reduc-
tive Borel Serre compactification X of the locally symmetric space X, with coefficients in
a local system E. The (hyper) cohomology of this complex is the weighted cohomology
WYH*(X,E). For various choices of v the weighted cohomology may be identified with the
ordinary cohomology H*(X,E), the compact support cohomology H}(X,E), the L? coho-
mology H(, (X, E) (when it is finite dimensional), or with Franke’s weighted L? cohomology
[F], [N]. The goal is (a) to apply the formula of [GM2] to the action of a Hecke correspon-
dence C[g] on the weighted cohomology W”H*(X,E), and (b) to sum these contributions
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over all the fixed point components in X, so as to obtain a formula for the Lefschetz trace
of Clg] on the weighted cohomology.

For part (a) one must verify that each Hecke correspondence C|[g] is “weakly hyperbolic”
in the sense of [GM2], and this is the first main result of the present paper, Theorem 11.9.
In the process, we describe some of the rich geometry of Hecke correspondences and their
fixed points. In Theorem 13.6, the second main result of this paper, we complete part (a)
by describing the local contributioin to the Lefschetz number in terms of roots and weights.

For part (b), one may sum the contributions from the fixed point components of X in
either the adelic setting or the discrete group setting. This is accomplished in the adelic
setting using orbital integrals, in [GKM] Theorem 7.14 (p. 535). Theorem 7.14 of [GKM]
uses Theorem 13.6 of the present paper as its starting point: it occurs as the expression for
Lg(y) on page 534 of [GKM].

When the L? cohomology of X is finite dimensional (the equal rank case), the Lefschetz
number of the Hecke correspondence Cf[g] acting on the L? cohomology H() (X, E) was

computed by J. Arthur in [Arl, Ar3] using the trace formula. In this case the L? cohomology
coincides with the “middle” weighted cohomology (see [GHM]), so we obtain an independent
computation of this Lefschetz number. In [GKM], it was shown that these two computations
agree. Consequently, the present paper completes an independent proof of Arthur’s formula.

In the (slightly more general) discrete group setting, the fixed points can be explicitly
“counted” using double cosets. This is accomplished in Proposition 8.4 which some geome-
ters may find to be more accessible than the orbital integrals of [GKM] (although they are in
fact equivalent). As a consequence, we obtain a Lefschetz formula, Theorem 1.5 (the third
main result of this paper), in the discrete group setting. These matters will now described
in more detail.

1.2. Geometric overview. For the purposes of this introduction, a locally symmetric space
X is a complete connected Riemannian manifold with finite volume and non-positive cur-
vature, such that every point p € X has a neighborhood U, with a Cartan symmetry: an
isometry U, — U, that takes p to itself and induces minus the identity on the tangent space
to X at p. As for any manifold, we have X = I'\ D where D is the simply connected covering
space of X and I' is the fundamental group of X. Because X has nonpositive curvature, it
follows that D is a Riemannian symmetric space of noncompact type, that is, the metric
product of a negatively curved symmetric space from Cartan’s classification, and a Euclidean
factor R™). The discrete group I" acts by Riemannian automorphisms of D. We assume that
this action is “arithmetic” (see §1.3).

Correspondences. We are interested in the automorphisms of X. A morphism f : X — Y
of locally symmetric spaces is a local isometry; i.e. a map f that restricts to an isometry
U, — Uy for appropriate choices of neighborhoods. Topologically, a morphism is a covering
map of finite degree. There are finitely many morphisms X — X. Instead, we consider a

correspondence on X, i.e. a locally symmetric space C' together with two morphisms ¢; and
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¢o from C to X. We can think of (¢1,¢) : C = X as a multi-valued function, whose values
at p € X are the points in the set cy(c;'(p)). There is a rich supply of correspondences.
They include the Hecke correspondence, see §1.3.

Lefschetz numbers. Consider a cohomology theory of X, such as the L? cohomology H (1'2) (X).
A correspondence (c1,c2) @ C = X acts on H(i?) (X) by sending a differential form w to
C*w = (¢1)«(c2)*w. (The map (c1). adds the differential form over the sheets of the finite
covering map c;). It is believed that the induced maps C* : Hf, (X) — H{,)(X) carry deep
number theoretic significance. One would like to compute them. Unfortunately, this is too
difficult. Even the rank of H (1'2) (X) is too hard to compute in most cases. As often happens,
however, a more accessible goal is the computation of the Lefschetz number

L(C) = Z(—W‘Tr (C™: Hiy(X) — Hiy (X))

Our goal is to use the Lefschetz fixed point theorem to express the Lefschetz number
L(C) =) L(F)
F

as a sum over fixed point components F' of some local contribution L(F).

Compactifying X . The first obstacle is the fact that X is, in general, non-compact. (When
X is compact, the Lefschetz formula was described by M. Kuga and J. H. Sampson [Ku].)
There is no hope for a Lefschetz fixed point formula on a noncompact space. To see this,
consider the example where X = C is the complex line with the self map that sends z € X
to x + 1. The Lefschetz number for ordinary cohomology is 1. But there are no fixed points,
so the right hand side is 0 no matter how L(F) is interpreted. There are similar examples
for L? cohomology and locally symmetric spaces X.

The solution is to pass to a compactification X of X. We need a compactification X C X
satisfying

1. The L? cohomology of X can be expressed locally on X.

2. The correspondence (cq, ¢o) : C' = X extends to a compactified correspondence (cq, ¢3) :

C=X.
3. The singularities of X are simple enough to allow a calculation of L(F).

Remarks on these properties. In (1), “Expressed locally” means that the L? cohomology is
the cohomology of a complex of sheaves on X. For (2), we want a functorially constructed
compactification C' of C. The map C* on L? cohomology should be induced by a lift of
the complex of sheaves to C. Properties (1) and (2) together will imply that there exists
an expression L(C) = >  L(F) for L(C) as a sum of contributions L(F") over fixed point

components F' of C, by applying the fixed point theorem of Grothendick and Illusie [GI].
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A lot of effort has gone in to constructing various compactifications of X. Most of these
fail some of the criteria, however. For example, the toroidal compactification [AMRT] for
Hermitian X satisfies (3) but neither (1) nor (2). The Borel-Serre compactification [BS]
satisfies (2) and (3) but not (1). (It does satisfy (1) in the case of ordinary cohomology
rather than L? cohomology. In this case, U. Weselmann, following suggestions of G. Harder,
has carried out the Lefschetz computations ([We]).)

It is likely that (for sufficiently high rank) any compactification satisfying (1) and (2)
must be singular. A well known example is the Baily-Borel compactification for Hermitian
X. This satisfies (1) because of the Zucker conjecture (i.e. the Looijenga [Lo], Saper-Stern
[SaS] theorem) which expresses the L? cohomology of X on the Baily-Borel compactifica-
tion as the intersection cohomology, which is the cohomology of a complex of sheaves (see
[GM4].) It satisfies (2) because it is functorial. However, the singularities of the Baily-Borel
compactification are as complex as a locally symmetric space only slightly smaller than X
and are too complicated to allow a direct computation of L(F').

The first miracle is that there is a compactification satisfying all three properties: the
reductive Borel-Serre compactification X (defined for all X, Hermitian or not). In the
Hermitian case, it may be thought of as a (non algebraic) partial resolution of singularities
of the Baily-Borel compactification. The reductive Borel-Serre compactification satisfies
property (2) because it is functorial with respect to morphisms of locally symmetric spaces.
So in the diagram (¢, ¢;) : € = X, the space C is the reductive Borel-Serre compactification
of C. It satisfies property (1) because of the existence of weighted cohomology described
below, and it satisfies property (3) because its singularities may be explicitly constructed
from certain nilmanifolds (see §1.4).

Weighted Cohomology. The Lefschetz fixed point formula of this paper is for the weighted
cohomology groups WY H*(X,E) where X is any locally symmetric space and E is a local
system over it. These were introduced in [GHM]|. The weighted cohomology is the coho-
mology of a complex of sheaves W”C*(E). Therefore it satisfies property (1) mentioned
above.

The weighted cohomology groups W”H!(X, E) depend on an auxiliary parameter v called
a weight profile. When X has finite dimensional L? cohomology, then WYH! (X E) =
H{, (X, E) provided the weight profile v is chosen to be the “middle weight” ([GHM],[N]),
so our formula includes the L? case. Another weight profile gives the ordinary cohomology of
X. A. Nair [N] has shown that for any weight profile, the weighted cohomology W*H*(X, E)
is equal to J. Franke’s “weighted L? cohomology” [F] for a particular weight function. For a
leisurely account of the properties of weighted cohomology, see the introduction to [GHM].

The Lefschetz formula. Even on a compact space with mild singularities, the fixed point
contribution L(F') is usually too difficult to compute. The second miracle is that on the
reductive Borel-Serre compactification X, each correspondence is hyperbolic. A formula

for the contributions L(F) for hyperbolic correspondences was developed in [GM1, GM2]
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expressly for the application in this paper to Hecke correspondences. A related result in a
different language, which applies to functions (rather than correspondences) was disocvered
in [KS] Prop. 9.6.12.

The rest of the introduction proceeds as follows. The next section enumerates the fixed
point components and determines their topology. Section 1.4 describes the local contribution
from each fixed point component, and §1.5 adds them up to give the Lefschetz number L(C).

1.3. The structure of a correspondence on X. The theory of correspondences on X
is very self-referential. The reductive Borel-Serre compactification X is a stratified space
whose strata are themselves locally symmetric spaces. The closure of such a stratum is its
reductive Borel-Serre compactification. The fixed point components of a correspondence on
X are (almost) locally symmetric. A correspondence restricted to a stratum of X is itself a
correspondence.

Obtaining X from G. In order to be precise, we need the language of algebraic groups. We
use boldface symbols for linear algebraic groups, and Roman symbols for their Lie group
of real points, for example, G = G(R). Throughout this paper we fix a reductive linear
algebraic group G defined over the rational numbers Q. The symmetric space D for G is
defined to be G/SgK. Here K is a maximal compact subgroup of G and Sg is the greatest
Q-split torus in the center of G. The group G acts on D by Riemannian automorphisms.
Let X = I'\D = I'\G/SgK, where I' C G(Q) C G is assumed to be a neat arithmetic
subgroup. This is the arithmeticity assumption on the locally symmetric space X of §1.2.
By results of Margulis, in most cases the arithmeticity assumption is automatically satisfied.
(The space D may have Euclidean factors because G may have a part of its center that is
split over R but not over Q. After dividing by I', these Euclidean factors will become wound
into tori.)

Rational parabolic subgroups P of G. If P is a rational parabolic subgroup, let Lp be its
Levi quotient; let vp : P — Lp be the projection; let Up be the unipotent radical; let
Sp C Lp be the maximal Q-split torus in the center of Lp; and let Ap be the set of simple
roots occurring in Mp = Lie (Up). Let Kp = K N Lp be the maximal compact subgroup of
Lp which corresponds to K; set I'p =I'N P; and 'y, = vp(I'p).

The reductive Borel-Serre compactification X. (§2.10) The strata of X are indexed by I'-
conjugacy classes of rational parabolic subgroups P of G. The stratum Xp C X correspond-
ing to the conjugacy class containing a parabolic P is the locally symmetric space I'r,\ Dp,
where Dp = Lp/SpKp is the symmetric space of the Levi factor Lp. If P C Q then
the stratum Xp is contained in the closure X¢g of X¢ (which is the reductive Borel-Serre

compactification of Xg).
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Hecke correspondences. Let g € G(Q). Let IV € T'Ng~'T'g be a subgroup of finite index. This
data determines a correspondence (cy,cz) : Clg,I'] = X as follows. Let C[g,I"] = I"\D.
The mapping ¢; is obtained by factoring the projection d; : D — I'\D = X through C[g, "]
which may be done since IV C I'. The mapping ¢ is obtained by factoring the projection
dy : D — T\D through C[g,I"], where dy(z) = di(gx). Such a factoring exists because
I"cg'lg.

It is a fact (Proposition 6.9) that every correspondence may be obtained in this way.
For the maximal choice IV = ' N g~ 'I'g, the resulting correspondence is called a Hecke
correspondence and is denoted C[g] = X. Up to isomorphism, this correspondence depends
only on the double coset T'gl" € T\G(Q)/I" (cf. Lemma 6.6).

The correspondence C|g,I'] = X is a covering of the correspondence C[g] = X of degree
d = [I" : T']. The action of C[g,T”] on weighted cohomology is simply d times the action of
Clg]. So, without loss of generality, we may concentrate on computing the Lefschetz number
of the Hecke correspondence C|[g] for a fixed double coset I'gI" € I'\G(Q)/T.

The correspondence on a stratum of X. Each Hecke correspondence Clg] = X has a unique
continuous extension to the reductive Borel-Serre compactification C[g] = X. Every bound-
ary stratum Cg of Clg] will be a correspondence taking a boundary stratum of X to an-
other one. Since we are interested in fixed points, we want to classify those Cgy which take
a stratum Xp C X to itself. There is one of these for every double coset I'pg;I'p in the
intersection P N I'gl" (Proposition 7.3). It is isomorphic to a correspondence of the form
Clg;, I';] as described above, but with G replaced by Lp. (Here g; = vp(g;) € Lp and
FIL = l/p(Fp ﬂg[lfgl) C LP)

Fized point components. The fixed point set (sometimes called the coincidence set) of a
correspondence (c1,c) : C' =2 X is by definition the set of points in C' on which the two
maps ¢; and ¢y agree.

The fixed point set of the correspondence C|g, '] == X (before compactification) breaks up
into constituent pieces F'(e) indexed by I' conjugacy classes of elliptic (modulo S¢) elements
e € I'gl" (§8.2). The piece F'(e) corresponding to the conjugacy class containing e is the space
I"\G./K!, where G, is the centralizer of e in G, I, =I"NG,, and K! = G. N (2(SgK)z"1)
where zAgK € D = G/AgK is a fixed point of the action of e on D. (Such a point exists
since e is elliptic) (§8.4). The constituent F'(e) is a finite union of spaces, each of which is
almost a locally symmetric spaces for the group Ge. (It may have infinite volume because it
may have Euclidean factors that are not wound into tori.)

Applying this result to the boundary stratum Xp, in conjunction with the calculation
(§1.3) of the part of the correspondence C|[g] which preserves Xp, we get a group theoretic
enumeration of all the fixed points of C[g] which lie over points in Xp : For each choice
of a double coset I'pg;I'p C I'gI' N P, and for each conjugacy class of elliptic (modulo Sp)
elements e in I'1,g;I';, there is a fixed point constituent Fp(e). (It is a smooth submanifold

of the stratum Cg of C[g] which is determined by the double coset I'pg;l'p as in §1.3.)
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Summing over I' conjugacy classes of rational parabolics P gives the complete enumeration
of fixed points of C[g].

The topology of the fized point set. There are finitely many constituents Fp(e) of the fixed
point set and they are disjoint. Unfortunately however they may not be topologically isolated
from each other. If Xpr C Xp, then the closure of Fp(e) can contain points in some
Fpi(€'). So a single connected component of the fixed point set may have a very complicated
structure. This phenomenon is the main source of technical difficulty of this paper. (The only
real limit we have found on the possible complexity of a connected component of the fixed
point set is Proposition 10.4.) We get around this problem by composing the correspondence
with a mapping, very close to the identity, which shrinks a neighborhood of the singularity
set X — X into the singularity set, and which does something similar on the closure of each
stratum of X. This has the effect of “truncating” each connected component of the fixed
point set into pieces each of which is contained in a single stratum of X (a process which
may be considered as a sort of topological analog to Arthur’s truncation procedure). The
Lefschetz number of this “modified” Hecke correspondence is equal to that of the original
one. We prove that the modified Hecke correspondence is hyperbolic. The resulting formula
(Theorem 1.5) would be the same if no truncation were used, however the proof would be
more technical.

1.4. Calculating the local contribution L(F'). Let E be a finite dimensional represen-
tation of GG, and let E be the associated local system over X. Denote by Pq a fixed minimal
(“standard”) rational parabolic subgroup of G and by Sp a maximal Q-split torus in the
center of its Levi factor. Then Sq C So. A weight profile v € x(So) (§12.2) is a (quasi-)
character of Sg whose restriction to Sg coincides with the character by which Sg acts on E.
The Hecke correspondence C'lg] = X has a canonical lift (§13.1) to the weighted cohomology
sheaf W”C*(E), so it induces a homomorphism on weighted cohomology whose Lefschetz
number

L(Clg)) = Y- (~1) Te(Clgl: W*H'(X: B)) (1.4.1)

is what we want to compute.

Hyperbolicity of the correspondence. Let us assume for the moment that the fixed point set
is topologically the disjoint union of the constituent pieces Fp(e). This is not always the
case, but the formula we obtain is nevertheless always valid, as explained in §1.3.

We focus on a single stratum X p which is preserved by the correspondence, and on a single
stratum of the correspondence C corresponding to a single double coset I'pg;I'p C PNIgl.
Within this stratum, we focus on a single constituent Fp(e) of the fixed point set. Each
stratum X which contains Xp in its closure correspondence to a rational parabolic subgroup
Q containing P, and therefore to a unique subset I C Ap. The empty subset corresponds

to Xp itself and the largest subset Ap C Ap corresponds to X. Let a, be the projection of
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e to the identity component Ap of Sp(R). The elements of Ap are rational characters of Sp
so we may define

Ab(e) ={a € Ap|a(a.) < 1}.

Let X be the stratum containing Xp which corresponds to the subset AfL(e) € Ap. The
correspondence C|g] is hyperbolic near Fp(e) 11.7, with “expanding” (or “unstable”) set X¢
(Theorem 11.9, §13.10). In other words, near Fp(e) the Hecke correspondence is “expanding”
in those directions normal to X p which point into X¢,.

Let F' = ¢1(Fp(e)) = ca(Fp(e)) C Xp and let L. be the centralizer of e in Lp. There are
diffeomorphisms (Proposition 8.4),

Fple) 2 T'\L./K! and F' 2 T\L./K!

where K! = L. N z(KpAp)z~! (for appropriately chosen z € Lp), I'. = L. N Ty, and
I = L.NT". The projection Fp(e) — F’ is a covering of degree d, = [I'. : I".] (cf. §8.6).

It follows from the Lefschetz fixed point theorem of [GM2] that the local contribution is
given by

L(Fp(e)) = xe(F") > (=1)'Tr (C[g]* : Hi(A®) — H.(A®))
i>0
(See Theorem 13.2). Here A® = h'j*W"C*(E) where h is the inclusion F' — Xp — Xg
and j is the inclusion X¢o — X; H(A®) denotes its stalk cohomology at z € F'; and x,
denotes the Euler characteristic with compact supports. See the introduction to [GM2] for
a geometric account of hyperbolic correspondences.

The stalk cohomology. Let ¢ denote the codimension of F” in Xp and let O be the top
exterior power of the normal bundle of F” in Xp. Let r denote the index [I'p NUp : I NUp|
where I = I'p N g; 'Tpg;.
The stalk cohomology of the sheaf A® at a fixed point x € F' C Xp is given by (13.10.4)
and Proposition 12.8:
H:(A®) = b Vi [—l(w) — |A(e)| — ] ® O,. (1.4.2)

w(Ap+pB)—pB
wEW}lD
I, (w)=A%(e)

The Hecke correspondence C[g] acts on the first factor by rd, times the action of e~! and

it acts on the second factor by (—1)¢, cf. (13.10.5). We now describe the other symbols in
this formula.

Let T be a maximal torus (over C) in G, and let B be a Borel subgroup (over C) of G
containing T. These may be chosen as in §12.7 so that So(C) C T(C) and so that B C Py.
Let W = W(G(C), T(C)) denote the Weyl group of G. The choice of B determines positive
roots ®f, = ®+(G(C), T(C)), and a length function ¢ on Wg. Let W} C W denote the set

of Kostant representatives: the unique elements of minimal length from each of the cosets
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Wpx € Wp\Wg, where Wp = W(Lp(C), T(C)), (§12.7). The sum in (1.4.2) is over those
v € W} such that the set

L(w) ={a € Ap| ((wAp + pp) = p5 = V;la) <0}

coincides with the set A} (e) defined above (after conjugating P so as to contain B). Here,
as in §12.7, Ap denotes the highest weight of the representation E, and {t,} form the basis
of the cocharacter group x%(Sp/Sg) which is dual to the basis Ap of the simple roots. Also,
pp denotes the half-sum of the positive roots ®. The product ((v(Ap + pg) — p5 — V) ta)
makes sense: the restriction (v(Ag + pg) — pp — v)|Sp is trivial on Sg and hence defines
an element of x*(Sp) ® Q which can then be paired with t,. For any B-dominant weight (3,
the symbol V;* denotes the irreducible Lp-module with highest weight 4 € x*(T(C)) and
Vi [—m] means that the module Vj is placed in degree m.

The geometry behind this formula is roughly this: Consider the intersection of a small
neighborhood of z in X with the largest stratum X. This intersection will deformation
retract to the nilmanifold (I' N Up)\Up. The cohomology of this intersection with coeffi-
cients in E coincides with the 91p cohomology by Van Est’s theorem, which is computed by
Kostant’s theorem to be € VL [—¢(w)]. The cut-off (I,(w) = A}(e)) and the

wGW}D w(Ap+pB)—pB
degree shift (by £(w) + |A%(e)|) come from the computation of h'j*W?C*(E) in §12. The
integer r is the ramification index: the degree of the mapping ¢; when it is restricted to this
nilmanifold (§13.9).

By adding the contributions L(Fp(e)) over all the fixed point constituents Fip(e) we arrive
at the final result in this paper. It is proven in §14

1.5. Theorem. Let g € G(Q). Let Cg] = X be the resulting Hecke correspondence. Fix a
weight profile v € x(Sa). The Lefschetz number L(Clg]) (1.4.1) is given by

(e w —1.
S 5 Y rellAL/K) D50 Y () e vy,
T e wewh
Il,(w):A;(e)

The first sum is over a choice of representative P, one from each I'-conjugacy class of rational
parabolic subgroups of G. For such a P, set [¢gI'NP(Q) = [[, 'pg:l'p (where I'p = I'NP(Q)
and where g; € P(Q). The second sum is over these finitely many double cosets. Set
gi =vp(g;) € Lp and T';, = vp(T'p). The third sum is over a choice of representatives e, one
from each I';-conjugacy class of elliptic (modulo Sp) elements e € ' g;I';,. The rest of the
notations are explained above.

There are various ways to rewrite the Lefschetz formula; see §14.4, §15.8 and §15.9.

1.6. Adelic formulation. One of the main goals of the series of papers [GM1], [GM2],
[GHM], [GKM], and the present paper is Theorem 7.14.B (p. 535) of [GKM], an expression
for the Lefschetz number L(C[g]) in the adelic setting. If the weight profile v is the “middle”

weight (and if the rank of G equals the rank of K) then the weighted cohomology coincides
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with the L? cohomology, and this formula coincides with Arthur’s formula [Arl] (Theorem
6.1). If the weight profile v = —oo then the weighted cohomology coincides with the ordinary
“full cohomology” H*(X, E) and this formula coincides with Franke’s formula [F] (thm. 21
p. 273). The paper [GKM] uses the above Theorem 1.5 as its starting point, (see the remarks
following Theorem 13.6), then modifies it using three main steps.

(1) The quantity rx.(I.\L./K.) which appears in Theorem 1.5, and the sum ), over
double cosets I'pg;I'p C I'gI' N P (which precedes it) are replaced by an orbital integral.

(2) If Lp/Ap does not contain a compact maximal torus, then the stratum Cp makes no
contribution to Arthur’s formula or to Franke’s formula. The same holds for the general
formula in Theorem 7.14.B of [GKM]. However fixed points in such a stratum may make
a nonzero contribution to the formula in Theorem 1.5 above. In [GKM] §7.14 the method
of descent is used to re-attribute such a contribution to smaller strata C¢ for which Lg/Ag
does admit a compact maximal torus. See also §15.8 of this paper.

(3) Theorem 1.5 above involves a sum over parabolic subgroups, while Theorem 7.14.B of
[GKM] involves a sum over Levi subgroups. This is achieved in [GKM] (p. 529) by grouping
together the contributions from those parabolic subgroups with a given Levi factor. (This has
the remarkable effect of grouping together fixed points with different contracting-expanding
behavior.) In [GKM] it is shown that the resulting contribution from a single Levi subgroup
may be interpreted in terms of the (Harish-Chandra) character of a certain admissible rep-
resentation. In the case of the middle weight, this fact gives rise to a combinatorial formula
for the stable discrete series characters, which is the second main result of [GKM]. (Al-
though this discrete series character formula was discovered by comparing Arthur’s formula
to Theorem 1.5, the statement and proof of the character formula in [GKM] is independent
of the part of the paper dealing with Lefschetz numbers.)

1.7. Related literature. Besides the articles listed above, and an extensive literature on
the co-compact case, we mention several other closely related papers. The Lefschetz formula
in the rank one case was studied by Moscovici [Mo] and Barbasch-Moscovici [BaM], also by
Bewersdorff [Be] and Rapoport [R]. In [St], M. Stern gave a general Lefschetz formula for
Hecke correspondences. We do not easily see how to compare his formula with ours. In [Sh]
S. Shokranian, following the outline in [GKM], describes a formula for the Lefschetz numbers
of Hecke operators on twisted groups. We wish to draw attention to Langlands’ article [L1],
in which the expanding and contracting nature of the fixed points on the boundary was first
isolated (see especially Proposition 7.12 p. 485).

1.8. Acknowledgments. We would like to thank J. Arthur, W. Casselman and R. Lang-
lands for encouraging us to work on this question. We would especially like to thank R.
Kottwitz for patiently explaining Arthur’s formula to us and for helping to interpret our
early results in this direction. Some of the results in this paper appeared earlier in the
adelic setting in our joint paper [GKM]| with R. Kottwitz. We have profited from useful

conversations with A. Nair, A. Borel, W. Casselman, P. Deligne, G. Harder, E. Looijenga,
10



S. Morel, A. Nicas, M. Rapoport, L. Saper, J. Steenbrink, M. Stern, and S. Zucker. The
first author is grateful to the Institute for Advanced Study for its support while much of
this paper was written. This research was begun and partially completed when the authors
were at Northeastern University and the Massachusetts Institute of Technology, respectively.
We are also grateful to the following institutions for their hospitality and support during
various phases of this project: the Centre de Recherches Mathématiques at the Université de
Montréal, the MaxPlanck Institut fiir Mathematik in Bonn, the Department of Mathematics
at the University of Chicago, the Universita di Roma la Sapienza. This research was par-
tially supported by the National Science Foundation under grants number DMS-8802638,
DMS-9001941, DMS-9303550, DMS-9626616, DMS-9900324, DMS-0139986(Goresky) and
DMS-8803083, DMS-9106522,(MacPherson).

1.9. List of symbols.
§2 (2.1): G, Sq, 4¢, °G, K, D,GWM, KW Ay T,, K(x), ., K', elliptic, 0, T, X, 7, (2.2):
P, Up, R4P, Lp, vp, Mp, Sp, Ap, I'p, Kp, Sp, A, i,, Langlands’ decomposition,
ay, geodesic action, torus factor, (2.3): Po, So, ®, My, A, Po(I), xo(Sp), (2.4):
P, i(Ag), complementary decomposition, orthogonal decomposition, (2.5): boundary
component, boundary stratum, ep, Yp, Dp, Xp, 1, Fp, canonical cross section, (2.6):
M,, (2.9): Ay, Alp(> 1), Ap(> 1), D, D(P), X, (2.10): 7p, geodesic projection, D,
u, D[P], X, 7, X(P), X|P]
§3 (3.1): «a, 8, P—parabolic, (3.2): root function, f 7p
§4 (4.1): Py, b, parameter, B, tiling, D”, 0" D°, Df), (4.2): T(Dq), 0T (Dg), rQ, partial
distance function, (4.5): X, T(Xp), OT(Xp), (4.6): R, retraction, W, exhaustion,
RQ7 WQ
§5 (5.2): D{Q}, p, Sh(Q,1), Shq(t), (5.4): Sh(t)
§6 (6.2): morphism, Mor(X’, X), (6.3): f, f, (6.5): correspondence, I'[g], C[g], (6.11):
narrow
§7 (7.1): parabolic correspondence, I'p[y], modeled, (7.3): =
68 (8.2): fixed point, characteristic element, e, Fp(e), elliptic, L.
§9 (9.1): AL, Ap, A% (9.2): neutral, P < Q, (9.4): PT
§11 (11.4): E, dg, (11.7): hyperbolic
§12 (12.1): ta, X5(SP)[vp,7)5 X5(SP)2up(); (12.2): E, v, weight profile, W”C*(E), (12.3):
Ox/y, (126)! Ny, ,Cy, (5, Dsil, >, (127)! q)g, CI)Z_, PB, WG, WP, W]g, VﬁL, )\B7 I,,(w)
§13 (13.1): A°®, (13.2): xo, (13.5): r, (13.7): Np, (13.9): C*(Np,E), C*(Mp, E),
Qinv(uPa E)

11



2. NOTATION AND TERMINOLOGY

2.1. Locally symmetric spaces. Linear algebraic groups will be represented by boldface
symbols (e.g., G, S) and their real points will be in Roman type (e.g., G = G(R), S = S(R)).
Throughout this paper we fix a connected reductive linear algebraic group G defined over
Q. Denote by Sg the greatest Q-split torus in the center of G, and let Ag = Sg(R)° denote
the identity component of the group of real points of Sg. Following [BS] §1.1 let

°G = ﬂ ker(x?)

be the intersection of the kernels of the squares of all the rationally defined characters
X : G — GL;. Then °G is normal in G; it contains every compact subgroup and every
arithmetic subgroup of G, and G = Ag x °G. Let K C G(R) be a maximal compact
subgroup and define D = G/K Ag. We refer to D as the “symmetric space” associated to G.
The derived group G is semisimple and K1) = G N K is a maximal compact subgroup.
The space D is diffeomorphic to the Cartesian product of the Riemannian symmetric space
DM = GW /KW with Ay/Aq where A is the identity component of the greatest R-split
torus in the center of G. Both G(R) and °G act transitively on D, an action which we
usually denote by (g,z) — gz or g.x but occasionally it will be necessary to refer to this
action as a mapping, in which case we write

T,:D— D (2.1.1)

for g € G. (For most geometric questions involving the symmetric space D, one could replace
G by °G, however there are Hecke correspondences for G' which do not necessarily come from
°G.) For each x € D the stabilizer K(z) of z in G is a maximal compact subgroup of °G
so we obtain a G-equivariant diffeomorphism

Wy : G/AgK (x) — D.

The choice of K C G corresponds to a “standard” basepoint xy € D. We write K = K (xg)
and K’ = AgK(xp). An element x € G is elliptic mod Ag (often shortened to “elliptic”) if
it is G(R)-conjugate to an element of K’. There is a unique “algebraic” Cartan involution
0 =0,,: G — G whose fixed point set is K. If x; € D is another basepoint with z; = gx
then the Cartan involution for the new basepoint is given by

0., (y) = 902, (9 yg)g ™" (2.1.2)
and the composition ¢, 'y, : G/AcK (z¢) — G/AcK (21) is given by
yAcK (z0) — yg "AqgK (21). (2.1.3)

Let g = €@ p be the £1 eigenspace decomposition of § in Lie(G). The Cartan involution 6

preserves G and determines a decomposition of its Lie algebra, °g = €@ %p. Then °p may be
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canonically identified with the tangent space T,,D. Any choice of K-invariant inner product
on % induces a G-invariant Riemannian metric on X.

Throughout this paper we also fix an arithmetic subgroup I' C G(Q) and denote by
7: D — X =T\D the projection to the locally symmetric space X.

2.2. Parabolic subgroups. Fix a rationally defined parabolic subgroup P C G. We have
the following groups:

1. Up = the unipotent radical of P; Mp = Lie(Up) its Lie algebra
R, P = the Q split radical of P

Lp = the Levi quotient; vp : P — Lp the projection

Mp = “Lp = Ny ker(x?)

Sp = R,P/Up

Ap = Sp(R)° the identity component of the set of real points
Ip=INPTI,=Trp =vp(l'p) C Mp

8. Kp:KmP, KL:KL(P) :l/p(Kp) CMP, K;;:K,QP:KPAG
The torus Sp may also be identified as the greatest Q-split torus in the center of Lp. It
contains Sg and we denote the quotient by Sp = Sp/Sqg, with corresponding identity
component A, = Sp(R)Y = Ap/Ag. We identify A’ with the subgroup Ap N°G to obtain
a canonical decomposition Ap = ApAg.

The group of real points of the Levi quotient is the direct product, Lp = Mp x Ap. For
any x € P write vp(z) = vy (x)va(z) for its Mp and its Ap components and write v4/(x) for
the further projection of v4(z) to the quotient A%, = Ap/Aq. The group P acts transitively
on D with isotropy Kj, = AgKp = Stabp(x).

The choice of standard basepoint xq € D with associated Cartan involution 6 : G — G
determines a unique f—stable lifting [BS] §1.9 ¢ = i,, : Lp — P. Denote the image by
Lp(zo) = i(Lp). We obtain liftings of subgroups, Ap(zg) = i(Ap) and Mp(xy) = i(Mp).
Thus the choice xg € D of basepoint determines a canonical Langlands’ decomposition

P :Z/{PAP(ZE())MP(ZE()) (221)

N Ot W

and we write
g = Uglgmy (2.2.2)
where u, = givp(g7"), a, = iwwa(g), and my, = ivy(g) for any g € P. The groups Kp C P
and K p) = vp(Kp) are canonically isomorphic, in fact,
Kp =i(Krwp)) C Mp(xo) C Lp(o). (2.2.3)

By abuse of notation we will usually write Kp C Lp. If 1 € D is another basepoint with
associated Cartan involution 6,, : G — G then, by (2.1.2), the associated 0,, —stable lifting
iz, : Lp — P is given by

iz, (y) = gi(y)g ™" (2.2.4)
13



where g € P is any element such that g - zy = x; € D. The geodesic action of Borel and
Serre [BS] §3 is the right action of Ap on D which is given by

(2Kp)-a=zi(a)Kp € D = P/K} (2.2.5)

for any a € Ap and z € P. It is well defined since i(Ap) commutes with K, and it passes
to an action of A}, = Ap/Ag. The geodesic action commutes with the (left) action of P, and
it is independent of the choice of basepoint, by (2.1.3). It is not an action by isometries.

For g = ugagmg € P as in (2.2.2), the element a, € Ap is called the torus factor of g. We
will often use without mention the following fact: if v = w,a,m, € I' N P then a, = 1.

2.3. Roots. Fix once and for all a minimal rational parabolic subgroup Py C G. The
parabolic subgroups P D Pq are called standard. Let So = i(Sp,) be the lift of Sp,. Let
¢ = P(Sp,g) denote the rational relative roots of g with respect to Sp. The unipotent
radical Up, determines a linear order on the root system g® such that the positive roots
are those occurring in My = Lie(Up,). Let A denote the resulting collection of simple roots.
Each subset I C A corresponds to a unique standard parabolic subgroup Py() D Py ([BS]
64, [Bo3] §14.17, §21.11) such that Sp,(;) C ker(a) for all o € 1.

Suppose P C G is any rational parabolic subgroup. Then P is G(Q)-conjugate to a unique
standard parabolic subgroup Po(I). Any choice of conjugating element P = gPy(I)g~*
gives rise to the same (canonical) isomorphism Sp = Sp ;). The elements of A — I give
rise, (by conjugation and restriction to Sp) to the set Ap of simple roots of Sp occurring
in Mp. The roots a« € Ap are trivial on Sg and form a basis for the character module
Xo(Sp) = x*(Sp/Sc) ®z Q. Rather than follow the common practice of identifying Ap with
A — I we will, for any o € Ap denote by oy € A the unique simple root which agrees with
« after conjugation and restriction to Sp.

2.4. Two parabolic subgroups. If P C Q are rational parabolic subgroups then P =
vo(P) is a rational parabolic subgroup of Lq, with unipotent radical Up = Up/Ug. The
6-stable lifts of the Levi quotients satisfy Lp(xo) C Lg(x) and we have a diagram

Uy C Up C P CQ
I
1 C Up/Uyg C P C Lg
I A

1

C 1 C Lp

with vgrps = vp. The inclusion R4Q C R4P induces an injection Sq < Sp which agrees

with the inclusion Sp(zg) D Sg(zo). It follows from (2.4.4) below that the geodesic action

of Ay on D agrees with the restriction (to A C A%) of the geodesic action of A% on D (cf.
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[BS] prop. 3.11). Each a € Ag is the restriction to Sq of a unique simple root i(a) € Ap.
The association ¢ : Ag — Ap is injective, so Ap is the disjoint union

Ap = i(Ag) 11 with Sq = (] ker(a))”. (2.4.1)
acJ
Among rational parabolic subgroups containing P, the group Q is determined by the set J,
and we will write Q = P(J). The subset J C Ap of simple roots may be identified with the
set

J=Ap (2.4.2)

of simple roots Ap of S5 = Sg/Sq occurring in My = Lie(Up). (Although the projection
vp induces a canonical isomorphism Sp = S, the torus Sp corresponds to the parabolic
subgroup P C G so Sp = Sp/Sq while Sy corresponds to the parabolic subgroup P C Lq
SO S% = SF/SQ)

A certain amount of confusion arises from the fact that A’Q has two natural complements in
Ap. One is the identity component Ag, of the group of real points of the torus Sg, = Sq /Sa
where

SQI = ( ﬂ ker(a))o C Sp.
aci(Ag)
Then Sq is the (identity component of) the center of the Levi quotient of the largest
parabolic subgroup Q" D P such that Q N Q' = P, which we refer to as the parabolic

subgroup containing P that is complementary to Q. We therefore refer to the complementary
decomposition Ap = A Ag,. The other complement is

AD(w0) = Al N Mg(xo)

whose Lie algebra ag is the orthogonal complement to ag in af with respect to any Weyl-

invariant inner product on aj. We will usually identify the quotient Ap/Aqg = Ap/Aj with
this second complement, Ag, and we will refer to the orthogonal decompositions A = A’QAg
and Ap = AgA%.

The canonical Langlands decompositions of P and @ are related as follows: Set Up(zg) =
izo(Up/Ug). Note that Mp(z¢) C Mg(zo) and Ag = ApAg. If

P = Up[AY(20) Ac] Mp (o) (2.4.3)

is the canonical Langlands decomposition of P, then
P = [UoUp(x0)][Ag(a0) AR (w0)| Mp (o) (2.4.4)
— U Aq(0) Up (o) AL (20) Mo (o)) (2.4.5)

The first is the canonical Langlands decomposition of P while the second is the decomposi-

tion of P which is induced from the canonical Langlands decomposition of Q).
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2.5. Boundary strata. Fix a rational parabolic subgroup P C G. Define

1. the Borel-Serre boundary component ep = D /A’ (quotient under geodesic action)
2. the Borel-Serre boundary stratum Yp = I'p\ep
3. the reductive Borel-Serre boundary component

DP = Z/{P\ep = P/KPAPUP == LP/KPAP = MP/KPAG

4. the reductive Borel-Serre boundary stratum Xp =T'p\Dp = I'r(p)\Dp.
The projection vp : P — Lp induces a projection u : ep — Dp which passes to a projection
p:Yp — Xp. Writing Yp = I'p\P/KpAp and Xp = ' (p)\Lp/KpA¢, the mapping p is
just p(I'prKpAp) = T'rpyvp(2) KpAc.

Asin [Bo4] §4.2, the Langlands’ decomposition (2.2.1) determines a (basepoint-dependent)
diffeomorphism,

F=Fp:UpxAypxDp— D=P|K), (2.5.1)
by
F(u,a,mKrp) = wiz,(a)iz,(m)Kp (2.5.2)

where u € Up, a € A, and m € Mp. With respect to the coordinates defined by the
diffeomorphism F, the mapping p is the projection to the third factor. The (left) action of
g € P and the (right) geodesic action of b € A% on D are given by

g.(u,a,mKp) - b= (guiz,vp(g~),va(g).ab, var(g). mKp) (2.5.3)

(where u € Up, a,b € A, and m € Mp), as may be seen by applying the function F' to
both sides of this equation. For any fixed b € A’ the set F(Up x {b} x Dp) C D is called a
canonical cross section; it is a single orbit of the group

0p = ﬂker(XQ) = UpMp,
X

the intersection being taken over all rationally defined characters y : P — GL;. The pullback
by F of the canonical Riemannian metric on D is given ([Bo4] §4.3) by the orthogonal sum,

F*(ds®) = Z a *’hs(2) ® da* © ds3, (2.5.4)
Bed®

where ds?, is the canonical Riemannian metric on Dp as determined by the Killing form for
Mp, where ® denotes the set of roots of Up with respect to Ap, and hg(z) is a smoothly

varying metric on the root space ug.
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2.6. The flat connection. ([GHM] §7.10) For any point z = gKj € D with g = uam
decomposed according to (2.2.1), define the submanifold

M, = Fp({u} x {a} x Dp) = iy, (a).ing(Mp)Kp C D (2.6.1)

2.7. Lemma. The manifold M, is perpendicular to the fibers of the mapping vp : D —
Dp. The restriction vp|M, is an isometry. The submanifolds M, form the horizontal
submanifolds of a flat connection on the fiber bundle v : ep — Dp, which is independent of
the choice of basepoint and is invariant under the action of I'p and which therefore passes
to a flat connection on pu: Yp — Xp.

2.8. Proof. Perpendicularity follows from (2.5.4). Also, by (2.5.4), the mapping vp is an
isometry. Finally the flat connection is I'p-invariant because by (2.5.3) the action of v € T'p
on D is given by

v (ua a, mKL) = (Vuixoyp(’yil)a a, VM(V)mKI) (281)
which does not mix the factors. O

2.9. Borel-Serre compactification. In this section we recall basic facts from [BS]. Let
P C G be a rational parabolic subgroup. The elements of Ap determine a canonical
isomorphism ([BS]§4.2) A’ 2 (0, 00)?F which extends to a unique partial compactification,

Ap 22 (0, 00]27
So each o € Ap extends to a homomorphism of semigroups « : Z;D — (0, o¢0]. Denote by

Ap(>1)={a € Ap| a(a) > 1 for all « € Ap} (2.9.1)
Ap(>1)={a € Ap| a(a) > 1 for all « € Ap} (2.9.2)

and similarly for ZIP(> 1) and ZIP(E 1). The Borel-Serre partial compactification D of D is
obtained by adjoining, for each rational parabolic subgroup P C G the rational boundary
component ep = D /A, as the set of limits of the A, geodesic orbits in D, together with the
Satake topology [Sat] §2 (p. 562), [BS] §7.1, [Z3] §3.7. It is covered by “corners”; the corner
associated to P is

D(P) =D x4, Ap = [] €o- (2.9.3)

Q2P

Then D(P) is an open P(Q)-invariant neighborhood (in D) of the boundary component ep,
on which P(Q) acts in a continuous and component-preserving way. The diffeomorphism F'
of equation (2.5.2) extends to a diffeomorphism of manifolds with corners,

F:Ux Ap x Dp = D(P) (2.9.4)
The action T, : D — D of any g € G(Q) extends continuously to a mapping
T,:D—D (2.9.5)
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which takes the neighborhood D(P) of ep isomorphically to the neighborhood D(9P) of
esp (where 9P = gPg™"'). (The proof of this fact is recalled in §6.3, §6.4.) It follows that
the Borel-Serre compactification X = F\ﬁ is a (compact) manifold with corners, stratified
with one stratum Yp = I'p\ep for each I'-conjugacy class of rational parabolic subgroups P.
The real analytic structure on D extends to a semi-analytic structure on D and passes to a
subanalytic structure on X. Denote by 7 : D — X the natural projection.

2.10. Reductive Borel-Serre compactification. The reductive Borel-Serre partial com-
pactification D of D was first described in [Z1] §4.2 p. 190; see also [GHM] §8. It is the

topological space obtained by collapsing each boundary component ep in D to its reductive
quotient Dp, (§2.5) together with the quotient topology. (See also [Z3] §3.7.) The geodesic
projection

p:D — Dp (2.10.1)

is the composition D — ep — Dp. The closure Dp of Dp in D is the reductive Borel-
Serre partial compactification of Dp. Let u : D — D denote the quotient mapping: it is
continuous, its restriction to D is the identity, and its restriction to each boundary stratum
agrees with the projection p: Yp — Xp of §2.5. Define

D[P] = u(D(P)) = | J Dq (2.10.2)
Q2P
to be the image of the corner associated to P: it is an open P(Q)-invariant neighborhood
of Dp in D on which P(Q) acts in a component-preserving way. The action T} : D— D
(2.9.5) of any g € G(Q) passes to a mapping Tg : D — D which takes the neighborhood
D[P] of Dp isomorphically to the neighborhood D[?P] of Dyp. It follows that the reductive
Borel-Serre compactification

X-T\D.

is a compact singular space, canonically stratified with one boundary stratum Xp = T'p\ Dp
for each T-conjugacy class of rational parabolic subgroups P C G. The closure X p of Xp in
X is the reductive Borel-Serre compactification of Xp. There are |Ap| maximal boundary
strata Xg such that Xgo D Xp, each corresponding to a maximal (rational) parabolic
subgroup Q = P(Ap — {a}) for a € Ap (cf. §2.4). Then X p is the intersection

Xp=nNgXg (2.10.3)
of these |Ap| maximal boundary strata.

It is not difficult to see ([Bo3|] §11.7 (iii)) that if P and P’ are G(Q)-conjugate but are
not I'-conjugate, then

XpNXp = o (2.10.4)
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The identity mapping X — X extends uniquely to a continuous surjection p : X - X
and the subanalytic structure on X passes to a subanalytic structure on X. Denote by
7: D — X the projection. Define X(P) = 7(D(P)) and X[P] = 7(D[P]). The following
diagram may be useful in helping to sort out these spaces,

ep CDP)CD —— X >X(P)D Yp

Lol L 210

DpC DIP)c D —— X D> X[P]> Xp

3. PARABOLIC NEIGHBORHOODS AND ROOT FUNCTIONS

Asin §2, G denotes a connected linear reductive algebraic group defined over Q, D denotes
the associated symmetric space, K’ = AgK(x) is the stabilizer in G of a fixed basepoint
zo € D, T" C G(Q) is an arithmetic group and X = I'\ D. Although the constructions in
this section refer to the reductive Borel-Serre compactification X of X (and the reductive
Borel-Serre partial compactification D of D), they may just as well be applied to the Borel-
Serre compactification X (and the Borel-Serre partial compactification D of D). Rather
than repeat each statement for both compactifications, we will present the RBS case only.

3.1. Parabolic neighborhoods. Let P C G be a rational parabolic subgroup. Let a :
D —Tp\D and B:'p\D — I'\D = X be the projections. We say that an open set V' C D
is I'-parabolic (with respect to P) if

1. it is invariant under the geodesic action of the semigroup Ap(> 1) (2.9.2) and

2. iffyeland YWV NV # ¢ thenyel'NP.
Item (2) means that the covering 3 : Tp\D — X is one to one on the set a(V) so it
takes (V) homeomorphically to its image 7(V) C X. In this case we will also refer to
a(V) c T'p\D (resp. 7(V) C X) as I'-parabolic open sets.

D > V D> Dp

L 1]

FP\E D) O[(V) D) PP\DP

| ks
X DO>7(V)D> Xp

Every stratum Xp admits a fundamental system of I'-parabolic neighborhoods. In sec-
tion 4.1 we will review a theorem of Saper [Sa] (thm. 8.1) which states the stronger fact

that the closure X p of each stratum Xp C X admits a fundamental system of T'-parabolic
neighborhoods.

IR
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3.2. Root functions. Let P C G be a rational parabolic subgroup. Each character o €
X0 (Sp) determines a mapping

fPiD — Ry (3.2.1)

by fP(F(u,a,mKz)) = a(a) using (2.5.2). The mapping fI is independent of the choice of
basepoint. For any ¢’ = v'a’'m’ € P, any V/ € A, any v € I' N P, and any « € D we have

FE(rg'e V) = (V) fL (). (3.2.2)

If « € Ap is a simple root, we say f is a root function. If v € T, P’ = vPy~! and if
o' € Ap is the root corresponding to o € Ap then, for all x € D,

fo (yz) = £ (). (3.2.3)
The root function fI': D — (0, 00) extends to a continuous function D[P] — (0, oo] (cf. §3.5
below) which passes to a function I'p\ D[P] — (0, oo] whose restriction to any I'-parabolic
neighborhood U C X of Xp we also denote by

2. U —(0,00]
Similarly the geodesic projection mp : D — Dp (cf. (2.10.1)) extends continuously to a
projection D(P) — Dp and passes to projections D_[P] — Dp and I'p\D[P] — T'p\D
whose restriction to any parabolic neighborhood U C X we denote by

Tp IU—>XP (324)
The following lemma is a straightforward consequence of the definitions.

3.3. Lemma. Let U C X be a parabolic neighborhood of the stratum Xp. Let {x,} C U be
a sequence of points and let y € Xp. The sequence {x,} converges to y in X if and only if
the following hold,

1. mp(z,) — vy in Xp and

2. fP(x,) — oo for all « € Ap. ]

3.4. Suppose Q D P is another rational parabolic subgroup of G, corresponding, say, to
a subset J C Ap with Sq C ker(a) for all a € J, so that Ap = i(Ag) I J as in (2.4.1).
Let P = vg(P) C Lg be the resulting parabolic subgroup of Lg. It acts transitively on the
boundary component Dg,.

Let x € D, say x = uQa’QaGup@gmpK}; is decomposed according to (2.4.5) with ag =
agag. Then mo(r) = upalagmpKly € P/K}, = Dg so the following equations hold:

fP(z) = &(Q’Q(zg) for all @ € Ap (3.4.1)
f2(x) = i(B)(ap) forall B € Ag (3.4.2)
fPmo(x) = fP(2) = (@)  forallaeJ=Ap (3.4.3)
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since a(ag) = 1 for all @ € J. From this we may conclude:

3.5. Proposition. For all & € Ap, the root function f¥ extends continuously to a function
fF: D[P] — (0,00] such that, for all x € D we have

P
P falx) for aelJ
= 3.5.1
The boundary component Do C D[P] is the set of x € D[P] such that:
fOZ(x) =oo forallae Ap—J (35.2)
fo(z) <oo forall e J

3.6. Remarks. Of course similar statements apply to the root function fI : U — (0, 0]
for any parabolic neighborhood U C X of Xp. We think of the “negative gradient” of the
root functions f7 as pointing in the “normal directions” to Xp. For a € J, —grad fI points
from Xp “into” Xg.

Xp  Xg Xp  Xg
FIGURE 1. Level curves of f7 for a € i(Ag) and o € J respectively.

Zucker’s vexatious point ([Z1] §3.19) is that for P C Q and for 5 € A, the root functions
fﬂQ and fil(gﬁ) do not necessarily agree: see (3.4.1) and (3.4.2) above. (In fact, they agree
precisely if i(3) (ag) = 1, which is to say, if Aj, and Aj are orthogonal, where Q' D P is the
parabolic subgroup complementary to Q.) The nature of the level sets of fﬁQ are depicted
in Figure 2.

This shortcoming will be circumvented by replacing the root function fI with Saper’s
partial distance function r? (associated to a tiling), which is patched together from the
various relevant root functions; cf. (4.3.2).

4. TILINGS

In this section we recall a construction of Saper [Sa]. An equivalent construction of

Leuzinger [Lel] could be used instead. See also [Ar2] and [L2].
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FIGURE 2. Level sets of fg

4.1. Tilings of D. Asin §2, G denotes a connected linear reductive algebraic group defined
over Q, D denotes the associated symmetric space, K’ = Ag K (z0) is the stabilizer in G of a
fixed basepoint zg € D, I' C G(Q) is an arithmetic group and X = I'\ D. Let P; denote the
set of proper mazimal rational parabolic subgroups of G. For each Q € P; choose by € Ay,.
The collection b = {bg} of such choices is called a parameter, the set of which we denote
by B. The parameters are partially ordered with b < ¢ iff ag(bg) < ag(cg) for all Q € Py,
where Ag = {ag} is the simple root associated with the maximal parabolic subgroup Q.
A choice b € B of parameter determines, for any rational parabolic subgroup P C G a
unique element bp € A, such that, for each rational maximal parabolic subgroup Q O P,
the element bpbgz1 lies in A9 (cf. §2.4). In other words, log(bg) is the orthogonal projection
of log(bp) € d’p with respect to any Weyl-invariant inner product on a/p.

Recall from [Sa] that a tiling with parameter b € B is a cover of the reductive Borel-Serre
partial compactification

D=]]Dp" (4.1.1)

by disjoint sets (called tiles) such that

1. The central tile D° = D% is a closed, codimension 0 submanifold with corners contained
in D. Tts closed boundary faces {97 D"} are indexed by P € P with P C Q <=
orD° c 99 D",

2. Each boundary face ¥ D? is contained in the “cross section” F(Up x {bp} x Dp) where
F' is defined in (2.5.2).

3. Each tile DY = 9P D" . Ap(> 1) is obtained from 9¥ D by flowing out under the
geodesic action of the cone Ap(> 1) (cf. (2.9.1))

For any rational parabolic subgroup Q, the intersections { D” OEQ} (over all rational par-

abolic subgroups P C Q) form a tiling of the reductive Borel-Serre partial compactification
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Dg, whose central tile we denote by

D¢, = DN Dy (4.1.2)
Then the tile D¥ is given by
D? = {z € D[Q] C D| mg(x) € DY and f2(z) > a(bg) Vo € Ag} (4.1.3)
and the boundary face 99D is
99D’ = {x € D| mg(x) € Dy, and f9(z) = a(bg)Va € Ag}. (4.1.4)

A tiling, if it exists, is uniquely determined by its parameter b € B, in which case we
say that the parameter is reqular. The parameter b is ['-invariant if, for all v € I', we have
bygy-1 = ay0y-1(Y20)bg. The tiling { DY} is D-invariant if YD = D" for all y € T. A
tiling is [-invariant if and only if its parameter b is I'-invariant ([Sa] Corollary 2.7). In ([Sa]
Thm. 10.1) Saper proves the following.

4.2. Theorem. If the tiling parameter b € B is chosen sufficiently large (with respect to
the above partial ordering) and I'-invariant, then there ezists a unique tiling with parameter
b € B, and it is I'-invariant. Moreover, for any Q € P the union

T(Dg) = ] D" (4.2.1)
PCQ

is an open I'g-invariant parabolic neighborhood of EQ in D which may be made arbitrarily
small by choosing the parameter b sufficiently large.

Henceforth we shall refer to such a parameter as reqular and sufficiently large. Fix such

a parameter b = {bg}. Denote the closure of T(Dg) by T(Dg), and the boundary by

OT(Dg) = T(Dg) —T(Dg). Following [Sa] Thm. 8.1 (ii), for each o € Ag, define the partial
distance function rQ : T(Dg) — [0,1] by
_ _e
1) = 9 (z)ta(bg) for z € BP
“ ity (@) (@) (bp)  for z € D

whenever P C Q. Here, ¢ : Ag — Ap is the inclusion (2.4.1) and DY (resp. 51)) is the
closure of the tile D? (resp. D).

(4.2.2)

4.3. Lemma. The following statements hold.
1. The mapping r@ : T(Dg) — [0,1] is well-defined, continuous, and piecewise analytic.
2. For all o € Ag, the geodesic action by t € Ag(> 1) satisfies
rQ(x - t) = r9(x)a(t) ™" (4.3.1)

whenever x € T(Dg).
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3. If 1 € T(Dq) then

r€Dg < r9x)=0foralacAg
z € 0T(Dg) <= r%(x) =1 for some a € Ay.

4. If y e T'NQ then r@(yx) = rQ(x).
5. If y €T and Q' = yQy~! and if o/ € Aq is the simple root corresponding to o € Aq
then

r? (ya) = r¢(x).

6. If P C Q and if Ap = i(Ag) I J as in (2.4.1) then, for all « € Ag and for all
z € T(Dp) C T(Dg) we have

rfza) (z) = r9(x). (4.3.2)

4.4. Proof. As in §2.4, write A, = AbAg with ag the orthogonal complement to ag in
a’p. So the elements bp and by determined by the parameter b satisfy bp = be]@ for some
bg € Ag. Now suppose that x = uQab@GupagmpK p € P/Kp = D is decomposed according
to (2.4.5). Set app = a’Qag € Ap. If x € 9" D° then by property (2), al» = bp, that is, a;, = bg
and ag = bg. Flowing out under the geodesic action of Ay, we see that x € D°nD"nD
implies that ag = bg. For such a point z and for each o € A, we have

Jitey (@) i(e) (bp) = i(a) (aqad) ~i(a) (bob?)
= afag'be) = f(2) " albg)

so both equations (4.2.2) agree on their common domain of definition, proving (1).

By continuity, it suffices to prove (2) for points x € T(Dg). The geodesic action by
t € Ag(> 1) preserves the tiles in T(Dg) so (2) may be checked tile by tile. If z € D? then
fOx - t) = f2(x)a(t) by (3.2.2). If x € DF for some P C Q, write Ap = i(Ag) [T J as in
(2.4.1), note that Ag(> 1) C Ap(> 1) and compute, for a € Ay,

Fita (1) = fifay (2)i()(t) = fiey(w)(t)

which proves the second statement. Part (3) follows from (3.2.2) for points x € T and
from (3.2.3) for points # € Tp. Part (4) follows from Lemma 3.3 for points € T and
from (3.5.1) for points € Tp. Part (5) follows from (3.2.3) and part (6) is an immediate
consequence of the definition. O

4.5. Tiling of X. Suppose b € B is a sufficiently large regular parameter and (4.1.1) is

the associated I'-invariant tiling. Let 7 : D — X denote the projection to the reductive
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Borel-Serre compactification of X = I'\D. If P, P’ are rational parabolic subgroups of G
then either 7(D”) N 7(DF") = ¢ or else they coincide. Hence the collection of images

X" =7(D")

form a decomposition of X whose “tiles” are indexed by the set of I'-conjugacy classes of
rational parabolic subgroups of G. Let X% = X% = 7(D%) be the “central tile.” Denote by

T(Xp)=7(T(Dp) = J] x" (4.5.1)
{R}CP

the resulting neighborhood of Xp in X, and by 0T(Xp) = T(Xp) — T(Xp) its boundary.
(Here, R runs through a set of representatives, one from each I'-conjugacy class {R} of
parabolic subgroups contained in P). For all & € Ap the functions rZ pass to piecewise
analytic functions on T(X p), which we also denote by rZ.

F1GURE 3. Tiles

FIGURE 4. Level sets of <.
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4.6. Retraction and exhaustion. Saper proves ([Sa] §6.1) that there exists a unique I'-
equivariant continuous and piecewise analytic “geodesic” retraction R : D — D which is
the identity on D° such that, for all y € D and for all t € Ap(> 1) the following holds:

R(y-t) = R(y). (4.6.1)

Then R preserves tiles and it passes to a retraction which we also denote by R : X — X 0,
it has the same property (4.6.1). Define W : X — [0, 1] by

1 if z € X°
W(r) = sup {1—7"2(@} if r € X9
OlGAQ

We refer to W as an exhaustion function because

W=0) = X° and W (1) = X — X.
The function W is continuous (and piecewise analytic): If P C Q, write Ap = i(Ag) 11 J as
in (2.4.1). Let P = vg(P) C Lg be the resulting parabolic subgroup of Lg; then Ay = J.
Ifr € X NX" then mgo(x) € Yg N 722 so 12 (z) = rP(mg(x)) = 1 for all & € J as in §3.4.

(07
Hence

sup {1 -7l ()} = sup {1—r%(z)}.
aEAp OlGAQ

For each boundary stratum X the same constructions define a tile-preserving retraction
Rg: Xg— Xg (4.6.2)
and an exhaustion function Wg, : X — [0, 1] with W,;,(0) = X§ and W, (1) = X — Xo.

In fact, the stratum closure X is tiled by the collection of intersections X5 = XonXF
for P C Q and

1 if v € X
Wal(z) = sup {1 —rl(z)} ifze X} (4.6.3)
acJ

where Ap = i(Ag) IT J.

4.7. Remarks. We risk a certain amount of confusion by having defined rZ(z) so as to
decrease as * — Xp whereas the root function fI(z) increases as + — Xp. Although
Saper [Sa] actually constructs a tiling of the Borel-Serre compactification X the same
approach gives a tiling of the reductive Borel-Serre compactification X. The collection
{T(Xp),7p,7p = maxaea,{rL}} of tubular neighborhoods, tubular projections, and tubu-
lar distance functions are very much like a “system of control data” [Mat, Gi, GM3| for the
stratified space X, but there are several important differences. The functions rp are con-

tinuous and piecewise analytic but are not smooth. Whenever Q C P we have mgmp = ¢
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however we do not have romp = rg. For this price we gain an especially strong form of
“local triviality” for the stratification of X: the neighborhood T'(Xp) is (homeomorphic to)
a mapping cylinder neighborhood of the closure of the stratum Xp. In fact, it is possible to
use the various geodesic actions to construct a (piecewise analytic) homeomorphism between
T(Xp) and the (open) mapping cylinder of the projection 7p : T(X p) — X p. (The open
mapping cylinder of a mapping 7 : A — B is the quotient (A x [0,1) ][ B)/ ~ under the
relation (a,0) ~ m(a).) Analogous statements for other Satake compactifications (such as
the Baily-Borel compactification) are false.

5. A LITTLE SHRINK

5.1. Asin §2, G denotes a connected linear reductive algebraic group defined over Q, D
denotes the associated symmetric space, K’ = AgK (zo) is the stabilizer in G of a fixed
basepoint g € D, I' C G(Q) is an arithmetic group and X = I'\D. In this section we
construct a homeomorphism X — X which moves a neighborhood of the boundary towards
the boundary. When composed with a Hecke correspondence, this will have the effect of
chopping the fixed point set into pieces, each of which is contained in a single stratum of
X. The resulting behavior is much easier to analyze. This “shrink” homeomorphism may
be considered to be a topological analog to Arthur’s truncation procedure.

5.2. Let Q € P; be a standard proper maximal rational parabolic subgroup of G. Fix
t € Ap(> 1) so a(t) > 1, where a € Aq is the unique simple root. The geodesic action
of t on D extends continuously to the neighborhood D[Q] (2.10.2) of Dy in the reductive
Borel-Serre partial compactification D of D. This geodesic action even extends continuously
to the neighborhood

D{Q} = |J DIFl

PCcQ

of the closure 5Q, where the union is taken over all rational parabolic subgroups P C G
which are contained in Q. (For if P C Q, let i : Ay — Ap be the canonical inclusion. It
follows from (2.4.4) (or [BS] Prop. 3.11) that the geodesic action of the image i(t) € Ap
agrees with the geodesic action of t € Ag, so it extends continuously to D[P].) We continue
to denote this action by x +— x - t for x € D{Q}.

Now fix a sufficiently large I'-invariant regular parameter b € B with its resulting tiling
(4.1.1) and partial distance functions (4.2.2) satisfying Lemma 4.3. Let T(Dg) C D{Q}
denote the neighborhood of Dg (4.2.1) consisting of the union of all tiles which intersect
D¢ nontrivially, and let T(Dg) denote its closure. The geodesic action by ¢ € Ap(> 1)
preserves T(Dg) since a(t) > 1.

Fix once and for all a smooth non-increasing function p : [0, 1] — [0,1] with p(r) =1 <=
r < i and with p(r) =0 <= r=1.
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1
2

Fi1GURE 5. The function p

Let 79 : T(Dg) — [0,1) be the partial distance function (4.2.2) which corresponds to the

unique simple root o € Ag. For t € A (> 1) define Sh(Q,t) : T(Dq) — T(Dg) by

Sh(Q,t)(z) = x - tPrE @) (5.2.1)

Then by (3.2.2) and (4.3.1),
r(Sh(Q.)(x)) = r2(x)a(t) @) (5.2.2)
FASh(Q, 1) (x) = f2(x)a(t)"rs @) (5.2.3)

for all z € T(Dg). The quantity 04(15)””g @) is bounded between 1 and a(t). It equals 1 if
and only if z € 9T(Dg), that is, if and only if 79 (x) = 1.

If Q' is another maximal rational parabolic subgroup of G, let us write Q' ~ Q if Q' is
G(Q) conjugate to Q. In this case, any choice g € G(Q) of conjugating element induces
the same isomorphism Sq = Sqg’ so we obtain a corresponding ¢’ € A’Q, and a corresponding

mapping Sh(Q',t') : T(Dg') — T(Dg). Define the shrink Shq(t) : D — D corresponding to
conjugates of the standard parabolic subgroup Q by

ShQ(t)(.]?) _ {Sh(Ql,t/)l‘ ifx e T(EQ’) for some Ql ~ Q

x otherwise
Then Shq(t) is well defined and continuous because T(Dg/) NT(Dg) = ¢ whenever Q' ~ Q
(and Q' # Q), cf.[Bo3] §11.17 (#17). Moreover, if v € I' then
Shq(t)(yz) = 15hq(t)(x)
by Lemma 4.3. So (dividing by I'), the homeomorphism Shq(t) passes to a homeomorphism
which we denote in the same way, Shq(t) : X — X.

5.3. Suppose P C Q is a rational parabolic subgroup of G; s_et_Ap = i(Ag) II J as in
(2.4.1). It follows from (4.3.1) that for all § € J and for all x € T'(Dp) we have

g Sh(Q,t)(z) = rj (x) (5.3.1)
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since #(t) = 1 for any 3 € J. Now suppose Qp, Q> are two standard maximal rational
parabolic subgroups of G whose intersection P = Q1 N Q3 is parabolic. Let a; € A(Q;) be
the unique nonzero roots. Choose t; € A} = Af, with a;(t;) > 1 and let

denote the resulting two shrinks. It follows by taking P = Q; N Qg in (5.3.1) that the
mappings Shy and Shy commute on their common domain of definition,

T(Dr) = T(D)) N (D)
5.4. Let Py C G be the standard minimal rational parabolic subgroup with Si = Sp, /S
and with simple roots A = {ay, ag, ... , a,} numbered in any order. Each j (with 1 < j <r)
corresponds to a standard maximal proper rational parabolic subgroup Q; with split torus
S; = Sp,/Sc and identity component A} = Si(R)". Choose t € Aj to be dominant and
regular. In other words, with respect to the canonical complementary decomposition (cf.
2.4) Ay = [[; 4j (with ker(a;) :_H#j iﬁ) we may write t = tit5...t, where t; € A’ and
a;(t;) = oj(t) > 1. Define Sh(t) : D — D to be the composition

Sh(t) - Sth (tl) e} Sth(tQ) 0...0 ShQr(tr)

where each Shq,(t;) : D — D is the shrink defined above, corresponding to conjugates of
the standard parabolic subgroup Q;.

5.5. Proposition. The mapping Sh(t) : D — D is independent of the ordering A =
{ag,as, ... ,a.} of the simple roots. It is a I'-equivariant homeomorphism and passes to a
homeomorphism Sh(t) : X — X with the following properties:

1. It preserves the tiles and the strata, that s, for each rational parabolic subgroup P C G,
we have Sh(t)(XT) = X and Sh(t)(Xp) = Xp.

2. Within each tile, it is given by a geodesic action: for each v € X there exists b=, €
Ap(>1) so that Sh(t)(z) =z - b.

3. It is the identity on each central tile X% and wp(Sh(t)(z)) = wp(x) € X% for all
re XP,

4. It commutes with the geodesic projection, that is, for any rational parabolic subgroup
P C G and for each x € T(X p) we have mp(Sh(t)(z)) = Sh(t)(mp(z)).

5. It is (globally) homotopic to the identity.

6. For any rational parabolic subgroup P C G and for each a € Ap and for each x €

T(Xp), by equation (5.2.2) we have:
rh (Sh(t)(x)) = rf (z)ag(t) 7= (5.5.1)

where ag € A is the unique root which agrees with o after conjugation and restriction
to Sp. If v € XT is constrained to lie in the single tile X then also

f2 (Sh(t)(@)) = f2(@)ao(t)"=) O (5.5.2)
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We remark that the mapping Sh(t) depends on the choice of regular parameter (which
determines the size of the tiles).

6. MORPHISMS AND HECKE CORRESPONDENCES

6.1. Asin §2, G denotes a connected linear reductive algebraic group defined over Q, D
denotes the associated symmetric space, and K’ = AgK(x) is the stabilizer in G of a
fixed basepoint zo € D. Let I, IV C G(Q) be arithmetic subgroups and set X = I'\ D and
X'=1"\D.
6.2. Definition. A mapping f: X' — X is a morphism if there exists g € G(Q) such that
1. gI'g7t cT
2. [[:gl"g™] < 00
3. f(I'zK'") =TgaxK' for any x € G.

The morphism f is determined by the pair (I, g) by (3); it is well defined by (1). For any
v €', v €I the pair (IV,7g7') determine the same morphism. If I" is torsion-free then f
is an unramified covering of degree [I" : gI"g™'] and it is locally an isometry with respect to
the invariant Riemannian metrics on X’ and X induced from any K invariant inner product
on % (§2.1). Denote by Mor(X’, X) the set of morphisms X’ — X.

6.3. Lemma. Fach morphism f € Mor(X', X) admits unique continuous extensions f
X' — X to the Borel-Serre compactification and f: X' — X to the reductive Borel-Serre

compactification. The mappings [ and f are finite, and they restrict to morphisms on each
boundary stratum. If f(Xp) = Xq, if U and U are I'" and I'-parabolic neighborhoods of X

and Xqg in X and X respectively, then

f(rp(x)) = mo(f(2)) (6.3.1)
forallz e U' N (V).

6.4. Proof. Suppose the morphism f : X’ — X is given by the pair (I, g). Let T, : D — D
denote the action of g on D. It moves the basepoint o to a new basepoint z; = gxy with
stabilizer K'(x) = 9K’ = gK'g~'. If P is a rational parabolic subgroup and if Q = 8P =
gPg™! set Kp(xo) = K'N P and K{(x1) = K'(x1) N Q. Then T, may also be described as
the mapping

D = P/Kp(z0) — Q/Kg(z1) = D (6.4.1)

which is given by 2K (zo) — grg~" K¢ (1) by (2.1.3). This intertwines the geodesic actions
of A and Ag, that is,

Ty(x - a) = grg ™' gisy(a)g ' K§(x1) = grg iz, () KG(21) = Ty(x) - @ (6.4.2)
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where a — a is the canonical identification A = Ap, of §2.3. It follows that Tj, extends to a

mapping fg . D — D on the Borel-Serre partial compactification, which takes the boundary
component ep = P/KpAp to eq = Q/ KA and satisfies

roT,(x) = T,(np(x)). (6.4.3)

The mapping Tg passes to a mapping f: I’ \5 — F\E which is the desired extension. It
maps Y) = I'p\ep to Yo = I'g\eg by Fa K (1) Al) = Logrg~' K{(x1)Ap, which is a
mapping of degree [['g : gI"pg '] < co. (Here, Q = 9P.) The extension fmay map several
strata of X’ to a single stratum of X: let Q1,Q2,...,Qu be aset of representatives for the
9T"-conjugacy classes of rational parabolic subgroups which are I'-conjugate to Q, and set
P; = ¢7'Q;g. Then fvmaps each stratum Y[;j C X' to the stratum Yo C X by a morphism
which may be described in a manner similar to (6.4.1). This shows that fis finite and that
its restriction to each boundary stratum is a morphism.

Similarly the mapping fg passes to a mapping Tg : D — D on the reductive Borel-Serre

compactification of D, which further passes to a mapping f : IY\D — I'\D. Then f maps
X;;. = FIP\P/KPAPMP to XQ = FQ\Q/KQAQMQ by

7(F%$KP(Z'0)APMP) = Fngg‘lKQ(xl)AQL{Q.

The degree of this mapping is not obviously finite because the intersection I, N Up is
nontrivial. By (2.1.2) conjugation by ¢ takes Lp(zo) to Lo(x1). Let Kppy(zo)Ap be the
stabilizer in Lp of the basepoint mp(xg) € Dp and let K g)(x1)Ag be the stabilizer in L
of the basepoint mg(21) € Dg. Set I py = vp(I'p) C Lp and I'yq) = v(I'g) C Lg. Then
Xp = F’L(P)\EP/KL(p) (o) Ap and X¢g = ')\ Lo/ Kr@)(r1)Ag with respect to which we

may express f as follows:
FC Ky (20)Ap) = Trg)grg™ Kig)(1)Ag

which has degree [I'fq) : gF’L(P)gfl] < 00. As in the preceding paragraph, the mapping f
will take each of the finitely many strata X jgj to the stratum Xg (for 1 < j < m) by a
similarly defined finite morphism. O

6.5. Definition. A correspondence on X = I'\G/K' is an arithmetic subgroup I" C G(Q)
together with two morphisms ¢;, ¢, € Mor(C, X), where C' = T"\D. A point x € C'is fized
if ¢1(x) = eo(x). Two correspondences (c¢1,¢2) : C = X and (¢}, ) : €' = X are said to be
isomorphic if there is an invertible morphism a : C'— C” such that ¢ oa = ¢; (for j =1,2).

Each g € G(Q) gives rise to a Hecke correspondence C = C[g] = X as follows: set
Plg] =TNg'Tg, C =T[g\G/K', and define

(c1,00)(T[glzK") = (TaK', TgzK"). (6.5.1)
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Modifying ¢g by an element of Sg(Q) does not change the Hecke correspondence. By
Lemma 6.3 each correspondence C' = X has a unique continuous extension C = X to
the reductive Borel-Serre compactification, and an isomorphism « : C — C’ of correspon-
dences C = X, " = X extends uniquely to an isomorphism C — C of the extended
correspondences.

6.6. Lemma. Let X = I'\D and let g € G(Q). The isomorphism class of the resulting
Hecke correspondence C = Clg] = X depends only on the double coset I'ql' € T'\G(Q)/T".

6.7. Proof. If suffices to verify the statement for the correspondence C' = X since the
extension to the reductive Borel-Serre compactification exists uniquely. Let 71,72 € I' and
let ¢ = 71972 be another element in the same double coset I'gl". Set T'[¢'] = TNg'~'T¢, C' =
I'[¢\G/K', and define (¢|,d,) : C" = X by ¢ (I[¢'|laK’) = Tz K', &,(T'¢'|lzK'") = T'g'zK".
One verifies by direct calculation that the morphism f : C’ — C which is given by

f(T[¢'lxK") = T'[g]yz K’ (6.7.1)

is a well-defined isomorphism of correspondences, with inverse given by f~!(T'[g]lzK’)
gy e K.

1

6.8. Remark. It can be shown that the mapping (¢, c2) : C — X x X is generically one-
to-one. In the event that every element of g~ 'I'¢gI" is neat, then this mapping is globally an
embedding. The following Proposition says every correspondence is a covering of a Hecke
correspondence.

6.9. Proposition. Let IV C G(Q) be an arithmetic subgroup, C' = I'\D and (¢}, c,) : C' =
X be a correspondence. Then there is a Hecke correspondence (cy1,¢q) @ Clg] = X and a
subgroup T C T'[g] such that the correspondence C' = X is isomorphic to the correspondence

¢ . Cly=X (6.9.1)
where C" =T"\G/K and h(I"zK) = T'[g|zK.

6.10. Proof. Suppose ¢} (I"zK') = TgizK’ and ¢, (I"zK’) = Tgox K’ where g;I"g;'CI are
subgroups of finite index. Then g = gog; ' determines a Hecke correspondence C[g] =
I'[g]\D = X. Define I'" = g;I"g; ' and C” = I'"\ D. Since I C I'[g] we obtain a correspon-
dence in “standard form”,

cr s Clgl= X (6.10.1)

with h(I"zK') = I'[glzK’. Define f : C" — C” by f(I"zK') = I"gizK’. Then f is well
defined, and it is easily seen to be an isomorphism of correspondences. O
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6.11. Narrow tilings. Let (c;,cz) : C = X be a Hecke correspondence defined by some
element g € G(Q), so C = I"\D with I" = T'[g] = TN g 'T'g. Let b € B be a sufficiently
large I-invariant regular parameter. Then it is also ["-invariant, it gives rise to tilings {C?}
of C and {X®} of X, and the mapping ¢, : C — X takes tiles to tiles (although the same
cannot necessarily be said of ¢3). Let us say this tiling is narrow with respect to the Hecke
correspondence if, for every stratum Cg of C, the following holds:

a(T(CQ)) Nex(T(Cq)) # ¢ <= 1(Cq) = c2(Co)
and if, in this case, ¢;(T(Cq)) U ca(T(Cgp)) is a I-parabolic neighborhood of X¢ in X.

6.12. Proposition. Fiz a Hecke correspondence C = X. If the ['-invariant regular param-
eter b € B is chosen sufficiently large then the resulting tiling {C?} of C is narrow for that
Hecke correspondence.

6.13. Proof. Let Cg be a stratum of C' and suppose ¢;(Cg) = Xp and c3(Cg) = Xpr. Then
Q is I'-conjugate to P while gQg~' is I-conjugate to P’ (cf. Lemma 7.4). In particular,
P and P’ are G(Q)-conjugate, which implies that either Xp = Xp or Xp N Xp = ¢
(2.10.4). In the latter case there exist neighborhoods U of Xp and U’ of X pr which do
not intersect. Choose the tiling parameter so large that T(Cg) C ¢y ' (U) N ¢y ' (U'). Since
there are finitely many strata Cg in C, this amounts to finitely many conditions on the
tiling parameter. On the other hand, if ¢1(Cg) = c2(Cg) = Xp, then we may take P = Q.
Choose any parabolic neighborhood U C X of X and then choose the tiling so small that
T(Cg) C ;' (U)Ncy ' (U). This guarantees that ¢;(T(Cq)) Uca(T(Cq)) is a [-parabolic set
in X. 0

7. RESTRICTION TO THE BOUNDARY

7.1. Parabolic Hecke correspondence. Asin §2, G denotes a connected linear reductive
algebraic group defined over Q, D denotes the associated symmetric space, K' = AgK(x¢)
is the stabilizer in G of a fixed basepoint xy € D, I' C G(Q) is an arithmetic group
and X = I'\D. Fix a rational parabolic subgroup P C G and let Xp = I'p\Dp C X
be the corresponding stratum in the reductive Borel-Serre compactification of X. Each
y € P(Q) determines a correspondence on a P(Q)-invariant neighborhood of Xp which we
now describe. Set I', = I'ply] = T'p Ny 'T'py. Define the parabolic Hecke correspondence

(¢1,¢9) : T',\D[P] = T'p\D[P] (7.1.1)

determined by y € P(Q) to be the unique continuous extension of the correspondence
I"'>\D =2 I'p\ D which is given by

IpeKp — (CpaeKp, TpyxKp) (7.1.2)
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where we identify D = P/K)}. It follows from (6.4.2) (by taking P = Q) that this corre-
spondence commutes with the geodesic action of A%, that is,

ci(x-a)=c¢(x)-a (7.1.3)
(for i = 1,2) for any = € T',\D[P] and for any a € A’. Therefore the parabolic Hecke
correspondence preserves the corner structure near Cp, that is, if Q D P is a rational
parabolic subgroup then each mapping ¢; takes the stratum I';\Dg C I',\D[P] to the
stratum I'p\Dg C I'p\D[P].

There is also an associated (global) correspondence, C = I"\D = X = I'\D (where
I =T Ny Ty). If V C D[P] C D is a I'-parabolic neighborhood of Dp then it is
also a I"-parabolic neighborhood of Dp, asis y~'- V. Hence V Ny~ 'V is also a I"-parabolic
neighborhood of Dp. It follows that, if U C T'p\D[P] C I'p\D is a I-parabolic neighborhood
of Xp then U’ = ¢, (U) N ;' (U) C I',\D is a I'-parabolic neighborhood of Cp = I\ Dp.
We will say that any correspondence isomorphic to such a U" = U is modeled on the parabolic
Hecke correspondence (7.1.1).

U’ c T\D[P] = Dp\D[P] > U

I N N I
Uc I''\D = T'p\D DU

| b b
Uvc ¢ = X DU
7.2. Now suppose g € G(Q) gives rise to the Hecke correspondence C' = C[g] = X with
its canonical extension (¢, ce) : C' =2 X, where C = I'[g]\D as in §6.5.1. If P is a rational
parabolic subgroup of G and if Xp denotes the corresponding RBS stratum, then we may
consider the part ¢;'(Xp) of C' which lies over this stratum. It will consist of several RBS
boundary strata Cg of C. Some of these boundary strata may be mapped back to Xp by

the mapping c,. In this case, we shall say that the Hecke correspondence C has a restriction
to Xp consisting of the union of those boundary strata C¢ such that (¢, c2)|Cq : Co = Xg.

7.3. Proposition. Let T' C G(Q) be a neat arithmetic group. Let (c¢1,¢0) : C = Clgl = X
be the Hecke correspondence which is determined by an element g € G(Q). Let P be a
rational parabolic subgroup of G, with corresponding boundary stratum Xp C X. Decompose
the intersection I'qgI’ N P into a union of I'p-double cosets,

TgrnP =]]TrgTr (7.3.1)
j=1
with g; € P(Q). Then m < oo and, over a sufficiently small parabolic neighborhood of Xp,

the Hecke correspondence C = X breaks into a disjoint union of m correspondences which
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are given by g; and which are modeled on the parabolic Hecke correspondences
Iplg;\D[P] = Tp\D[P]
forj=1,2,... ,m, where I'plg;] =T'N g;lfgj N P.

(A similar procedure is described in the adelic setting in [H].) The proof will take the
rest of §7. First we establish a one to one correspondence between the components of the
restriction of the Hecke correspondence to Xp and the double cosets which appear in (7.3.1).
Let Tpyl'p C I'gI' N P be a double coset from (7.3.1). Write y = 7,971 for some 7,7, € I
Set I'[g] = 'N g~ 'T'g. Define

E(Cpylp) = P! =g "5 'Prag. (7.3.2)
7.4. Lemma. The mapping = gives a well defined one to one correspondence between
(a) Double cosets I'pyl'p C I'gl' N P
(b) I'[g]-conjugacy classes of rational parabolic subgroups Q = Z(I'pyl'p) C G such that
(i) Q is I'-conjugate to P and
(i) gQg~" is [-conjugate to P
(¢) Boundary strata Cg C C such that (c1,c) : Cog = Xp.

In particular, this set is finite.

7.5. Proof of lemma 7.4. First compare the sets (b) and (c). The boundary strata in C'
are in one to one correspondence with I'[g]-conjugacy classes of rational parabolic subgroups
of G, while the boundary strata in X are in one to one correspondence with I' conjugacy
classes of rational parabolic subgroups. Condition (i) is equivalent to the statement that ¢;
maps Cp to Xp while condition (ii) is equivalent to the statement that ¢, maps Cg to Xp.

Now verify that the mapping = is well defined, i.e. that the I'[g]-conjugacy class of
=E(Tpg;l'p) = 1Py " is independent of the choices. Let y' = g7, € T'pg;['p be an-
other element in the same double coset, and set Q' = v{P(y;)~!. Since y' € T'pyl'p, there
exists va, 7 € I'p such that y' = v,y So ¥’ = 19971 = Ya2971%, Which gives

h=g "9 g = Yt € g ' TgN T =Tg].
Then,
K 'Qh = (myyr DT Py () = Q@ (7.5.1)

which verifies that Q and Q' are I'[g] conjugate.
Next we show that = is surjective. Suppose that Q and gQg~ are both I'-conjugate to
P. Say, Q = v1Py; ! and ¢gQg ™" = ~, 'P, for some 71,7, € I'. Then

gnPr gy =P (7.5.2)
so the element y = v29v7; € P(Q) NTgT" (since a parabolic subgroup is its own normalizer)
and E(prrp) = Q

1
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Finally we show that = is injective. Suppose y,y’ € I'gI'NP, say y = 2971 and 3y’ = ~5g7;.
Set

Q=7Py"' =g "% Pyng
Q =7%P()" =97 (1) Py

Suppose Q and Q' are I'[g]-conjugate, say Q = yQ'y ! for some v € I' N g~ 'TI'g. Comparing
these two relations gives

Q =7, Pyt =Py
Q=9""%"Pyrg =79 (%) "Pyhgy"

from which it follows that hy = (7]) "'y 7!y, € P and hy = 2979~ (74)~' € P. Moreover,
hi,ho € I'. But hoy’hy = y hence I'py'T'p = I'pyl’p as claimed. O

7.6. Proof of Proposition 7.3. By lemma 7.4, the restriction of the Hecke correspondence
C = C[g] = X to the stratum Xp breaks into a union of m correspondences, indexed by
the elements g¢1,92,...,9m. Fix j (with 1 < j < m) and set I'[lg;] = ' N gj_ngj and
I'plg;] = Tgj] N P. The following commutative diagram of correspondences provides an
explicit isomorphism between the parabolic Hecke correspondence given by g; with the
corresponding piece of the Hecke correspondence given by g:

Lplg;,\D[P] = Tp\D[P]

ﬁgi lﬁ

Llg\D = TI'\D

/| H

Ig\D = T\D

The first line is the parabolic Hecke correspondence (7.1.1) defined by g;, i.e., it is the
continuous extension of the mapping I'plg;|xK}p — (IperKp,I'pgjxK}). The second line
is the Hecke correspondence (6.5.1) defined by g;, i.e. it is the continuous extension of
I'g;le K" — (FzK',T'gzK'). The vertical mapping [ (resp. [3;) is described in §3.1; it is a
homeomorphism over any I'-parabolic neighborhood of Xp (resp. over any I'[g;]—parabolic
neighborhood of I'p[g;]\Dp). The top square of this diagram commutes by direct compu-
tation. The third line is the given Hecke correspondence (6.5.1). The vertical mapping
f is the isomorphism of Hecke correspondences given in lemma 6.6 and equation (6.7.1).
In other words, if g; = 71972 then f(I'[g;JzK") = I'[g]y2xK’. The bottom square also com-
mutes. This completes the construction of an explicit isomorphism with the parabolic Hecke

correspondence, and hence of the proof of proposition 7.3. O
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8. COUNTING THE FIXED POINTS

8.1. Asin §2, G denotes a connected linear reductive algebraic group defined over Q, D
denotes the associated symmetric space, K’ = AgK(zo) is the stabilizer in G of a fixed
basepoint xy € D, I' C G(Q) is an arithmetic group and X = I'\ D. Through this section
we assume that I' is neat. Fix a rational parabolic subgroup P C G, set I'p = I' N P,
'y =vp(l'p) C Lp(Q) and denote by Xp = I'p\Dp = '\ Dp the corresponding stratum in
the reductive Borel-Serre compactification X. An element y € P(Q) gives rise to a parabolic
Hecke correspondence (1, ¢2) : I\ D[P] = T'p\D[P] where I, = T'p[y] = Tp Ny 'Tpy. Let
I = vp(I'p). The restriction Cp == Xp of this parabolic correspondence to the boundary
stratum Cp = I, \ Dp is given by

(Cl,CQ)(F,Ll'KPAP) = (FLZEKPAP,PL:Q.TKPAP) (811)
where § = vp(y).

8.2. Characteristic element. Let us suppose that w € Cp is a fized point of the parabolic
Hecke correspondence, that is, ¢;(w) = co(w). Choose any lift @ € Dp of w and write
W= zKpAp € Lp/KpAp. Since the point w = I, zKpAp is fixed, we have

FLZKPAP = FLgZKPAP. (821)

Since I' is neat, there exists a unique v € 'y, such that the element e = vy fixes the point
w € Dp, that is,

€ZKPAP = ”ngKPAP = ZKPAP € Dp. (822)

8.3. Definition. The element e = vy € Lp(Q) is called a characteristic element for the
fixed point w, or the characteristic element corresponding to the lift w of w.

Denote by Fp(e) C Cp the set of fixed points in Cp for which e is a characteristic element.
We refer to Fip(e) as a fized point constituent; it may consist of several connected components.
Let D% denote the fixed points of the mapping 7, : Dp — Dp which is given by translation
by e. Then F'p(e) is the image of D% under the projection Dp — Cp. Let L, C Lp denote
the centralizer of e in Lp. We say an element of Lp is elliptic (or is elliptic modulo Ap) if it
is Lp(R)-conjugate to an element of KpAp.

8.4. Proposition. Let e = a.m. € ApMp be the characteristic element corresponding to a
lift w € Dp of the fixed point w € Cp. Then the following statements hold.

1. The characteristic element e € Lp is semisimple and is elliptic (modulo Ap). The
group L. is reductive, algebraic, and defined over Q. The torus factors a, = a. € Ap
are equal (§2.2). The fized point constituent Fp(e) is a smooth submanifold of Cp.

2. If y € P is changed by multiplication by an element u € Up, or if v € 'y, is replaced
by another element of T';, which also satisfies (8.2.2), or if a different representative

2/ € Lp of w € Dp is chosen, then the characteristic element e € Lp does not change.
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3. If a different lift W' € Dp of w is chosen, or if y is changed within its double coset
I'pyl'p then e changes at most by ' -conjugacy.

4. The characteristic element e is a rigid invariant of the fived point set: if w, € Cp is a
one parameter family of fixed points (with t € [0,1]) and if z; € Dp is a lift to a one
parameter family of points in Dp then the resulting characteristic elements e; do not
vary with t.

5. The group L. acts transitively on D$. Set I'e = I'y N L, I, =TI, N L, and K, =
L.N(2(KpAp)z~'). Then K! contains a maximal compact subgroup of L. The action
of L. on D% induces diffeomorphisms

Fp(e) 2 T\L./K, and ¢;(Fp(e)) 2T \L./K.. (8.4.1)
The projection Fp(e) — ¢;(Fp(e)) is a covering of degree
de=[c: T =[Ny 'Try:vp(Tpny 'Tpy)l. (8.4.2)

6. Conversely, let C C Tyl be any T'-conjugacy class which is elliptic (modulo Ap).
Then CNT' 1y consists of a single element €', and there exists a fixed point w' € Cp for
which €' is a characteristic element. In particular, Fp(€') # ¢.

Hence the constituents of the fixed point set in Cp are in one to one correspondence with
I';-conjugacy classes of elliptic (modulo Ap) elements e € T'yl';.

8.5. Proof. By (8.2.2), ¢ = vy € zKpApz~! which is compact modulo Ap, so e is also
semisimple. The elements e and i are in the same I';-double coset so they have the same
torus component a. = a, € Ap. Since I' is neat, the group I'. acts freely on D%. This proves
(1). Next, consider (2) and suppose different choices y' = yu, v/ € Ty, and 2/ € Lp were
made, with u € Z/{P, with w = ZKPAP = Z/KPAP € Dp and, as in (822)7 Z/KPAP =
vy Z KpAp (where ¢ = vp(y')). Then ¢’ =y and

YyzKpAp = zKpAp = 'y KpAp = y'§zKpAp

so v 1 € (yz)KpAp(yz)~t. Since I'y is torsion-free, this implies v = ', hence the charac-
teristic element e = 7y is unchanged. This proves (2). Since I';, is discrete, the characteristic
element is constant in a continuous family of fixed points, which proves (4).

Now consider changing y within its double coset I'pyl'p and consider changing the lift
w € Dp of the fixed point. Let § = Y2 with v1,72 € I'p. Set 41 = vp(11), J2 = l/p(’)/g) and
7 =vp(f). As i in 8.1, the element y determines a Hecke correspondence (¢1,C9) : C'p = Xp
as follows: Set PP = FP N y Ppy, FL = l/p(rp) and Cp = FL\DP = PL\LP/KPAP Then
(01,02)(FL9UKPAP) = (IpxKpAp, Tz KpAp) for any x € Lp. As in equation (6.7.1), an
isomorphism of correspondences f : 513 — Cp is given by

f(fL.CI?KPAP) = F/L"_)/QJZ'KPAP.
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Choose any lift 2KpAp € Dp of the fixed point w = f~'(w) (with z € Lp). We obtain a
new characteristic element é = 4¢ (for some 4 € T'y) such that

A492KpAp = 2KpAp. (8.5.1)
We need to show that é = 47 is I';-conjugate to e = vg. Since f(i) = w we have
F,L’s/géKpAP = P/LZKPAP
so there exists a unique h € I} such that hy.2KpAp = 2KpAp or
7:’KPAP = ﬁ;lh_IZKPAP. (852)
Substituting (8.5.2) into both sides of (8.5.1) and using (8.2.2) gives
h”?g”?:a’j/;lh_IZKpAP = ZKPAP = ’}/gZKPAP
or
hoANgh™ 2 KpAp = vjzKpAp.
Since h,h™! € vp(y 'Tpy) =y 'T'1y there exists I/ € T'f, such that gh~! = 'y, which gives
”y_lh’j/g’?’j/lh,(gZKpAp) = gZKPAP.
This implies that v~ 'hy,49.h' = 1 since it is both in the group (y2)KpAp(yz)~! and in T'y.
Therefore 1.5 = v~ 'hyy¥1yh~! or
V9 = h7AN 5727 h™ = (h72)39(hy2) .
Thus, the characteristic elements vy and 49 are I' -conjugate, which proves (3).

Now let us prove (5). It is easy to see that L. acts on D%. To see that this action is
transitive, let vy, vy € D%, say v = 21KpAp and ve = 20 KpAp with z; € Lp (for i = 1,2).
Then there exists k1, ks € KpAp so that ez; = z1k; and ezy = 23ko, hence k; and ko are
L-conjugate (by 22, '). It follows from [Bo3] §24.7 that k; and ky are also KpAp conjugate.
Say, ko = mkym~! for some m € KpAp. Define z = zgmzfl. Then vy = vy and moreover,

z € L, since

rex l = zgmzflezlmflzgl = zgmkﬂrflz;1 = e.
This completes the verification that L. acts transitively on Df%.

Using the chosen lift w = zKpAp € D% as a basepoint, we obtain a diffeomorphism
L./K! = D% where K! = L, N (zKpApz~') is the stabilizer (in L.) of w. This induces a
surjection (L, NI )\ L./K. — Fp(e) which we will now show to be injective.

Suppose x1,29 € L. and that z1w,xew € D% map to the same point in Cp, that is,
I w12zKpAp = 1", 292 KpAp. Then there exists v € I, so that

vr1zKpAp = 292 KpAp. (8.5.3)
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We need to show that v € L.. Acting by e on the left hand side of (8.5.3) and using (8.2.2)
gives the quantity

eve ter 1 zKpAp = eve 'xiezKpAp = eye 'w12KpAp
while acting by e on the right hand side of (8.5.3) gives
€I'QZKPAP = I'QZKPAP = ”yIlZKPAP.

So v leve ™ € (z12)KpAp(x12)~'. But v leye ' € T'y so this element is trivial, that is,
ve = ey, hence v € L,. Therefore Fp(e) = I",\D%. The equality ¢, (Fp(e)) = ca(Fp(e)) =
[\ L./K! is similar. Equation (8.4.2) will be proven in §8.6.

Now let us verify part (6). Suppose €’ = vy, € Lp(Q) is elliptic (modulo Ap). Then €” is
I';-conjugate to the element € = ~;v,y which is also elliptic modulo Ap. There exists z € Lp
so that ¢ € zKpApz~! hence ¢2KpAp = 2zKpAp. In other words, € is a characteristic
element for the point w’ = I, 2KpAp € Cp (which is easily seen to be fixed under the Hecke
correspondence). O

8.6. Proof of (8.4.2). (We refer to the notation of §8.4 and §8.5.) Unfortunately the
arithmetic group I'z[g] = T', Ny~ 'T' Ly may be larger than I'; = vp(I'p Ny 'Tpy), so the
correspondence (8.1.1) is not necessarily a Hecke correspondence, but rather it is a covering
of the following Hecke correspondence:

(61,52) . 6P == FL[g]\DP = XP
FL[g]LI?KPAP — (FL.TKPAP,FLg.CIZ‘KPAp).

This covering ¢ : I, \Dp — T'1[g]\Dp has degree d = [['1[y] : T";]. A point w € Cp is fixed
iff the point ¢(w) € Cp is fixed.

Let Fp(e) € Cp be the set of fixed points within this (smaller) Hecke correspondence
with characteristic element e. We claim that the restriction of ¢; to F ple) C 5}3 is a dif-
feomorphism: Fp(e) = ¢;(Fp(e)) (for i = 1,2). As in (8.4.1) it is clear that Fp(e) =
(Crly] N L)\ L./ K. so it suffices to verify that the inclusion I'z[g] N L, C T, is an isomor-
phism. If 4 € T', then v; = e 'ye. But the left side of this equation is in I';, and the right
side is in §'T'zy, hence v, € T'[y], which proves the claim.

In summary, we have a diagram

Cp L 513 = Xp

U U U

Fp(e) —— Fp(e) —— ci(Fr(e))
and in particular the degree d of the covering ¢ coincides with the degree d, of the mapping
Fp(e) — c¢;(Fp(e)) which gives (8.4.2). O
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8.7. Remark. The codimension of F,(e) in Dp is odd if and only if the action of e reverses
orientations in the normal bundle of Fp(e) in Dp. This is because e preserves an appropri-
ately chosen normal slice through any point in Fp(e), the boundary of which is a sphere on
which e then acts as a diffeomorphism without fixed points, so its Lefschetz number is 0. In
the odd codimension case this sphere is even dimensional, so by the Lefschetz fixed point
theorem, its action on the top degree cohomology is given by multiplication by —1, that is,
it reverses the orientation. In the even codimension case, it preserves orientation.

9. HYPERBOLIC PROPERTIES OF HECKE CORRESPONDENCES

9.1. Expanding and contracting roots. Asin §2, G denotes a connected linear reductive
algebraic group defined over QQ, D denotes the associated symmetric space, K' = AgK(x¢)
is the stabilizer in G of a fixed basepoint o € D, I' C G(Q) is an arithmetic group and
X =T\D. Throughout this section we fix a Hecke correspondence (cy,¢) : C = X defined
by some element g € G(Q). So C =T"\D with I" =T N g 'T'g.

Let P C G be a rational parabolic subgroup and suppose that ¢;(Cp) = ¢2(Cp) = Xp. By
Proposition 7.3, near Cp the correspondence is modeled on a parabolic Hecke correspondence
" \D[P] = I'p\D|[P] (7.1.1) which is determined by some y € P(Q) (where I, = I'p N
y~'T'py). Suppose y = u,a,m, is the Langlands decomposition (2.2.2) of y € P(Q). If y
is allowed to vary within the double coset I'pyl'p then the element a, € Ap will remain
fixed, so we may write ap = a,. We refer to ap as the torus factor associated to the Hecke
correspondence near C'p. The torus factor may be used to define a partition of the simple
roots Ap into three subsets

AL ={a € Ap| alap) < 1}

Ap ={a € Ap| a(ap) > 1}

A ={a € Ap| alap) =1}
consisting of those simple roots which are expanding, contracting, or neutral, respectively,
near the stratum Cp. (See also §11.7) The terminology is motivated by the following fact,

whose proof follows immediately from (3.2.2) and the definition (7.1.2) of the correspondence.
For all @ € Ap and for all z € I',\ D[P] the root function fI" satisfies:

fa (c2(2)) = alap) f3 (c1(2)). (9.1.1)

Now suppose P C Q are rational parabolic subgroups of G, with Ap = i(Ag) II J

as in (2.4.1). Suppose that ¢;(Cp) = c2(Cp), giving rise to a torus factor ap € Ap and a

decomposition of Ap into expanding, contracting and neutral roots as above. Then ¢;(Cg) =

c2(Cq) (by §7.1) so we obtain a torus factor ag € Ag and a decomposition of Ag into
expanding, contracting and neutral roots also.

9.2. Proposition. Suppose that J C A%. Then

1. The torus factors ap = aq are equal; in particular ap lies in the sub-torus Ag C Ap.
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2. The expanding, contracting, and neutral simple roots for P and for Q are related as
follows:

Ap=i(Ah), Ap =i(Ag), A =i(AY)TI . (9.2.1)

3. For all z € I"',\D[P] and for all € Ag we have,

DeE) o Se)
iw(@(2) lar) = plar) & (er(2))

provided the denominators do not vanish.

In this case we say that Q is a neutral parabolic subgroup containing P and we write P < Q.
Intuitively, the Hecke correspondence is neutral in those directions normal to C'p which point
into Cg; cf. §3.6.

9.3. Proof. Locally near Cg the Hecke correspondence is isomorphic to a parabolic Hecke
correspondence given by some y' = uya,m, € @ with torus factor ag = ay € Ag. In a
neighborhood of C'p the correspondence is isomorphic to the parabolic Hecke correspondence
given by some y = u,a,m, € P (with ap = a,). Moreover y may be chosen to lie in the
double coset I'gy'T'g since the correspondence Cp = Xp is the restriction to Cp of the
correspondence Cg = Xg; cf. Proposition 7.3. By assumption, a(ap) = 1 for all a € J
which implies that ap € Ag. It follows that ap = ag because the homomorphism @) — Ag
(which associates to any z € @ its torus factor a,) kills I'g. Therefore, for any 5 € Ay we
have: ((ag) =i(5)(ap). This proves (1) and (2). The first equality in part (3) is just (9.1.1).
The last equality in part (3) follows from part (1) and from (9.1.1) (with fZ replaced by

5). 0

9.4. Maximal neutrality. Suppose P C Q C R are rational parabolic subgroups and
that ¢;(Cp) = co(Cp). Write Ap = i(Ag) I 1 and Ag = j(Ag) II J for the disjoint union
of (2.4.1). Suppose moreover that P < Q and Q < R, that is, that I € A% and J C A%.
Then it follows from Proposition 9.2 that P < R. Hence there is a greatest neutral parabolic
subgroup PT containing P; in fact it is PT = P(A%) in the notation of §2.4 and §2.3. Tt is
easy to see that

A% = ¢ and Ay =i'(A7)) (9.4.1)
(where ¢ : Apt < Ap is the natural inclusion). Moreover,

P<Q = P =Q (9.4.2)
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10. STRUCTURE OF THE FIXED POINT SET

10.1. As in §2, G denotes a connected reductive linear algebraic group defined over Q,
D = G/K' is its associated symmetric space with basepoint zq € D and stabilizer K’ =
AcK(xp), I' € G(Q) denotes an arithmetic subgroup, and X = I'\D. Throughout this
section we fix a Hecke correspondence (c;, c) : C = X defined by some element g € G(Q).
So C =T"\D with I" =T N g 'T'g. We also fix a '-equivariant tiling of D which is narrow
with respect to the Hecke correspondence (cf. §6.11, §4.5), and denote by {C*} and { X}
the resulting tilings of C' and X respectively. Let F' C C be a connected component of the
set of fixed points. The following lemma says that if ' spans two strata Cp C Cg then the
Hecke correspondence is neutral in those directions which point from Cp into Cg; cf. §3.6.

10.2. Lemma. Let P C Q C G be rational parabolic subgroups and write Ap=1i(Ag) 11 J
as in (2.4.1). Suppose FNCqoNT(Cp) # ¢ (that is, Cq contains fized points which lie in
the T'-parabolic neighborhood T(Cp) of Cp). Then

1. J C AY (hence the conclusions of Proposition 9.2 hold).

2. FNT(Cp) is invariant under the geodesic action of A'(>1).

3. mp(FNT(Cp)) C F, that is, each fized point in this I'-parabolic neighborhood projects
to a fixed point in Cp.

10.3. Proof. Part (1) follows from (3.5.2) and (9.1.1) by taking z € FNCoNT(Cp) to be
a fixed point. Part (2) follows from (7.1.3). Part (3) follows by continuity. O

10.4. Proposition. Let F C C be a connected component of the fized point set. Let Q be a
rational parabolic subgroup and suppose FNCq # ¢. Let ag € Aq be the torus factor for this
stratum. Let QF = Q(AOQ) be the maximal neutral parabolic subgroup containing Q. Then

1. The whole connected component F' of the fized point set is contained in the closure
FC 6Q‘r
of the single stratum Cg.

2. The Hecke correspondence C = X restricts to a correspondence éQT = YQT on this
stratum-closure. Within this restricted correspondence, near each point ¢ € F, every
simple root is neutral: If P C QF, if FNCp # ¢ if i’ : Agt — Ap is the inclusion, and
if Ap =1 (Agi) ILJ as in (2.4.1) then J = A},

3. There exists a neighborhood U(E) C C of the fized point set such that for all o € Ag
and for all x € U(F), if v € T(Cgq) and if ca(x) € T(Xg) then

r(ea(a)) = alag) (e (a)). (10.4.1)
10.5. Remarks. Part (1) does not imply that F'NCgt # ¢. In fact, the fixed point compo-

nent F' may be “reducible”: it does not necessarily coincide with the closure of its intersection

F N Cp with any single stratum Cp. (See §16.1.)
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10.6. Proof. Suppose that F' has a nontrivial intersection with some other stratum, say
F N Cgr # ¢. Suppose for the moment that R D Q and that F'N Cg contains limit points
from F' N Cg, that is,

(FNCo)NFNCr#¢. (10.6.1)

Then Lemma 10.2 part (1) implies that R is a neutral parabolic subgroup containing Q
so (9.4.2) implies that Rf = Qf, hence FNCr C FNCgxi = F ﬂ@QT. Now we drop the
assumption (10.6.1). Since F' is connected, the stratum Cp is related to the stratum Cg
through a chain of strata Cg, (say, 1 < i < m), each having nontrivial intersection with F
with each step in the chain related to the next by

(FNCr)NFNCg,,, #¢or (FNCg,,)NENCg # ¢.
Repeated application of (9.4.2) implies that
R' =Rl =...=R! = Q. (10.6.2)

So once again, ' N Cr C F N Cgp:. This verifies part (1).

Consider part (2). Since the stratum Cg is preserved by the Hecke correspondence, the
same holds for each larger stratum, especially Cgi. Suppose F' N Cp # ¢. By (10.6.2),
PT = Q' so by (9.4.1), Ap = i'(Agi) HAY.

Next we verify part (3). Suppose P C Q and suppose F'N Cp # ¢. By Proposition 9.2
part (3), for all @ € Ag and for all w € T(Cg)Ney ' (T(Xg)), the root function fZ.I(Da) satisfies

Fifey (c2(w)) = a(aQ) fiw) (c1(w)) (10.6.3)

where, as in (2.4.1), we have written Ap = i(Ag) II J. However this does not yet prove
(10.4.1). The problem is that the partial distance function r@(w) is patched together (4.2.2)
from these root functions fil(ga) in a way that depends on which tile contains the point ¢;(w).
So we need to show that the Hecke correspondence preserves the tile boundaries in some
neighborhood U(F') of the fixed point set. This in turn will follow from the neutrality
properties of Lemma 10.2 and Proposition 9.2.

10.7. Lemma. Suppose F' C C' is a connected component of the Jized point set of the Hecke
correspondence C' =% X. Then there exists a neighborhood U(F) C C of F' such that for all
w € U(F) and for any rational parabolic subgroup P C G,

a(w) € X' <= cy(w) € XF. (10.7.1)

10.8. Proof. Assume not. Then there is a sequence of points x; € C converging to F so that
for each i, ¢1(x;) and co(z;) are in different tiles. By taking subsequences if necessary we may
assume the sequence x; converges to some point xy € F', that x; are all contained in a single
tile C” (so ¢;(z;) € XT) and that cs(z;) all lie in a single tile X?. Since ¢;(z) € O nc?is
a fixed point, the Hecke correspondence must preserve the strata Cp and Cg (meaning that

c1(Cp) = c2(Cp) = Xp and ¢1(Cp) = c2(Cy) = X) and we may assume that either P C Q
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or Q C P. Since the tiling is narrow this implies that F'N Cp # ¢, that F'N Cq # ¢, and
that either /"N Cp contains limit points from F'N Cq (if P C Q) or else F'N Cy contains
limit points from FNCp (if Q C P).

Let us first consider the case that P C Q = G, meaning that X9 = X°. Let ap € Ap
denote the torus factor for the Hecke correspondence near C'p as in §9.1. Then it follows from
Lemma 10.2 that Q = G is a neutral parabolic subgroup containing P, that is, a(ap) = 1
for all & € Ap. Within any I'-parabolic neighborhood W of Xp, the tile X* is given by
(4.1.3):

X ={z e W|rp(x) € X% and f(x) > a(bp) for all @ € Ap}.
Since co(z;) € X it follows that for at least one o € Ap we have:

a(bp) > fi (o)) = alap) £ (e1(z:)) = £ (er(2:)) > a(bp)
(using equation (9.1.1)) which is a contradiction.

Next consider the case P C Q # G. For sufficiently large ¢ the points z; will lie in
some I"-parabolic neighborhood of ﬁQ, and the same argument applied to the sequence
2 = mo(x;) — 20 = () € F'N Cq also leads to a contradiction.

The case Q C P may be handled by reversing the roles of P and Q in these arguments.
This completes the proof of Lemma 10.7 and also the proof of Proposition 10.4. O

11. MODIFIED HECKE CORRESPONDENCE

11.1. Asin §2, G denotes a connected linear reductive algebraic group defined over Q, D
denotes the associated symmetric space, K’ = AgK(zo) is the stabilizer in G of a chosen
basepoint xy € D, I' C G(Q) is an arithmetic group and X = I'\ D. Throughout this section
we fix a Hecke correspondence (cy,cz) : C = X defined by some element g € G(Q), with
C=T\Dand I" =TNg Tg. Let F = {w € C| ¢1(w) = c2(w)} denote the fixed point
set. Fix a sufficiently large regular I'-equivariant parameter b € B which is so large that the
resulting tilings {D?} of D, {X*} of X and {C*} of C are narrow (§6.11) with respect to
the Hecke correspondence. Fix t € Ap, (> 1) dominant and regular, with resulting shrink
homeomorphism Sh(t) : X — X as in §5. Define the (shrink-) modified correspondence

(d,dy): C=X (11.1.1)

by ¢, = ¢; and ¢, = Sh(t) o ¢;. Let F = {w € C| ¢,(w) = ¢(w)} denote the fixed point set
of the modified correspondence.

11.2. Proposition. Ift € Ap (> 1) is chosen regular and sufficiently close to 1, then
FnCo=FnCy (11.2.1)
for each stratum Cq C C, and

a(F)NXg =a(F)N Xy (11.2.2)
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for each stratum Xq C X, where C3 (resp. XQ) denotes the central tile in Cq (resp. Xq).

11.3. Proof. The correspondence C has finitely many boundary strata C'p with the prop-
erty that ¢;(Cp) = ¢3(Cp). For each such stratum Cp, according to proposition 7.3, the
Hecke correspondence is locally isomorphic near Cp to a parabolic Hecke correspondence
I"'»\D[P] = I'p\ D[P] which is given by some y € P(Q) and to which we may uniquely asso-
ciate a torus factor a, = ap € Ap as in §7.1. Conjugating all these torus factors back to Sp,
gives a collection {ai,as,... ,ay} C Ap, of finitely many standard torus factors (some of
which may coincide and some of which may equal 1) associated to the Hecke correspondence
g. If t € Ap,(> 1) is chosen to be regular and sufficiently close to 1 then we can guarantee
that the following condition holds: For all « € A and for all i = 1,2,... , N, if a(a;) < 1
then a(a;t) < 1 while if a(a;) > 1 then a(a;t) > 1. Therefore, for any p with 0 < p < 1, for
all o € A and for all e = 1,2,... , N, the following holds:

(11.3.1)

ala;) <1 = afg)a(t)” <1
ala;) > 1 = ala;)a(t)” > 1.

Having made these choices, let us now prove Proposition 11.2. Certainly F N C? = Fn C%

because the shrink acts as the identity on C%. So we only need to show that F NCq C C%, that
is, we must show that the fixed points of the modified Hecke correspondence which appear
in the stratum Cg are all contained in the central tile of that stratum. Suppose otherwise
and let w € Cg be a fixed point of the modified correspondence which lies in some tile C'*
for P C Q, and P # Q. Since the shrink preserves tiles, it follows that c;(CT) Ney(CF) # 6.
The tiling is narrow so this implies that ¢;(Cp) = c2(Cp). Set Ap = i(Ag) 11 J as in (2.4.1);
then J # ¢. By Proposition 7.3, locally near Cp we may replace the Hecke correspondence
by a parabolic correspondence: in other words, we may assume that g € P. Let ap € Ap
be the torus factor for the correspondence near Cp, that is, if g = usa,m, € UpApMp
is the Langlands decomposition then ap = a,4. The point ¢;(w) = ¢j(w) = c(w) lies in
XoNXP c X. Since the shrink preserves tiles, co(w) € Xg N X¥ also.
For any o € Ap,

FE(ch(w)) = £L(ea(w))ag (b)) by (5.5.2)
= a(ap)ag(t)"= 0 £2(cy (w)) by (9.1.1)

where ag € A is the unique simple root which, after conjugation and restriction to Sp,
agrees with a.

This gives a contradiction: First note that p(rf(ca(w))) # 0, for otherwise we would
have 77 (cy(w)) = 1 or co(w) ¢ XP. As the shrink preserves tiles, this would imply that
dy(w) ¢ XP which is absurd. So by (11.3.1) the factor a(ap)ag(t)?Ca (@) £ 1. If we
choose o € J then the assumption ¢;(w) € X¢ implies that f(c;(w)) # 0. Therefore the

point w cannot be fixed by the modified correspondence, which proves (11.2.1).
46



There are finitely many strata Cr such that ¢;(Cgr) = Xg. To prove (11.2.2) it suffices to
show, for each of these strata, that

cl(FNCr)N Xg = c1(FNCg) N XY,

Write FNCg = (FNCY%)UF as a disjoint union. Then F is contained in a union of tiles C¥

with R’ C R a proper inclusion. Since ¢; takes tiles to tiles, it follows that ¢;(F') N X(% =0¢
hence

= Cl(ﬁﬁ OR) = cl(ﬁﬁ CR) QXQ
by (11.2.1). O

11.4. Tangential distance. Choose a regular ['-invariant parameter so that the associated
tiling is narrow (§6.11) with respect to the Hecke correspondence. Choose t € Ap, (> 1)
to be regular and sufficiently close to 1 as in Proposition 11.2. Suppose Cg is a stratum
of C for which F N Cq # ¢. Then the Hecke correspondence restricts to a correspondence
Co = Xg. Fix e € Lg and let Fp(e) C Cg denote the set of fixed points in C¢ for which e
is a characteristic element as in §8.2. The corresponding set of fixed points for the modified
Hecke correspondence is the “truncation”

Fy(e) = Foe) N CY.

Let E = ci(Fj(e)) = c1(Fg(e)) N XY denote its image in Xg. In this section we construct a
good function which measures the distance from FE.

Let Rx, : Xo — X§ and Re,, : Cg — Cg be the retraction(s) and let W : X — [0, 1]
be the exhaustion function of §4.6. A choice of G-invariant Riemannian metric on D induces
Riemannian metrics on C, X, Cg, and X. Define the tangential distance dg : Xg — [0, o]
by

dp(r) = Wo(x) + distx, (Rx, (), E) (11.4.1)

where disty, denotes the distance in Xq with respect to the Riemannian metric. Then

d;' (0) = E. Although the restriction of the Hecke correspondence to Cgq is locally an
isometry, composing with Sh(t) has the following effect: points near the boundary of Xg
are moved even closer to the boundary of X and hence they are moved away from E. This
is the intuition behind the following lemma.

11.5. Lemma. There ezists a neighborhood V- C Cq of F{(e) = Fo(e) N Cg such that
dp(cy(w)) > dp(cd)(w)) (11.5.1)

for allw e V.
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11.6. Proof. The stratum closure Cy, is tiled by the collection of intersections CH = Con

C? with P C Q. Let 62 denote the closure of such a tile. Let U; C 6Q be a neighborhood
of the closure FQ(e) so that for any rational parabolic subgroup P C Q,

FQ(e)mﬁg:d) — U mﬁg:¢.

By Lemma 10.7 we may also assume that the Hecke correspondence preserves tile boundaries
in U;. The mapping ¢; preserves tiles, and the points in Fg(e) are fixed, hence

E = ci(Fg(e)) = ea(Fg(e)).

By Proposition 8.4 (6), and for ¢ = 1,2, the mapping ¢; is one-to-one on Fg(e). Moreover,
it is locally an isometry. It follows that,

distx,, (c1(w), E) = diste,, (w, Fo(e)) = distx,, (c2(w), E) (11.6.1)
for w € Cg in some neighborhood U, C Cg of F§(e). The desired neighborhood is
V=UnNU, CCy.

By Proposition 10.4 the restricted correspondence C—Q = 7Q is neutral near Fp(e). So if
P C Qand if Fg(e) NCT # ¢ and if Ap = i(Ag) I1J as in (2.4.1) then by (10.4.1),

rP(cy(w)) = rP(ci(w)) (11.6.2)

e

for all w € 05 and for all a € J. Moreover, by lemma 10.7 the correspondence preserves
tiles near Fg(e), that is, for all w € U; and for all P C Q we have

w e 55 = ¢ (w) € 75 = o(w) e 75.
By (7.1.3) the correspondence commutes with the geodesic action of Ap. Therefore
Rxq(cr(w)) = ci1(Reg(w)) and Ry, (c2(w)) = ca(Reg (w))

Now suppose w € V and w € C} for some P C Q. If P = Q (that is, if w € Cf lies in
the central tile) then ¢;(w) € CP as well, in which case Rx,, (ci(w)) = ¢;(w), Wq(c;(w)) = 0,
and ¢;(w) = ¢;(w). Then (11.5.1) follows from (11.6.1) and in fact, equality holds.

Now suppose w € V N 05 for some P # Q. Then P C Q, ¢;(Cp) = «(Cp) = Xp
by Proposition 7.3, and locally near Xp this correspondence is isomorphic to a parabolic
Hecke correspondence, that is, we may assume that g € P(Q). In the tile C* the retraction R
commutes with the geodesic action of Ap, cf. (4.6.1), and so does the Hecke correspondence,
(7.1.3), hence

Ry (ch(w)) = Ry (Sh(t)ea(w)) = Ry (ea(w)) = ea(Reg(w).
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So the second terms in (11.4.1) are equal:
distx,, (Rx,ch(w), E) = distx,, (c2(Re, (w)), c2(Fpy(e))) = diste, (Reg, (w), F((e))
= distx, (c1(Re, (w)), E) = distx, (Rx,c1(w), £)
because both morphisms ¢; and ¢y are local isometries. Now consider the first terms in

(11.4.1). Fix w € Cf. For a € Ap set p(a) = p(rf(ca(w))). Using (4.6.3), (5.5.1), and
(11.6.2) we find,

Wo(ch(w)) =1 — inf {rLSh(t)ey(w)}

acJ

=1 inf {7 (ca(w))an(t) "}
= 1= inf {r/(ca(w))o(t) "}
> 1~ inf {77 (ex )}
= Wo(ci(w))
which completes the proof of (11.5.1). U

11.7. Hyperbolic correspondences. Recall that the correspondence (ci, ;) : C = X is
weakly hyperbolic (|[GM2],|GM5]) near a connected component F' C C of the fixed point set,
if there is a neighborhood N(F') C X of the image F' = ¢;(F) = c»(F) and an indicator
mapping t = (t1,t2) : N(F') — Rso X R5¢ such that

1. the mapping ¢ is proper and subanalytic;

2. the pre-image of the origin t~!(0) = F” consists precisely of F’;

3. there is a neighborhood N(F) C C so that ¢;(N(F)) C N(F') (for i = 1,2) and

N(F) N (F)Y N e Y(F) = F;
4. for any x € N(F),
ti(er(w)) < ti(ez(w))
ta(c1()) > ta(ca(w)).

(Due to an error in [GM2], condition (3) above was omitted from the original definition of
weakly hyperbolic, cf. [GM5].)

11.8. The modified correspondence is hyperbolic. Choose a tiling parameter b € B so
that the associated tiling is narrow with respect to the Hecke correspondence (c;,c;) : C =
X. Choose t € Ap,(> 1) to be dominant, regular, and sufficiently close to 1 as in Proposition
11.2 and equation (11.3.1). Let (c;, ;) : C = X be the modified correspondence.

Suppose Cg is a stratum of C for which F N Cq # ¢. Then ¢,(Cq) = ¢2(Cq) = Xg. By
Proposition 7.3 we may, locally near Cg, replace the Hecke correspondence with a parabolic

Hecke correspondence determined by some g = ug,a,m, € Q(Q). For any e € Lg let Fy(e) C
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Cg denote the corresponding fixed point constituent: the set of fixed points in C¢ for which
e is a characteristic element as in §8.2. By Proposition 11.2 the fixed point set in Cg of the
modified Hecke correspondence is a union of “truncated” constituents F)(e) = Fg(e) N CY
(as e varies over elliptic elements in I',gI'z, cf. Proposition 8.4.) (Although Fy)(e) may have
finitely many connected components we will treat them all simultaneously.)

Fix such an element e and let E = ¢(Fg(e)) N X = c1(Fj(e)) be the image in Xg of
the truncated fixed point constituent as in §11.4. Write Ag = Ag UAg U A% according to
whether the simple root is expanding, contracting, or neutral near X¢ as in §7.1. Define
t=(t1,t2) : T(Xg) — Rsg x R5q by

ti(z) = Y rd(@) + dp(mg(x))

aeAt

to(x) = Y rd(e)+ Y rd(@)

Here,
T(Xq) =T(Xq) N X[Q)

denotes the open neighborhood of X on which the above mappings are defined: it consists
of the part of T'(X ) which is contained in those strata Xp such that Q C P.

11.9. Theorem. The mapping (t1,t2) is an indicator mapping, with respect to which the
modified Hecke correspondence is hyperbolic near F(g(e).

11.10. Proof. The idea is that the composition with the Sh(t) converts neutral directions
(normal to a given stratum) into contracting directions but it does not change the nature
of the expanding or contracting (normal) directions. It converts distances within the stra-
tum (which are preserved by the Hecke correspondence and hence neutral) into expanding
directions.

We must display a neighborhood N(Fg(e)) € C which satisfies conditions (3) and (4) of
§11.7 (but with F replaced by Fj(e)). First we find a neighborhood Ny so that condition

(3) holds. Since ¢; : C — X is stratum preserving,
i (E)NT(Cq) = ci ' (E)NCq

where T(Cq) = T(Cg)NC[Q]. The mapping ¢; : Cqg — Xg is a finite (unramified) covering.
Therefore, if W C Cg is a sufficiently small neighborhood of Fg(e) in Cg then

G H(E)YNW = Fj(e).
Take Ny = m,,' (W) NT(Cg). This neighborhood of F§(e) satisfies condition (3) because

GHE)NG(E)NNy C e (B)N Ny = {(E)NW = Fj(e)
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and the reverse inclusion is obvious.

Now consider the conditions (4). Let ag = a, € Ag be the torus factor for the correspon-
dence near Cy. It is easy to check that t;'(0) N¢,'(0) = E. For any w € T(Cg) and for all
a € Ag we have

rQ(ch(w)) = r2(Sh(t)ca(w)) = &o(t)_p(rg’)”(w))rgcg(w) by (5.5.1)
= ap(t) P2 o (a0) 19 (¢ (w)) by (10.4.1)

If o € Ag U AY then ag(t)~Prde2@)(ag)~t < 1 since both factors are < 1. This proves
that

tach(w) < tac) (w).

If @ € Aj then a(ag) < 1 so &O(t)_”(TgCQ(“’))&(aQ)_l > 1 by (11.3.1). Let V' C Cg be the
neighborhood of Ff)(e) described in Lemma 11.5. Then for all w € Wél(V) we have
dpmocy(w) = dpmgSh(t)cy(w)
= dpSh(t)rgez(w) by §5.5(4)
= dgSh(t)camg(w) by (6.4.3)
> dpdimo(w) by (11.5.1)
= dgmqci (w)
which proves that
tich(w) = ¢y (w)

for all w € 7'(61(‘/). This completes the verification of condition (4) of §11.7. In summary,
the neighborhood

N(Fg(e)) = Ninm,' (V) c C
satisfies both conditions (3) and (4). O

12. LOCAL WEIGHTED COHOMOLOGY WITH SUPPORTS

12.1. Quadrants. (See [GKM] §7.14 p. 534.) As in previous sections we suppose G is a
connected reductive linear algebraic group defined over Q and we denote the greatest Q-
split torus in its center by Sg. Let P be a rational parabolic subgroup with Sp the greatest
Q-split torus in the center of its Levi quotient Lp. Let Ap denote the simple positive roots
of Sp occurring in Mp = Lie(Up). The elements a € Ap are trivial on Sg and form a basis
of x5(Sp) C Xx5(Sp) where Sp = Sp/Sq. For any subset J C Ap as in §2.4 let Q = P(J)
be the parabolic subgroup containing P for which the corresponding torus

S3 = Sp(y)
51



is the identity component of the intersection [ ,.,ker(a). Let {t,} be the basis of the
cocharacter group x.(Sp) ® Q which is dual to the basis Ap so that (a,tz) = 0,4 (With
respect to the canonical pairing (-,-)). The cocharacter group x(Sp/Sj) is spanned by
{ta| a € J} while x%(Sy/Sg) is spanned by {t |« € J}, where J = Ap — J denotes the
complement.

Fix vp € x{(Sp) and J C Ap. Let v € x(Sp) and suppose that 7[Sg = vp|Sqg. Then
v — vp may be regarded as an element of x5 (Sp) so we may define

L, (7) = {a € Ap| (y = vp,1a) < 0} (12.1.1)
Xa(Se)re.s) = {7 € xg(Se)| Lp(7) = J and 1|Se = vp[Sa.} (12.1.2)

This last set is called the quadrant of type J. The disjoint union of the 2/47! quadrants,
IT xa(Se)rpa = {7 € x4(Sp) | 7ISe = vplSa}

JCAp

is the subset of all characters whose restriction to Sg agrees with that of vp. Taking J = ¢
gives

Xo(SP)rvpe) = {7 € x5(Sp)| 7[Se = vp|Sc and (y — vp,ts) >0 for all a € Ap}

which was denoted x§(Sp)+ in [GHM] and was denoted x5(Sp)s,, in [GKM]. It is the
translate by vp of the positive cone {Zae Ap ma&} with m, > 0. More generally, for J C Ap
define x5 (Sp)>.p(s) to be the translate by vp of the cone {Zaej M| My > 0} . That is,

X5(SP)sve() = {7 € X5(Sp) | 7[Se =vp|Sc and (y —vp,ta) > 0 for all « € J}
= U X‘E(SP)WP,KJ'

KCJ

Then

Xo(SP)[vp,7] = X0(SP)>up(r) — U X0 (SP)zvp(k)- (12.1.3)
KCJ

Equation (12.1.3) remains valid if we replace the union on the right hand side by the union
over those K C J such that |K| = |J| — 1.

(This apparently backward notation was chosen so as to simplify the computation in
§12.6. It can be reconciled with the notation of [GHM] as follows. There are |Ap| proper
maximal parabolic subgroups containing P. Each J C Ap corresponds to a collection J of
these maximal parabolic subgroups, with Q € T iff Sq C Naey ker(a). Then the subset
XG(SP)>up(s) in this paper coincides with the subset xg(Sp) (7 in [GHM].)

If H is an Sp module such that Sg acts on H through the character vp|Sqg then one
may define Hy,, | (resp. H>,,, resp. H>,,.(5)) to be the sum of those weight spaces H. for

which v € X5(Sp)[up,s) (resp. ¥ € X5(SP)zup, TeSD. ¥ € XG(SP)>up (1))
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12.2. Weighted cohomology. As in §2, let D denote the symmetric space associated to
G, K' = AgK (zo) denote the stabilizer in G of a fixed basepoint zy € D, I' C G(Q) be a
neat arithmetic group and X = I'\D. Let G — GL(FE) be a finite dimensional irreducible
representation of G on some complex vector space E. It gives rise to a local system E =
(G/K') xr E on X =I'\G/K. Let Pg be the standard minimal rational parabolic subgroup
with Sg = Sp,. Fix v € x{(So) so that v|Sg coincides with the character by which Sg
acts on E. Then v defines a weight profile in the sense of [GHM]: if Q D Py is a standard
rational parabolic subgroup then set vy = v|Sq and

Xa(8Q)+ = X5(8@)1e = X5(Sa) [,

These definitions may be extended to arbitrary rational parabolic subgroups by conjugation.
We obtain from [GHM] a complex of fine sheaves, W”C*(E) on the reductive Borel-Serre
compactification X of X, whose (hyper)-cohomology groups W*H*(X, E) are the weighted
cohomology groups. Let i : X — X denote the inclusion. Recall from [GHM] §13 that a
choice of basepoint induces an isomorphism

H.(Ri.(E)) = H (N, E)

between the stalk cohomology at a point z € X of the complex of sheaves Ri,(E) and the
Lie algebra cohomology of 9. The weighted cohomology complex is obtained by applying a
weight truncation to the complex Ri,(E) with the result that its stalk cohomology becomes

H)(WYC*(E)) = H (Mg, E) >4, (12.2.1)

12.3. Remarks on sheaf theory. In the next few sections we will need to use the formal-
ism of the derived category of sheaves, and some relations between the standard functors, for
which we refer to [GM4], [GM2], [Bo5], [1], [KS], [GeM]. Specifically, if X is a subanalytic
set we denote by D?(X) the bounded (cohomologically-) constructible derived category of
sheaves of complex vector spaces on X. An element S* € D°(X) is a complex of sheaves,
bounded from below, whose cohomology sheaves H?(S®) are finite dimensional and are locally
constant on each stratum of some subanalytic stratification of X. The hypercohomology
of S* will be denoted H*(S°®) and the stalk cohomology at a point z € X will be denoted
H?(S*). Denote by S[n]* the shifted sheaf, S[n]? = S"™. The derived category D’(X) sup-
ports the standard operations of RHom, ®, Rf., Rfi, f*, and f'. There are many relations
between these functors, of which we mention a few that we will use:

If f:Y — X is a normally nonsingular embedding ([GM4] §5.4) then there is a canonical
isomorphism

F1(S*) = £*(S*) ® Oxy[—d] (12.3.1)

where Ox/y denotes the orientation bundle (or top exterior power) of the normal bundle of

Y in X, and where d denotes the codimension of Y in X. If f : X — pt is the map to a
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point then Dy = f'(C) is the dualizing complex. If X is an n-dimensional manifold (or even
a rational homology manifold) then Dx = Ox[n] where Ox denotes the orientation bundle.

12.4. Cohomology with supports. Let X be a compact subanalytic set and let S® be a
(cohomologically) constructible complex of sheaves on X. Suppose Y C W C X are locally
closed subsets with inclusions

Y W X

hy Jw

Define the restriction of S® to Y with compact supports in W to be the complex of sheaves

B* = h.j;,S°. (12.4.1)

If Y = {y} is a single point, then the cohomology of this complex is the relative cohomology
group

H™(B*) = H™(B.NX,0B.NW;S*), (12.4.2)

where B, is a sufficiently small ball around y (with respect to some subanalytic embedding
in Euclidean space) and 0B, is its boundary.

Now suppose X is the reductive Borel-Serre compactification of a locally symmetric space
X = I'\G/K as in §12.2, and that S®* = WYC*(E) is the weighted cohomology sheaf
constructed with respect to some weight profile v and local system E as in §12.2. Let
Y = Xp be some stratum and let W = X be the closure of a larger stratum, corresponding
to some rational parabolic subgroup Q D P. Form B® = hi.ji;, WYC*(E) as above. Write
Ap =i(Ag) Il I asin (2.4.1).

12.5. Theorem. The cohomology sheaf H™(B®) is isomorphic to the local system on Xp
which 1s associated to the following Lp-submodule of the Y p-cohomology,

H (N p, B) (12.5.1)

12.6. Proof of theorem 12.5. The proof follows closely the computation [GHM] §18 of
the weighted cohomology of the link £,. First let us recall some generalities. Each stratum
Xp of the reductive Borel-Serre compactification X is a rational homology manifold. If I'
is neat, then each stratum is a smooth manifold. Suppose S*® is a complex of sheaves whose
cohomology sheaves are locally constant on each stratum of X. Let Y = Xp C W = X
as above. The choice of basepoint zy € D determines a basepoint y € Y. Let IV, C X be a
normal slice (cf. [GM3] §5.4) to the stratum Y at the point y. Let k : N, N W — X denote
the inclusion, and let 7, and a, denote the inclusions of y into Y and N, N W respectively.
Then the stalk cohomology of B® = h}ji,S® is given by

HM(B®) = H™(ithy jiyS°*) = H™(a,k*S®) (12.6.1)
which in turn may be identified with the relative cohomology group
H™(B.NN,,0B.N N, N Xg;S*) (12.6.2)
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(where B is a sufficiently small ball around y, chosen with respect to some locally defined
subanalytic embedding of X into some Euclidean space).
These isomorphisms are deduced from the following fiber squares

y —— N,AW —— N,

ay kw

l l lzm (12.6.3)

where k = kykw. In the case that S* = W”C*® we will compute (12.6.2) using the long
exact cohomology sequence for the pair.

Step 1. Construct an isomorphism of Lp-modules,
HY(0B.N N, N Xo; WYC*(E)) = H W Np E)yps) @ H (Np, E)sup (12.6.4)

In order to simplify notation, let us choose a labeling {ay, s, ... , a5} = Ap of the simple
roots. Asin [GHM] §8.8, the link £, = 9B.NN, comes with a natural mapping ¢ : £, — >*~*
to the s — 1 dimensional simplex,

> = {(z1,29,...,75) ER®|0<2; <1 and Xf_ 2, = 1}

For any subset J C {1,2,...,s} let J denote its complement. Associated to J there is a
(closed) face of dimension |J| — 1,
py={z e z;=0foralljec J}

whose interior we denote by 9. Each >y, is a vertex of >*~'; the face >, is spanned by the
vertices >g;y such that j € J. Let Upjy = St(>y;y) be the open star of the vertex >y;;. These
form a covering of >*~! whose multi-intersections we denote by

Uy = (U
jeJ
Then
Uy =Str9) = U{FO| Fis a face of >*"! and F D >}

is the open star of the interior of the face >;.

If we think of stratifying the simplex >*~! by the interiors of its faces, then the mapping
6 : L, — >*is a stratified mapping: for any J C {1,2,...,s} it maps £, N Xp() to the
interior >9 of the face >, and in particular

Ey N 7Q = 5*1(91).
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The fiber over any interior point s € >9 is the nilmanifold (I' N Ugy)\Ug. As in [GHM] §18.5,
the (weighted) cohomology of £, N X can be computed using the Mayer-Vietoris spectral
sequence for the covering by open stars (for i € I),

Vv{z} = 571([]{1} N l>[)

of the vertices of >;. Set V; = 6~3(U; N>;). The groups Ef’ are cohomology groups of
multi-intersections of open sets in this covering, and were computed in [GHM] Lemma 18.5,

B = @ WH([(ViyB)= @ WH'(ViE)

|J|=a+1 jeJ |J|=a+1
JCI JCI
_ b
- @ H(mP7E)ZVP(J)‘
|J|=a+1
JCI

The E; differential is given (up to sign) by inclusion, so the argument of [GHM] §18.7
applies here as well: the spectral sequence collapses at Es, which has only two possibly
nonzero columns: Ey” = H*(Mp, E)s,, and, using (12.1.3),

b
H (‘ﬁP,E)sz(z) = H*Mp E)rp1|
9 vp,
E H*(Mp, E)>up e,

|K|=[1]-1
KCI

‘I‘_lvb —
E2 —

which contributes to W”H*(§~1St(>;), E) in degree |I| — 1 + b. So we obtain a split short
exact sequence (with ¢ = [I| —1+1),

0— H Y Np, E)ypy) — WH (L, N Xg; B) — HSMp, E)s,p — 0
which completes the proof of (12.6.4).
Step 2. As in [GHM] §18.11, the long exact sequence for the pair (12.6.2) splits into split
short exact sequences,
0— H(B.NN,) — H(0B.NN,NXg) — H(B.NN,,0B.NN,NXg) — 0.

But H*(B. N N,) = H*(B.) = H*(Mp, E)>,, is the stalk cohomology at y of the weighted
cohomology sheaf. This kills the second summand in (12.6.4), leaving

H(B*) = H"(B.N N,,0B.NN,NXq;W*C*(E)) = H™ "(Mp,E)rypr)  (12.6.5)
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Step 3. We briefly indicate why the isomorphism (12.6.5) extends to an isomorphism of flat
vector bundles on Xp,

H™(B®) = Hmim(mljv E) [vp,I| XTpp) Lp/KpAp

(where I',(py = vp(I' N P) is the projection of I' N P to the Levi quotient Lp and where it
acts on H*(Mp, E) by conjugation). Let i : X — X denote the inclusion. In [GHM] §17,
special differential forms are used in order to identify the restriction H”(Ri,E)| X p with the
flat vector bundle

H™(Np, E)fup.o) Xryp Lr/KpAp.

But each of the cohomology groups appearing in Step 2 (above) is an Lp-submodule of
H*(Mp, E) and the corresponding bundle on Xp is a sub-bundle of H*Ri.(E)|Xp (while the
shift by |I| corresponds to tensoring with a trivial vector bundle on Xp). So it suffices to
verify that the stalk cohomology modules agree at the basepoint, which we have done. [

12.7. Kostant’s theorem. In this section we will use Kostant’s theorem [Ko| to explicitly
evaluate the cohomology group (12.5.1). Let B C G be a Borel subgroup (over C), chosen
so that B(C) C Po(C) C P(C). Choose a maximal torus T (over C) of G so that

Sp(C) C Sp(C) C T(C) € BL(C) (12.7.1)

where By, = BNLp is the corresponding Borel subgroup of Lp. This gives rise to root systems
Pg = ®(G(C), T(C)) and & = ®(Lp(C), T(C)) with positive roots ¢/, = ®(Ug(C), T(C))
and ® = &, NS (determined by the Borel subgroups B C G and By, C Lp respectively.)
Let pp = %Za@g a.

Let Wg = W(G(C), T(C)) denote the Weyl group of G(C) and let Wp = W (Lp(C), T(C))
denote the Weyl group of Lp(C). The choice of B determines a length function ¢ on Wg.
Let W} C Wg denote the set of Kostant representatives: the unique elements of minimal
length from each of the cosets Wpx € Wp\W¢. As in [Sp] §10.2 or [Vo| §3.2.1, it may also
be described as the set

Wp = {w e Wg| w(®]) C &}

(and depends on the choice of By, C Lp).

If 5 € x*(T(C)) is By-dominant, let us write VﬂL for the irreducible Lp-representation with
highest weight 3. Let Ag € x*(T(C)) be the highest weight of the irreducible representation
E of G. Kostant’s theorem states that for all w € W}, the weight w(Ag + pg) — pp is
Bi-dominant, and that as an Lp-module, the cohomology group H'(Mp, E) is isomorphic
to

@{V"ULO\B‘FPB)_pB‘ we W113 and ((w) = i}.
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If w € Wg then the character w(Ap + pg) — pp — v of Sq is trivial on Sg so we may define
IL(w) ={a € Ap| ((w(Ap + pB) — pg — V)|Sp, ta) < 0} (12.7.2)

where {t,} form the basis of the cocharacter group x%(S%p) which is dual to the basis Ap of
simple roots, cf. (12.1.1). So in the notation of (12.1.1),

I, (w) = I,(7y) where v = (w(Ap + pB) — p5)| Sp.
To summarize we have,

12.8. Proposition. Let P be a standard rational parabolic subgroup of G. Let vp = v|Sp €
Xo(Sp) be the character which is determined by the weight profile v € x§(So). Let Ap
denote the highest weight of the irreducible representation E of G. Let I C Ap be a subset
corresponding to a choice of standard rational parabolic subgroup Q D P. Then Kostant’s
theorem determines an isomorphism of graded Lp-modules,

H e, E)upr) = D Vikastom)—on[—L(w)] (12.8.1)
weW}
I, (w)=I

where the sum is taken over all w € W such that I,(w) = I, and where Vj'[—m] means
that the irreducible Lip-module VﬂL appears in degree m.

13. LEFSCHETZ NUMBERS

13.1. In this section we recall the Lefschetz fixed point theorem for hyperbolic correspon-
dences from [GM2] §10.3.

Suppose C, X and Y are compact subanalytic spaces and that ¢ = (¢j,¢3) : C — X x Y
is a subanalytic mapping. (The bars are used so that the notation here will agree with
that in the rest of the paper.) Let S* € D(X) be a (bounded from below) complex of
(cohomologically) constructible sheaves on X and let T* € DY(Y) be a (bounded from
below) complex of (cohomologically) constructible sheaves on Y. Since c is proper we have
¢, = c1. A lift of the correspondence C to the sheaf level ([Ve, GI, Bo5]) is a morphism

®: 5T — | S* (13.1.1)

Such a morphism induces a homomorphism H*(Y;T*) — H*(X;S*) as follows. First apply
(¢1)r and adjunction to obtain a morphism

(e )3T — (e, S* — S° (13.1.2)
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Let p: X — pt and ¢ : Y — pt be the map to a point. Then the diagram

xY ——
X

is a fiber square so there is an adjunction natural transformation [GM2] (2.6b), ¢ (7). —
p«(m ). Apply ¢ to the adjunction morphism T® — (c2).c5T® and use (13.1.2) to obtain

@T* — qc2).3T* = qu(72)cc3 T
— pu(m)iccsT® = pufci 1 T — p.S*

><|
“<|

2

%
[}

o]
&+

—
p

This morphism induces the desired mapping on cohomology. (It may also be constructed
by applying pi(c2)« to (13.1.1) rather than ¢.(cq):.)

In what follows, we suppose X =Y and S* = T*, so ¢ = (c1,c3) : C — X x X is a
correspondence on X and ® : ¢3S® — ¢} S® is a lift to the sheaf level. The Lefschetz fixed
point theorem states that the resulting Lefschetz number

L(S*,C) =) Tr (®": H'(X;S*) — H'(X;S")) ZLS‘CF

>0

is a sum of locally defined contributions L(S®,C, F F'), one for each connected component
F C C of the fixed point set of the correspondence C.

Let F C C be a connected component of the fixed point set and suppose that the corre-
spondence C' is weakly hyperbolic (§11.7) near F’ = ¢;(F) = cy(F) with indicator mapping
t: W — Rsg x Rsg. (This means that W C X is a neighborhood of F”, that t is a proper
subanalytic mapping such that ¢t~1(0,0) = F’, and that for all z € c; (W) Ny H(W) we
have t1c1(x) < tico(x) and tocy () > tace(x).) Denote by h and j the inclusions

F—l s 7Ry x {0}) —5 X
of F” into the “expanding set” or “unstable manifold” F'~ = t~'(R> x {0}), and of F~ into
X.
Let A® = h'j*(S*®) as in §12.4. Then the lift ® determines a lift ¥’ : ¢;A®* — ¢} A*® which,
by adjunction, induces an endormorphism ¥ : A®* — A*® (which covers the identity mapping
on F'). In [GM2] we prove:

13.2. Theorem. The contribution L(S*,C, F) of F to the global Lefschetz number L(S®, C)
s gien by
L(S*.C,F) = 3 (=1 Tr(W" : H'(F'; A%) — H'(F'; A%))
i>0
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Moreover, if F' = [[""_| F/ is stratified so that the pointwise Lefschetz number n(z) =
> iso(=1)"Te (W« Hy(A®) — H,(A®)) is constant on each stratum, then the local contri-
bution is the sum over strata,

L(S*,C, F) =) xe(Fl)n(za) (13.2.1)

where z, € F! and where y. denotes the Euler characteristic with compact supports. (See
[KS] Prop. 9.6.12 for a related result.) The right hand side of (13.2.1) is the Euler charac-
teristic x(£”;n) of the constructible function n(z), as discussed in [Mac]

13.3. Morphisms and weighted cohomology. In this section we show how to lift any
morphism to the weighted cohomology sheaf. As in §2, G denotes a connected linear re-
ductive algebraic group defined over Q, D denotes the associated symmetric space, K’ =
A K (xg) is the stabilizer in G of a fixed basepoint 2y € D, I' C G(Q) is a neat arithmetic
group and X = I'\D. As in §12.2 let 7 : G — GL(E) be a finite dimensional irreducible
representation on some complex vector space. It gives rise to the local coefficient system (flat
homogeneous vector bundle) E = (G/K’) xr E which is the quotient of (G/K’) x E under
the equivalence relation (zK’,v) ~ (yxK',7(y)v) for all v € T". Denote by [zK’,v] € E the
resulting equivalence class. Let Py be the standard minimal rational parabolic subgroup
with Sg = Sp,. Fix v € x{(So) so that v[Sq coincides with the character by which Sg acts
on E and let W”C*(X; E) denote the resulting weighted cohomology complex of sheaves on
X.

Suppose I" C T is a subgroup of finite index, set C = I"\G/K, and let f : C — X
be a morphism, i.e., there exists h € G(Q) such that hI"h™! C T and f(I"zK) = ThzK.
Let E' — C be the local coefficient system on C which is determined by the representation
7:G — GL(E). The morphism f is covered by a mapping E' — E of local systems given
by [xK,v] — [haK,7(h)v]. This mapping is easily seen to be well defined, and it induces
an isomorphism of local systems E' = f*(E) on C. Since f : C' — X is an unramified
finite covering, it further induces a canonical quasi-isomorphism of the sheaves of smooth
differential forms with coefficients in this local system, f*Q°*(X;E) — Q*(C; E').

The morphism f : C — X admits a unique continuous extension f : C' — X to the
reductive Borel-Serre compactifications (Lemma 6.3). If ic : C — C and iy : X — X
denote the inclusions then the adjunction mapping [GM2] equation (2.5a),

F(ix).Q(X;E) —— (i0). f*Q(X;E) —— (i0).Q°(C; E)
is a quasi-isomorphism. It is easy to see that this induces a quasi-isomorphism
FWrC*(X;E) - W'C*(C;E) (13.3.1)

of weighted cohomology sheaves. (In fact the whole construction of the weighted cohomology

sheaf on X pulls back to the construction of weighted cohomology on C.)
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13.4. Hecke correspondences and weighted cohomology. Let ¢ € G(Q). Then g¢
gives rise to a Hecke correspondence (c;,cp) : C — X. Here, C is the reductive Borel-Serre
compactification of C' = I"\G/K with I" = T'N g~ 'T'g. Both mappings ¢; and ¢, are finite
so there are natural isomorphisms of functors ¢ = ¢} and (¢;). = (¢;)y (for i = 1,2). From
the preceding paragraph we obtain a canonical lift

d: W'C*(X;E) — ¢, WYC* (X E) (13.4.1)
to the weighted cohomology sheaves, which is given by the composition
GWYC*(X;E) —— WYC*(C;E) —— ¢;W’C*(X;E) =~ A W'C*(X;E).

13.5. Computation of the local contribution. For the remainder of §13, fix a Hecke
correspondence C = X which is determined by some element g € G(Q). Fix a regular
[-equivariant parameter b € B which is so large that the resulting tilings { DT} of D, {X*}
of X and {CT} of C are narrow (§6.11) with respect to the Hecke correspondence. Choose
t € Ap,(> 1) to be regular, dominant, and sufficiently close to 1 as in Proposition 11.2, with
resulting shrink homeomorphism Sh(t), and let (¢}, c,) : C = X be the resulting modified
correspondence. It is easy to see that Sh(t)*(W"C®) = WYC* so we may consider (13.4.1)
to be a lift of the modified correspondence as well.

Suppose the Hecke correspondence preserves some stratum Cp. According to Proposition
7.3, locally near C'p the correspondence is isomorphic to the parabolic Hecke correspondence
">\ D[P] = I'p\ D[P] which is given by some y € P(Q)NI'gl" and to which we may associate
a decomposition Ap = A} U AL U A} of the simple roots. Suppose that Cp contains
fixed points and denote by Fp(e) C Cp the set of fixed points with characteristic element
e c FLgFL C LP(Q)

By Proposition 8.4 the torus factor a. € Ap of e coincides with the torus factor a, so the
set A} (resp. Ap, resp. A%) consists of those simple roots & € Ap for which a(a.) < 0
(resp. > 0, resp. = 0). Hence we may write AL = Af(e) (resp. Ap = Apx(e), resp.
Ap = Ab(e)).

As in §12.7, choose a Borel pair T(C) C B(C) so that (12.7.1) holds. Assume the local
system E arises from an irreducible representation of G with highest weight Az € x*(T(C)).
Let pp = 2 Zaeq,g a € x*(T(C)) denote the half-sum of the positive roots. Let r = [['NUp :

' N Up].

13.6. Theorem. The contribution to the Lefschetz number from the fixed point constituent
Fp(e) is:

+ w _

mY(Fp(e)) (=)A= 1) D™ VE s —on) (13.6.1)
wGW}D
Il,(w):AJIS(e)

where I,(w) is defined in (12.7.2).
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In [GKM] §7.14 the Lefschetz formula in the adelic setting is described but not proven. The
missing ingredient is the proof of the formula for the local contribution Lg(y) which appears
on page 534. (This formula differs slightly from (13.6.1) because the factor ry.(Fp(e)) is
absorbed by the orbital integral in [GKM].) Theorem 13.6 thus provides the proof of this
formula, so it completes the proof of Theorem B (7.14) of [GKM]. The proof of Theorem
13.6 will occupy the rest of this section.

13.7. The nilmanifold correspondence. The Hecke correspondence C' = X extends to
a correspondence on the Borel-Serre compactification

C= X (13.7.1)

which is compatible with the projection u : X — X to the reductive Borel-Serre compacti-
fication. Let w' € Fp(e) and set w = ¢;(w’) = ¢co(w'). The restriction of the correspondence
to the relevant Borel-Serre stratum is given by

Y =T \P/KpAp = Yp =Tp\P/KpAp (13.7.2)
F;;.TKPAP — (PP.TKPAP, prl'KpAp). (1373)

(Here, T, = T'p Ny 'T'py.) The fibers Np = p~'(w) C Yp and Np = (¢/)"'(w') C Y}
are nilmanifolds isomorphic to I'y\Up and I'j,\U respectively, where I'yy = I'p N Up and
I, =T NUp =T Ny 'Tyy. So the correspondence 13.7.1 restricts to a correspondence
N}, = Np which will be described below. The following diagram may help in sorting out
these spaces.

Np=Np Y= Yp C=X
ol [ w ]
w' = w Cp=Xp C=X

13.8. Lemma. Let ¢ : Lp — GL(H*(Mp, E)) denote the adjoint representation of the
Levi quotient Lp on the Lie algebra cohomology of Mp. Let w' € Fp(e) be a fived point
in Cp with characteristic element e € Lp. Then the nilmanifold correspondence (cy,cz) :
Np = Np induces a mapping (¢1)«¢5 : H*(Np,E) — H*(Np,E) on cohomology which,
under the Nomizu-van Est isomorphism H*(Np, E) = H*(Mp, E) may be identified with the
homomorphism

ro(e™)

where r = [I'y : T,].
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13.9. Proof. First we find equations for the nilmanifold correspondence. Choose a lift
xKpAp € D = P/KpAp of the fixed point w' = I'yx KpApUp € Cp. This determines a
parametrization of the nilmanifold Np by

Fu\u — Np CYp = Fp\p/KpAp (1391)
FuZ — PPZZEKPAP (1392)

and similarly I),\td — Np by I');z — I"pza KpAp.
Since w’ is fixed, we have I'palUp KpAp = U'pyzlUp KpAp hence there exists v € I'p
and u € Up so that yyur KpAp = xKpAp, in other words, so that yyu fixes the point

xKpAp in the Borel-Serre boundary component P/KpAp. Then e = vp(yy) = vp(yyu) is
the characteristic element of the fixed point w’. Define I}, \U = T';,\U by

[z = (Cuz, Ty(yy)zu™ (vy) ™). (13.9.3)
A simple calculation shows that the following diagram commutes,
(13.9.3)

oL\Xu = TIy\U
(13.9.2)1% 21(13.9.2)

N, = Np
(13.7.3)
Y, = Yp

Next we will apply the theorem of Nomizu [Nol] and van Est [E] to this correspondence.
The local system E — X which is defined by the representation 7 : G — GL(FE) extends
canonically to a local system on the Borel-Serre compactification X. Its restriction to the
nilmanifold Np is given by the quotient E|Np = U xp, E under the relation (z,v) ~
(vz, 7(y)v) (for v € I'y, z € Up, and v € E). The complex Q°*(Np, E) of smooth E-valued
differential forms on Np consists of sections of the (flat) vector bundle

C.(NP,E) = Z/{P XT'p C.(mp, E)

where C*(Mp, E) = Homc(A*Np, E) is the complex of Lie algebra cochains. Let ¢ be the
representation of P on this complex: if A*Ad(p) : A*Qp — A*INp denotes the adjoint action
of p € P on the exterior algebra of p, then

¢(p)(s) = 7(p) o s 0 A*Ad(p).
Denote by

Q) (Up, E)={w:Up — C*Np, E) | w(uz) = ¢p(u)w(zx) for all u,z € Up} (13.9.4)

mv

the complex of (left) Up-invariant E-valued differential forms on Up. Such a differential

form is determined by its value s = w(1) € C*(Mp, E), and it passes to a differential form
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on Np. Denote by Qf (Np, E) the collection of all such “left”-invariant differential forms.

The Nomizu-van Est theorem ([Nol, E|)states that the inclusion Q2 _(Np,E) — Q°*(Np, E)

mv

induces an isomorphism on cohomology. In summary we have a diagram

C*Np, E) —— Q¢ (Up, E) —— Q. (Np,E) — Q*(Np,E)

mv mv

of isomorphisms and quasi-isomorphisms. Although the group P does not act on the vector
bundle C*(Np, E), it does act on the complex Qf, (Np, E) = Qf (Up, F) of invariant sections
by
(p-w)(z) = ¢(p)~'w(pzp™)
and the group Up acts on this complex by
(u-w)(z) = w(zu™).

(Np,E) is given by (13.9.4) then by (13.9.3) its pullback by ¢ is given by
3 (w)(2) = o(vy) " w((vy)zu™ () 7).

Evaluating at z = 1 and using the fact that w is left invariant,
3 (w)(1) = o(u) " d(yy)~'w(1).
Let s = w(l) € C*(Mp, E), suppose ds = 0 and let [s] € H*(Mp, E) be the resulting
cohomology class. Since Up acts trivially on this cohomology,
c5([s]) = o(e)™'[s]
where e = vp(yy) is the characteristic element of the fixed point w. Finally, observe that

the pushforward mapping (¢1). : H*(Np,E) — H*(Np,E) is given by multiplication by
r = [[y : I'},]. This completes the proof of lemma 13.8. O

IfweQ?

mv

13.10. Proof of Theorem 13.6. We will apply the Lefschetz fixed point formula to the
modified Hecke correspondence. By Proposition 11.2; after modifying the correspondence
by composing with Sh(t), the fixed point constituent Fp(e) becomes “truncated”, that is,
it becomes replaced by the intersection FP(e) = Fp(e) N C% of Fp(e) with the central tile
in Cp. Denote by OF° = Fp(e) N ACY its intersection with the boundary of the central tile.
Set F' = c¢1(Fp(e)) = ca(Fp(e)). Set E = F' N XY = ¢;(F(e)) and OF = F' N oXY =
c;(OF°). (Having used up all the letters some time ago, we temporarily re-use the notation
E here, hoping the reader will not confuse it with the local system.) Note that £ — OF is
diffeomorphic to F”.

By theorem 11.9 the (modified) Hecke correspondence is weakly hyperbolic near Fp(e)
and an indicator mapping (defined in a neighborhood U C X of F’) is given by

t(x) = (Z () + dgmp(w), Z rP(z) + Z T5($)> (13.10.1)
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Let Q D P be the rational parabolic subgroup corresponding to the subset I = AL C Ap
consisting of the simple roots for which the Hecke correspondence is (strictly) expanding.
Then, in the notation of (2.4.1), Ap = i(Ag)IIA}. The partial distance function 2 vanishes
on the stratum Xg whenever a« € Ap UAY cof. (3.5.2). Hence X NU =t~ (R5q x {0}) is
the “expanding set” of the correspondence.

According to Theorem 13.2 we need to compute the stalk cohomology (at points w € E)

of the sheaf
A* = h'j*WYC*(E)
where
E T) YQ — X.
j

This is best accomplished by decomposing h,

E F’ Xp Xo X

hy ha h3 J

Then B® = hyj*WVC*(E) is the sheaf studied in Theorem 12.5, where we have taken
I = A} Tts stalk cohomology is locally constant on Xp and was shown to be

H,,(B*) = H AP (Np, B)p,, a7

Since hg is a smooth closed embedding we have a canonical quasi-isomorphism (12.3.1)

C* := hyB* = h3(B®) ® O[—(]
where ¢ = dim(Xp) — dim(F' N Xp) and where O is the orientation bundle (i.e. the top
exterior power) of the normal bundle of F'NXp in Xp. The complex C* is constructible with

respect to the stratification of X, meaning that its cohomology sheaves are locally constant
on Xp, hence also on E. But F is a manifold with boundary, so

hiC* =4 C*|(E — OF) (13.10.2)

is obtained by first restricting to the interior £ — OF and then extending by 0. (Here,
i : E —OF — E denotes the inclusion.) Thus the cohomology of h\C® is the compactly
supported cohomology H!(E — OF;C®) = H!(F’; C®).

Next we must compute the pointwise Lefschetz number n(w) for w € E, that is, the
alternating sum of the traces on the stalk cohomology of A®* = h{C®. By (13.10.2) it is 0
when w € OF, so let w € E — OFE. Then

H! (C*) = H;“(h3B* ® O) (13.10.3)
i—c—|ATS
= [~ 188 (M, ) lvpap] @ Ou. (13.10.4)
By §8.6, the mapping ¢; : Fp(e) — F’ is a covering of degree d. = [[', Ny~ 'T'1y :

vp(I'p Ny 'Tpy)]. Near each fixed point w’ € ¢;*(w) the Hecke correspondence acts on the

Mp-cohomology through the homomorphism r¢(e™!) (using Lemma 13.8), and by §8.7 it
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acts on O, by (—1)°. Summing these contributions over the d, different points in c;'(w)
gives

n(w) _ der(_l)fc*\AJﬂ(_l)C Z(_l)zTr(¢(€*1)7 Hi(mP, E) "VP7A;J) (13105)
>0
_ der(—l)m;‘ Z (—1) O Tr(e 1 ‘/;)l(/)\B‘FPB)*PB) (13.10.6)
IV?S)VZ};}?

by Proposition 12.8. The contribution arising from Fp(e) is this quantity times x.(E—0F)
Xe(F"). However (by §8.6), x.(Fp(e)) = dex(F") which absorbs the factor of d, in (13.10.
and therefore completes the proof of Theorem 13.6.

O2 |

14. PROOF OF THEOREM 1.5

14.1. As in §2, G denotes a connected reductive linear algebraic group defined over Q,
D = G/K' is its associated symmetric space with basepoint zq € D and stabilizer K' =
AgK(xp). Let I' € G(Q) denote an arithmetic subgroup which we assume to be neat, and
X =T'\D. Throughout this section we fix a Hecke correspondence (ci, ;) : C = X defined
by some element g € G(Q). So C =TI"\D with I =T N g~ 'T'g. We also fix a [-equivariant
tiling of D which is narrow with respect to the Hecke correspondence. Choose t € Ap (> 1)
in accordance with Proposition 11.2.

Let F' C C denote the (full) fixed point set of the Hecke correspondence C' = X and let
E denote the (full) fixed point set of the modified Hecke correspondence (11.1.1). Then

F=][FnCpand E=]]FnC}
{P} {P}

where the union is over the strata of C, that is, over I-conjugacy classes of rational parabolic
subgroups P C G. Each F N CY is a union of connected components of E by Proposition
11.2. The Lefschetz fixed point theorem (Theorem 13.2) may be used to write the Lefschetz
number as a sum over these individual strata.

14.2. Contribution from a single stratum. Let P C G be a rational parabolic subgroup
and suppose that ¢;(Cp) = ¢2(Cp) = Xp. By Proposition 7.3, in a neighborhood of Cp
the correspondence is isomorphic to the parabolic Hecke correspondence determined by
some y € I'gI' N P and moreover (in this neighborhood) the fixed points of the modified

correspondence coincide with those of ENCp = F N CY.
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If Fp(e) denotes the set of fixed points in Cp with characteristic element e € I'; g1, then
by Proposition 8.4,

FNCp=]]Fr(e) and ENCp =[] Frle)nC (14.2.1)
{e} {e}

where the union is over I'y—conjugacy classes of elements {e} C I'yyI'; which are elliptic
modulo Ap. (Here, I', = vp(I'N P) C Lp and § = vp(y).) For each such conjugacy class
{e}, the set F'p(e) consists of finitely many connected components, say, Fi, Fi, ..., F,. The
contribution to the Lefschetz number from the component Fj is given by Theorem 13.6. By
(8.4.1) (see also §8.6, §15.8 ),

m

D xelFy) = xe(Fr(e)) = xe(T\Le/ K2).

j=1

So the contribution to the Lefschetz number from the stratum Cp = Xp is

LPy) =3 XeDAL/KDr(=1)25 3 (1) T Ve ops)  (14:2:2)

{e} wGW},
I (w)=A%(e)

where the index set for the first sum is the same as that for the union in (14.2.1). This
quantity L(P,y) depends only on the local system E, the choice of parabolic subgroup P
and the element y € P.

14.3. Sum over strata. Let Py, Py, ..., P; denote a collection of representatives, one from
each I'-conjugacy class of rational parabolic subgroups P C G. These index the strata of X.
For each such ¢ the intersection I'gI' N P, decomposes:

Lgl'N P = H Lpyilp.
J

Lemma 7.4 gives a one-to-one correspondence between this collection {y;;} and strata Cj;
of C such that ¢;(C;;) = c2(C;;). Moreover the restriction of the Hecke correspondence to a
neighborhood of Cj; is locally isomorphic to the parabolic Hecke correspondence defined by
y;; so the local contribution to the Lefschetz number from Cj; equals the number L(FP;, v;;)
given in (14.2.2). In summary, the total Lefschetz number is

Lig)=>_ > L(Pyy) (14.3.1)

as claimed in Theorem 1.5. O
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14.4. Another formula. If a little expansion Sh(t)™! is used instead of the shrink, this
will convert neutral directions normal to each stratum into expanding directions, and it will
convert the tangential distance into a contracting direction. An indicator mapping replacing
(13.10.1) is

ta)=( Y  ri@), Y rie)+dpmp(x))
aeALUAY aEAL
This changes the nature of the sheaf A® with the result that the Euler characteristic (rather
than the Euler characteristic with compact supports) appears in the formula. So, in equation
(14.3.1), the contribution L(P,y) (14.2.2) from the stratum Cp = Xp will be replaced by
the quantity

+A0 w _
L'(Py) =Y r(=1)A b (TN\L/KD) Y (=D ™ T (e Vi, pm s

{e} wEW}lD
L (w)=A}UAY

where the summations are over the same index sets as in (14.2.2), and where AL = Af(e)

and A% = A% (e).

15. REMARKS ON THE EULER CHARACTERISTIC

Asin §2, G denotes a connected linear reductive algebraic group defined over Q; D denotes
the associated symmetric space; Sg denotes the greatest Q-split torus in the center of G;
Ag = Sg(R)? denotes the identity component of its real points; K’ = AgK is the stabilizer
in G of a fixed basepoint o € D; I' C G(Q) is an arithmetic group, and X = I'\ D.

15.1. Proposition. Suppose (G/Sg)(R) does not contain a compact mazimal torus. Then
X(X) = x.(X) = 0, that is, both the Euler characteristic and the Euler characteristic with
compact supports vanish.

The proof will appear in §15.6.

15.2. Lemma. Let X = I'\G/KAg. Then the Euler characteristic and the Euler charac-
teristic with compact supports coincide: x(X) = x.(X).

15.3. Proof. Let X denote the Bore-Serre compactification of X. Topologically, it is a
manifold with boundary X = X — X. Since H'(X) = H(X,8X), it suffices to show that
X(@)? ) = 0. The boundary 0X is a union of finitely many boundary strata Yp, each of which
fibers over the corresponding stratum Xp (of the reductive Borel-Serre compactification)
with fiber a nilmanifold Np (cf. §2.5, 13.7). So x(Yp) = x(Np)x(Xp) = 0. It follows from
Mayer-Vietoris that x(0X) = 0. O
For completeness we also include a proof of the following often-cited fact.
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15.4. Lemma. Suppose the real Lie group G /Ag does not contain a compact mazimal torus.
Then the Fuler form vanishes identically on X.

15.5. Proof. By replacing G by the algebraic group °G (and noting that X = I'\°G/K),
we may assume that Sg is trivial. Let g = €@ p be the Cartan decomposition of Lie(G)
corresponding to the choice K of maximal compact subgroup. Choose a K-invariant inner
product on p. This determines a G-invariant Riemannian metric on D = G /K which passes
to a Riemannian metric on X. Let € be the curvature form of the torsion-free Levi-Civita
connection which is associated to this metric. The resulting Euler form Eu is defined to be
0 if dim(D) is odd. If dim(D) = 2k then Eu is the G-invariant differential form on D whose
value at the basepoint xq is Eu(y, Y1, T2,Y2, - - - » Tk, Uk) = P(QUE1,91), -+, Qdg, gr)) (for
any 1,...,Jx € p = T, D), where P is the polarization of the Pfaffian Pf : End(p)~ — R.
(Here, End(p)~ denotes the skew-adjoint endomorphisms of p.) The form Eu on D passes
to a differential form on X = I'\ D, which is the Euler form for X.

Let Ad : K — GL(p) be the adjoint representation and let ad : ¢ — End(p)~ be its
derivative. We claim that det(ad(k)) = 0 for any k € ¢&. Modify k by conjugacy if necessary,
so as to guarantee that k lies in a maximal torus t C g which is stable under the Cartan
involution ([Wa] §1.2, 1.3). Then t = t; & t_ with t; C £ and t_ C p. By assumption, t_
contains a nonzero vector ¢, and ad(k)(f) = [k, 7] = 0, which proves the claim.

The principal K-bundle G — D = (/K admits a canonical G-invariant connection ([KN]
Chapt. IT Thm. 11.5). Its curvature form w € A%*(D, ) is the G-invariant differential form
whose value at the basepoint xg is given by wo(p1,p2) = —[p1,p2] € & for any pi,ps € p.
By a theorem of Nomizu [No2], for any real representation A : K — GL(FE), the resulting
connection in the associated G-homogeneous vector bundle E = G X F coincides with the
torsion-free metric (Levi-Civita) connection of any G-invariant metric on E. Its curvature is
the G-invariant End(E)-valued differential form whose value at the basepoint is €y = X\ owy
where X' : ¢ — End(F) is the differential of \. Taking A = Ad : K — GL(p) as above gives
Qo(p1,p2) = —ad([p1,p2]). By the above claim, this has determinant 0 hence its Pfaffian
vanishes also. Therefore the Euler form is zero on D, so it is also zero on X. O

15.6.  The proof of Proposition 15.1 is then a consequence of the following classical result
of Harder [H] (a more streamlined proof of which may be found in [Le2]).

15.7. Theorem. The Euler characteristic x(X) is given by the integral over X of the Euler
form with respect to any invariant Riemannian metric on X. ]

15.8. Euler characteristic of a fixed point component. Now suppose that Xp C X
is a boundary stratum corresponding to a rational parabolic subgroup P = UpLp. Let
Fp(e) € Xp be the set of fixed points with some fixed (elliptic) characteristic element
e € Lp(Q). Let L. be the centralizer of e in Lp. By (8.4.1), Fp(e) = T"\L./K. where
I =T% N L. and where K! = L, N (2(KpAp)z~') (for appropriate z). By (8.4.2),

Xe(T\Le/KL) = dexe(De\Le/ K7) (15.8.1)
69



where ', = T'y N L, and d. = [[. : T")]. This expression has the following merit. The
contribution (14.2.2) to the Lefschetz number from the stratum Cp depends on the subgroup
I'» C I'p. However once this expression (15.8.1) has been substituted into (14.2.2), the
dependency on this subgroup I, occurs only in the two integers r and d,.

15.9. Descent. Let S. be the greatest Q-split torus in the center of L. and let A, be the
identity component of its group of real points. As explained in [GKM] §7.11, the group K
does not necessarily contain S¢(IR), so although Fp(e) is not necessarily a “locally symmetric
space” in the sense of §2, it fibers over the locally symmetric space I\ L./ KA. with fiber
A./Ap which is diffeomorphic to a Euclidean space. Therefore

XC(FP(B)) = (_1)dim(Ae/AP)XC(F/e\Le/KeAe) = (_1)dim(Ae/AP)dXC(Fe\Le/KeAe)

(where K, = L. N (zKpz71)).

Now suppose that Lp/Ap does not contain a compact maximal torus. According to
the preceding remarks, x.(Cp) = x.(Xp) = 0. However the contribution (14.2.2) to the
Lefschetz number from the stratum Cp does not necessarily vanish. Assuming Lp/Ap does
not contain a compact maximal torus, the same will be true of L./Ap. If, moroever, Ap = A,
then x.(Fp(e)) = 0. However if Ap differs from A,, it is possible that x(Fp(e)) # 0 (in which
case Fp(e) is necessarily non-compact since it is fibered by A./Ap as described above). See
Example 16.4 in which L, = A, and Fp(e) = A./Ap is the orbit of a split torus. In such
cases it is possible to re-attribute the contribution (14.2.2) from the stratum Cp =2 Xp
to smaller strata in the correspondence. This procedure is carried out in [GKM] p. 531,
resulting in a Lefschetz formula in which the only nonzero contributions come from strata
Cp = Xp such that Lp has a compact maximal torus.

15.10. In the adelic setting, the Euler characteristic with compact support x.(Fp(e)) can
be expressed in terms of orbital integrals (cf. [GKM] §7.11 and §7.14).

16. EXAMPLES AND SPECIAL CASES

16.1. Reducible fixed point components. For G = SL(3,R), D = G/K, and T' C
SL(3,7) aneat principal congruence subgroup, the reductive Borel-Serre compactification X
contains a singular 0-dimensional stratum Xp corresponding to the standard Borel subgroup
B. This stratum is contained in the closures of the strata Xp, and Xp, corresponding to the

standard maximal parabolic subgroups P, Ps containing B. Let g be a generic element of
G(Q) NU(Py) NU(P,) which is not in I, for example,

O = O
— ONI=

1
g=10
0

70



Let C = X be the resulting Hecke correspondence. Then these three strata Xp,, Xp,, and
Xp are fixed by the correspondence. However points in X which are sufficiently close to
these strata are not fixed.

16.2. Middle weight for Sp,. Let G = Sp,, fix a neat arithmetic subgroup I' C G(Q),
and choose a Hecke correspondence C' = X which is determined by some g € G(Q). If P
is a minimal parabolic subgroup of G then its Levi quotient Lp = Sp is a maximal split
torus and the boundary stratum Cp consists of a single point. Suppose this point is an
isolated fixed point of the Hecke correspondence. Let e be its characteristic element. The
vector space Xg,(Sp) has a basis consisting of the simple roots Ap = {a, 3}. Let {to,t3}
be the dual basis of x&(Sp), so that (3,t5) = 1, (3,t,) = 0 and the same with a and 3
interchanged. See Figure 6.

X*(Se) X«(Sp)
FIGURE 6. Simple roots and dual basis

Let us take E to be the trivial local system, and the weight profile v = —pp to be the
middle weight (where pp is the half-sum of the positive roots). The cohomology H*(91p, C)
decomposes into a sum of 1-dimensional weight spaces,

Vips—ps C H@(Np, C)

as w € W varies over the elements of the full Weyl group. These weights are the dots in the
left hand part of Figure 7, in which the origin is at —pp. For each weight space indexed by
a given w € W we have indicated the corresponding set

I,(w) ={0 € Ap| (wpp,ts) < 0}

of simple roots. The cohomology H*(tp) is divided into four “quadrants” according to the

value of I, (w).
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If necessary, project the characteristic element e to the identity component Ap of the
torus Sp(R) and let t € Ap = Lie(Ap) denote its log. The right hand half of Figure 7 may
be identified with the Lie algebra Ap. The chamber containing ¢ determines the expanding-
contracting nature of the Hecke correspondence near this fixed point. In each chamber we
have indicated the set of expanding roots,

Ah(e) = {0 € Ap | 0(t) < 0}

(where now 6 € Ap has been identified with a homomorphism 2 — R). The Lie algebra
2p is divided into four “quadrants” according to the value of A%(e) (although we have not
indicated which quadrant contains a given “wall”).

{a} ¢
¢ - {a} {6}

* {Oé,ﬁ} {5}

{a. 0} {8} {a, 8y | {5}
X*(SP) X*(SP)
FIGURE 7. Diagram of I,(w) and of A}(e)

Theorem 13.6 states that the portion of H*(91p) which contributes to the Lefschetz num-
ber at this fixed point depends on the quadrant in which ¢ = log(e) lies: if AL(e) = J C Ap
then only the portion of H*(Mp) which lies in the quadrant indexed by J contributes to the
Lefschetz number. A further degree shift by |J| occurs when this portion H*(Mp)f,, ) is
identified (in Theorem 12.5) with the local weighted cohomology with supports.

It is a remarkable fact that, globally in the Hecke correspondence, the fixed points occur
in Weyl group orbits. Assuming ¢ is regular (does not lie on a wall) then, after summing
over all the fixed points, each chamber will appear the same number of times. It is the sum
of these local contributions over a W-orbit of fixed points ([GKM] p. 529, last paragraph)
which gives rise to the combinatorial formula for the averaged discrete series characters as

described in [GKM].

16.3. Very positive and very negative weights. Let i : X — X denote the inclusion.

Suppose the weight profile v = —oo (or is very negative). Then the weight truncation does
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nothing, and the weighted cohomology sheaf W*C*(E) = Ri.(E) becomes the “full” direct
image of E. For any stratum X, I, (w) = ¢ for any w € Wé Theorem 13.6 then says that
a fixed point stratum F' N Cg (with characteristic element e) makes a contribution to the
Lefschetz number only if Ag(e) = ¢, which is to say, only if the Hecke correspondence is
either contracting or neutral in every direction normal to the stratum Xg.

In this case the local contribution to the Lefschetz number may be expressed in terms
of the character of the finite dimensional representation G — GL(E). We briefly recall the
argument in [GKM] §7.18. The quantity > ,(—=1)"Tr(e™!; H/(Mp, E)) is equal to Tr(e™!; E)
times the following quantity:

D (1) Te(e™; A () = det(1 — Ad(e); Mp(C))

= [J @ —a(e) I ate)(=1)*m

acd} acd}
= Ap(e)det(e; Mp)(—1)dmr

where Ap(e) = [[,eq+ (1 — a~!(e)) denotes the (partial) Weyl denominator. (These quanti-

ties may be further expressed in terms of |[D¢(e)|, dp(e), and x(e) using [GKM] (7.16.11),
(7.18.3) and [GKM] p. 497.)

Similarly, suppose the weight profile is v = 400 or is a very large positive weight. The
stalk cohomology (at a point z € Xg in some boundary stratum Xg) of the weighted
cohomology sheaf W”C*(E) vanishes because the weight truncation (12.2.1) kills everything,.
In this case, the weighted cohomology sheaf is quasi-isomorphic to the sheaf Ri)(E) which is
obtained as the extension by 0 of the local system E. Its cohomology is the compact support
cohomology H}(X; E) of the locally symmetric space. For any stratum X, According to
(12.7.2), I (w) = Aq for any w € W. Theorem 13.6 then says that a fixed point stratum
F N Cg (with characteristic element e € Lg) makes a contribution to the Lefschetz number
only if Aé(e) = Ay, that is, only if the Hecke correspondence is strictly expanding in all
directions normal to the stratum Xg. Then the same quantity Y ,(—1)"Tr(e™!; H'(Mp, E))
occurs in the formula, but with a (possibly) different sign.

In these cases (of v = 400) the Lefschetz formula of Franke [F] can be recovered, cf.
[GKM] §7.17, 7.18.

16.4. Hyperboic 3-space. For G(R) = SLy(C) the symmetric space D = G/K may
be identified with hyperbolic 3-space. If I' is a torsion-free arithmetic group, then X =
'\ D is a hyperbolic 3-manifold. The group G does not contain a compact maximal torus.
Consequently, x(X) =0 (cf. §15.1). However, when X is not compact, there exists a Hecke
correspondence on X whose fixed point set consists of a smooth curve which passes from one
cusp to another cusp. The Euler characteristic of this fixed point set is not zero, although

the Euler form vanishes identically. The fixed point set is not a “locally symmetric space”
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in the sense of §2.1 because it contains (and in fact consists of) a Euclidean factor, cf. §15.9.
It is possible to find particular weight profiles such that the (global) Lefschetz number of
this correspondence on the weighted cohomology is nonzero. However, the formula [GKM]
(thm. 7.14.B) would attribute the contribution from this fixed curve to the cusps, rather
than to the interior stratum. This re-attribution is a result of equation (7.14.2) of [GKM].

16.5. Nielsen fixed point theory. Suppose X is a compact manifold with fundamental
group I' = m(X, x9). Let f: X — X be a self-map. A choice of path from the basepoint
xo to its image f(zg) determines a homomorphism ¢ : I' — T'. Two elements v;,7, € T
are said to be ¢-conjugate if there exists v € T so that 72 = y91¢(7)~*. Let (I'), denote
the set of ¢-conjugacy classes in I' and let R(I"),, be the vector space of finite formal linear
combinations of such classes. For each connected component F' of the fixed point set of f,
let L(F') € R denote the contribution of F to the Lefschetz number L, that is,

L= Z P (ff HY(X) - HY(X)) =Y L(F

The Nielsen theory (see [GN]) assigns

e a ¢-conjugacy class {F'} € (I')4 to each connected component F' of the fixed point set,
and
e a (cohomologically defined) Nielsen number N({~}, f) to each ¢-conjugacy class {~}

such that

Y. NN = ZL HEY e R, (16.5.1)

{r1e@e

thereby “refining” the Lefschetz fixed point formula. (The sum on the left is over ¢-conjugacy
classes and the sum on the right is over connected components of the fixed point set.)

Now suppose that X = I'\D is a compact locally symmetric space. Fix ¢ € G(Q) and
let C' = X be the resulting Hecke correspondence. Let (I'gI'); be the set of I'-conjugacy
classes of elements e € ['gl". Let E to be the local system corresponding to a representation
7 : G — GL(E). Theorem 1.5 then says that the Lefschetz number of this correspondence
is:

L= Z x(F(e))tr(t(e) ™ E). (16.5.2)

Here, the sum is taken over all conjugacy classes {e} € (I'gI');, and F'(e) denotes the set
of fixed points which have characteristic element equal to e. This set is empty unless e is
elliptic (modulo Ag). If F(e) is not empty, then it is compact.

It turns out that if the local system FE is trivial, and if the correspondence C' = X is
actually a self-map f : X — X then the terms in (16.5.2) are exactly the terms in the Nielsen
formula (16.5.1). The group I' may be identified with the fundamental group 7 (X, z¢). The

Hecke correspondence is actually a self-map iff the element g normalizes I'. In this case, the
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automorphism ¢ : I' — T is given by conjugation: ¢(y) = gyg~'. Finally, the association
a — ag (for a € I') determines a one to one correspondence

(Mg — (TgDs-

There is a slightly more general Nielsen formula for correspondences, also with coefficients in
a local system. The terms in this formula again coincide with the terms in the sum (16.5.2).
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