Introduction

1. Uniform Asymptotic Properties of Discounted
Zero-Sum Stochastic Games, using Semi-
Algebraic Theory.

2. Uniform Polynomial Convergence Rate of
VN to V°° on a Bounded Set of Payoffs.



The Model

Two-Player Zero-Sum Stochastic Games.

Finite State Space: s {1...5}.
Finite Actions Space: (i,7) € Is X Js.
Payoffs: ~ = {ij} c RY.
Transitions: © = {ij,s/} c A(S)YE.
Behavioral Strategies: o and .
Initial State: s.
Measure on infinite game: us(o, 7).
Payoff Stream: X = (X1, Xo,...).
Evaluation on Stream: n(X).
Value: infTsupaEus(U,T)(n(X))z
supg infr B, ~(n(X)).



Different Games

Von Neumann / Shapley:

N-stage game: ny(X) ==+ XN X,.
Value: VN(y,m) = (V{¥,..., V).
Extension of zero-sum matrix game:

val v = min,; maxy tlvo = max, min, ti~o.

Shapley (1953):

r-discount game: 7,(X) :=r 3% ; (1 — )" 1X,,.
Value: V(v,m,r) = (V1(r),...,Vg(r)).

(V(r) solves dynamic programming equation).

Mertens and Neyman (1980):
non-discount game: 1nso(X) :=Iliminfy_ . nn(X).
Value: V(y,m) = (V>°,...,VE).



Uniform Properties of V(~v,m, )

Studied by Bewley and Kohlberg (1976) using
Tarski’'s Principle for Real Closed Fields.

By showing that V(v,n,r) is a semi-algebraic
mapping, we prove the following:

Let the dimensions be fixed (S, {Is} and {Js}).

1. There exists N > 0 such that:
Vv, m,8 3rog > 03dk < N 3 {Cfi}izo ;
Vs(y,mm) = > eir’/® vr € (0,r0).
i>0

2. There exist M > 0 and (unbounded) B(xw) > 0
such that:

Vv € [-1,1]F Vr Vs Vr € (0,1) :
OVs(v,m,7)/0Fr| < B(m)r~(1=1/M),

Can these results be improved?



Why doesn’t #2 follow from #17

1. Vs(y,m,r) = Sisocir®, k< N r e (0,rg).

2. Vye[-1,1]F v \nggl’:”

>k
Consider the game: 1

V(y,r) =max(1,(1-r)(1+~))

ro(7) = 11+

0O —

14~*

< B(n)r—(1-1/M)

~ € [0, 1].

o OVi(~,m,r)/0Or does not always exists.

e c1(v,m) is not continuous in v nor .

e rg(v,7) is not bounded away from 0.



Semi-Algebraic Sets

R - Real Closed field = maximal ordered field.
Ordered/Real field: —1 % Y0, 2

Real Closed field: R[+/—1] algebraically closed.
Real Puiseux Series: f(z) =2 _; ezt c; e R,
ke N, f(&) converges for 0 < € < e.

(All polynomials are over R)

S™ - The semi-algebraic subsets of R™:

K L

U N {SBE Rn‘ fri(x) i 0}

k=1[=1

1. 8™ is an Algebra.
2. S1 - finite unions of points and open intervals.
3. Tarski-Seidenberg Theorem: M(S"™) = s™1:

Aesm
U

N(A) ={(z1,...,2p—1)|Fzn (x1,...,zn) EA} € Sn—1
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Tarski-Seidenberg Theorem

Atomic Formula - f > 0 or f =0 over R.
Elementary Formula - A, VvV, =, dzx, Vx over R.
Free Variable - non-quantified (Vz y 4+ z2 > 0).
Elementary Sentence - Elementary formula with
no free variables.

Tarski’'s Principle - " An elementary sentence’s
validity does not depend on R".

Seidenberg’s Theorem - eliminates dx from el-
ementary formulae.

Corollary: If ©®(X1,...,Xy) is an elementary
formula over R with free variables Xq,..., Xn,
then {x € R"|®(x)} € S™. E.Q. :

AesS"=
A={zeR"We>03Ty e A |z -yl <e} €S



Semi-Algebraic Mappings

AeS"BeS" f:A— Bis a semi-algebraic
mapping, if Graph(f) € S*»*t™. Denote f ¢
M(A, B).

1. fe M(A,B) g M(B,C) —
gofe M(ACQC).

2. M(A,R) is a ring:

Jr,y z=x+y }
(a,y) € Graph(g)

Graph(f + 9) = {<a,z> (a,2) € Graph(/)

3. Let fe M(A,B). If S C A is semi-algebraic
then sois f(S). If T' C B is semi-algebraic then
so is f~1(T).



Semi-Algebraic Theorems

1. Partition Lemma-Let A€ S", f € M(A,R).
Then A = UL A;, A; € §" s.t. for all 4,

f c C(A,L) and Elpi(Xl,...,Xn,Y) s.t. Vx € AZ',
pi(z,Y) # 0, pi(z, f(z)) = 0.

2. Curve Selection Lemma - Let A € 8™ and
r e A. 3f € M([0,1],R?®) n C>®([0,1],R™) s.t.
f(0) =z and f((0,1]) C A.

(R =R - f is analytic and algebraic).

3. Lojasiewicz’'s Inequality - Let A € S™ closed
and bounded, f,g € M(A,R) N C(A,R) s.t.
f~1(0) c ¢71(0). Then3N,c>0s.t. |g|Y <c|f]
on A.



Semi-Algebraic Lemmas over R

1. Let Ae Sl f(Xq1,...,Xn,Y) € M(A,R).
Then IN > 0 V(z,y) € A* Je > 0 Jdk < N s.t.
f(@,y+ &) = Si>_rci€/F Ve € (0,6).

2. Let f € M((0,1),R):
A. lim,_,o4 f(y) exists (wide sense).
B. Je > 0 s.t. f((0,¢)) has constant sign.

3. Let f(Xq,...,Xn,Y) e M(A,R). Thendf(X,Y)/c
exists (wide sense) on A*. If it is finite on

a semi-algebraic subset B of A*, it is semi-
algebraic on B.

4. Let f(Y) € M(][0,1],R) be continuous, and
assume df(Y)/dtY is finite on (0,1). Then

fy2)—f(y1) = [J2df(Y)/dTYdY Vy1,y2 € [0, 1].
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Shapley’s Equation

If x ¢ RS denote:

S
GL(x) = {fr Vi F (1 —7) > ij’swsx}
s'=1 ij

val G"(x) = (val G7(x),...,val Gg(x))

Shapley’'s Dynamic Programming Equation:

x = val G"(x)

Denoting V(v,r) := V (v, g, ), it follows that:

LV, m e < oo

2
2. IV(ysr1) = V(v m2) oo < mailgi‘l‘ﬁ@) ry — 2|,

3. IV(v1,7m) = V2, ") lso < 171 — 720l oo
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V(~,m,r) is a semi-algebraic mapping

V(y,mr) : RE x A(S)T x (0,1] — RS is the
unique solution to Shapley’'s Equation. It is
semi-algebraic because val (G) : R — R is a
semi-algebraic function:

dp e A(n) dg e A(m)
(Gv) eRTLIVi=1...m ¥ p;Gi; > v
Vi=1...n Z;TL:]_G,L]C]] S’U

Vs(v,m, 1) : REY x A(S)E x (0,1] — R is semi-
algebraic; extend Vs(vy,m,0) = lim,_o4 Vs(v,m, 7).
Semi-algebraic on R¥ x A(S)T x [0, 1].
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Main T heorem 1
Fix the game’s dimensions.

Local Version: There exists N > 0 such that:

Vv, m, 8,7 € [0,1) Je >03Jk < N El{ci}izo ;
Vs(y,mr+6) =Y ek ve € [0, ¢).

1>0

Note: analogue for optimal stationary strategies.
AN Gs(y,m,r+ &) =0 G/ k< N

Algebraic Version: Choose s. Then RY x
A(S)F x [0,1] = U1 A; s.t. Vi(y,m,7) is con-
tinuous algebraic on A; (satisfying a non-zero
gi(y, ™, Z)).
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Uniform Bound on dVis(~,,r) /07 r

AN > 0 Vv, 7w drg(y,7w) > 03k < NVr € [0,rg) :

Vi(y,m,m) = Y ei(y, m)rt/*
1>0

OVs(v,m,r)
or

= 3 Leri/*1) < By, m)r= (1)
1>1 k

Is there B(m)r~(1=1/N) vr € (0,1) Vv € [-1,1]F7
o OVs(~,m,r)/0Or does not always exists.
e c1(v,m) is not continuous in v nor .
e ro(v,m) is not bounded away from O.

Therefore use dVs(~, m,7) /0 r is semi-algebraic.
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Main Theorem 2

OVs(vy,m,r)

1 F .
C:.=[-1,1] Dg(m,r) := sup -

vel

T heorem:
Fix the dimensions.
There exist M > 0 and B(x) > 0 such that:

Vs Vi Vr € (0,1) : Ds(m,r) < B(x)r—(1—1/M),

Remarks:

e Vs and D are positively homogeneous in ~.
e Dy(m,r) <2/ris S.A. on A(S)F x (0,1).

e \\We show:

Vs AM >0 Vr IB'(7w) >0 Irg(w) :
Ds(m,7) < B'(m)r—(1=1/M) wr c (0, rq).
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Construction of M

OVs(y,,
Ge(m,r) = {WGCH ng-: .

> Dg(m,r) — e}

G(m,7) = Nesg Ge(m,r) =0 (C compact).

Let g(m,r) be minimal (lexicographic) in G(m,r).
S.A. on A(S)Y x (0,1).

Jg(m,0) ;= lim,_,o4 g(m,7) - S.A. extension to
A(S) x [0,1).

There exists M > 0 s.t.:

lg(m, ) — g(m, 0|l = 3 cs(m)r/k vavr € [0,7q(x))
1>0

J (k< M,ge(C)
lg(m,r) — g(m,0) ||, < L(m)r/M vavr € [0,1)

Assume M > N.
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Construction of B/(w)

FiX m =mg. 7o := g(ﬂ'o,O).
3T (7o) |Vs(v0,7) — Vs(v0,0)| < Tri/N vr € [0, 1]

B ''=((F+1)(L+1)+ T+ 1)/M satisfies:

Jrg > 0 Dg(r) < 2B/~ (1=1/M) v, e (0,7rp)
Otherwise:

Iry > 0 Ds(r) > 2B+~ =1/M) v c (0, 1)
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Contradiction - Technical Finale

H .= {(’y,r)

r € (0,r) Ally — g(r)|loo < r1/M
A \avs(% r) /a+r\ > Dy(r)/2

Then HNn{r =rg} %0 and (40,0) € H.

Jh(t) = (7{6(75), . ,yg(t),rh(t)) . [0,1] — H
S.A. and analytics.t. h(0) = (v0,0), h((0,1)) C H.
Assume dr”(t) /dt does not change signs, there-
fore increasing, t = t(r) and h = (h(r),r) are
S.A. and continuous.

h(0) =0  |Ih(r) —yollee < (L + 1)rt/M

Contradiction by examining W (r) := Vs(h(r),r)
S.A. and continuous:

W) -w©) > [ P54y F i) ol

W(r) =W(O)| < [[h(r) = ollog + Tr/N

(T+1D)rM<7rl/Nyr e (0,75) but M > N [
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Can We Improve?

- Vs(y,m,m) = Yi>0 ik, k < N.

< B(x)r—(1-1/M),

. Vy e [-1,11F vn avsfgl’:’r)

Any N can appear (as dimensions increase).

If B(m) < B, Vs(yo,m, 1) — Vs(v0,7,0) uni-

formly in 7, implying Vs(yg, 7, 0) (= Voo (70, 7))
IS continuous in w, which contradicts:

oO| — | 1%

M > N. Can we use M = N7
Consider continuous semi-algebraic f:

{ r/y r€[0,4?)

f(/y77«) — maX(T/%W) YT E [727 1]

—1/2

sup 9f(y,r)/0Tr
~€[0,1]
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e Consider the semi-algebraic:

H@V(% T, r)/c?"‘rHoo

B =
() sup (1))

76[_171]F3T€(O?1)
What are the continuity sets?

Conjecture: these are the continuity sets of
Ve (~, ) - the sets on which {s, i,7,t | ijt = O}
remains constant (Solan 2000).



Uniform Convergence of V& to v

Mertens and Neyman (1981) - Generalization:
Let C' be a bounded set of parameters. If:

|0V (y,mr)/oFr| < () € L100,1] (3, m) € C.
Then: Ve > 0 3dNg V(%W) € C Jdo Vs, 7, N > N¢
Ms(a ) ( Z Xn) > Vo (y,m) — e

If f(r) = Br=(1=1/M) then N, = O (e-2max(M:2)),

Reason: convergence rate for (vg, 7o) depends
on bound on |||, and a function ¢ € L1[0, 1]
for which:

1V (v0, 70, 71) — V (70, 70s T2)|l0o < Jr2 9 (r)dr.
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Main Theorem 3

Corollary:

Fix dimensions. There exists £ > 0 s.t. for any
7 and bounded C of payoffs, 3K = K(xn,C) > 0
S.t.:

Ve > 03N < Ke ¥ V~y e C 30 Vs,7,N> N,

1N
%mm<N2XQZ%W%ﬂ—e
1=

In particular:

Yy € C VYN 2 Ne [VN(y,m) = V(y,m)|  <e.
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