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Introduction

K C R™ convex body.
Assume centrally symmetric K = — K.

Def: K is isotropic if

/K (z,01)° dz = /K (z,05)° dz V01,05 € S L.

If in addition VoIl(K) = 1, define Ly as:

L% = /K (z,0)°dz VO € S* L.

Well known: isotropic position always exists.
Therefore we may define Ly for any body K.



The Slicing Problem

Slicing-Problem (Bourgain 84; Milman Pajor 87; Ball):
AC >0 VK CR" L <C 7

Equivalently:

Je>0 VK CR" Vol(K) =1
39 e S" 1 Vol(Knot)>c 7

Slicing problem is known to be true for sev-
eral families of convex bodies, such as uncondi-
tional bodies, projection bodies, u.b.'s of sub-
spaces of Ly (e.g. Bourgain, MP87, Ball 89).

Best general bound (Bourgain 91):

L < Ont*log(1 + n).



Known Bounds

SL;,QL”,SQL;:

classes of unit-balls of n-dimensional
subspaces, quotients, subspaces of quotients
of Ly.

Outer Volume-Ratio:
1/n
Li < Cinf { (VO'(5)>

Kcs,eeSLg}.

Vol(K)
Th (Ball 89):
1/n
LK§Cinf{(\\//§||((II;))> KCL,LESL’}}.

(In fact, Lg < Clw’r‘glg(X;() < OQQZQ(XK) )

Th (Junge 94):

Vol(L) ) 1/n

KCL,LeSQLy,
Vol(K) '

l<p<oo,l/p+1/g=1

LKSCIHf{\/]_)q<

(In fact, for L € SQX™", if cotype(X), cotype(X*), glo(X) < ).



As evident from general formulations, Ball and
Junge make use of tools from Functional Anal-
ysSis and Operator Theory.

This is expected if formulations use (variants
of) the Gordon-Lewis property.

Perhaps for SL;; and QLZ} the approach could
be simplified, bounds improved, and framework
unified?

Indeed, Ball and Junge’s results are compli-
mentary for SL},} and QLQ:

1<p<2 SL;CSLY use Ball = L <C
p>2 SLy use Junge = Lg<C./p
1<qg<2 QLy use Junge = Lg<Cp
n n use outer v.r.
922 QLy C QL or Ball =  LrsC



Reminder

Th (Ball):

1/n
VO'(L)> KCL,LeSL?

Ly < Cinf
K=& <VO|(K)

Th (Junge):

(L, 1/n
vol( )> KCL,LeSL!, p>2

L < C'inf \/}_9 <\/O|(K)

KcCL,LeQL,
1<g¢g<2,1/p+1/qg=1

vO|(L)>1/"

Li < Cinf
g~ p(VOI(K)




Main Results

Using elementary argument, we unify ranges of
p > 0, and extend to p < 0 (using generalized
intersection-bodies).

Th 1l. K isotropic, Vol(K) = Vol(D,):

KcL,LeSLg,pzo},

where:
. 1
po = max(L, min(p,n)) , My(L) = ([g.. 011} do(6)) """

Generalization because:

1 _ (Vol(n) 1/n
Mp(L) — (VOl(Dn)> |

Example:
Improvement for K = [-1,1]", K ~ K' € SLibgn-
Junge = Ly < C+l1ogn. Thl = L <C.



Extension to p < O

Th 2. K isotropic, Vol(K) = Vol(D,):
Lx <C inf{Lk]\Afk(L)‘ KCL,LeTl, k=1,... n}

where:

17 = Zhang's n-dim. generalized k-intersection bodies.
In some sense 7} C SL; for p = —k.

L= sup {La|G CRF} , My(L) = ([y., p(8)*do(8))"".
(pr = radial function, pr(9) = 1/|0]|; VO € S*1).

Generalization because:

1/n
1 —~ Vol(L
<  Mp(L) < (L) :
Mp(L) Vol(Dp)
and for 1 <p<2, k=1,...,n:
SLy C 7 C I .

(Koldobsky) (Grinberg Zhang)

Again: norm-moments and not volume-ratio.
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QLy

Th 3. K isotropic, Vol(K) = Vol(D,):

. : KCL,LeQLy, TeSL
LKngf{\/p_oMp(T(L)) 1<q< oo ?/pq-l-l/q:l(n) }’

where M;(G) = M,(G°) , po = max(1, min(p,n)).

Why is this a generalization?

Lemma A.

Vol(L) )1/"

VL € QLZ 3T € SL(n) s.t. M;(T(L)) < Cy/p <W

In fact, T(L) may be chosen as:

1. John's maximal volume ellipsoid position (actually
gives stronger result).

2. Dual to isotropic position (follows from Th 1).

Cor.

KcL,LeQLy,

Vol(L) \ /"
1<g<oo,1l/p+1/g=1

Lg <Cinf p(—l
K= b <VOI(K)




Dual counterpart to I,Q

Th 4. K isotropic, Vol(K) = Vol(D,):

£2 o n
Ly < Cinf{N S LC Kk ,_Lle Ir ,LT/ZSL(n) }
M(T(L)) = T I

Why is this a generalization? L € Z;> need not
be convex so no generic analogue of Lemma A.
Denote CZy = I’ {convex}.

Lemma B (Cor. of Th 2).

—~ C [ Vol(L) \ /"
VL € CI' 3T € SL(n) s.t. My(T(L)) > ( ) |
' (isotropic) ' L \Vol(Dn)

Cor.

KCL°, LeCIn

| Vol (L) /"
L < Cinf C%k£k< ( )> k=1.... \_n/QJ

Vol(K)




Ingredients of Proof

Use dual mixed-volumes (Lutwak 75).

‘N/p(LlaLz) =

S|

pr,(x)Ppr,(x)" Pder peR,
Sn—l

Vo(L, L) = VoI(L) , Vp(L,Dn) = Vol(Dy,)My(L)?.

Use the representations / definitions:

LeSLr & |of =  [z,0)Pdu(z), peMu(S™Y).
Sn—l

LeT} & pr(x)" = Ry 4 (dp) , pe My (G(n,n—k)).

R, 1 :C(S" Y — C(G(n,n—k))
R,k (f)(E) = f(0)doy—r—1(0).

S1iNE



Idea of Proof

Actually prove (a little stronger):

Basic Th. K isotropic Vol(K) = Vol(D,):

1. If Le SL;, p > O, then:

_ 1/p
Vo, (L, K)
Ci/vpo < Lig/ =2 < Cav/po.
Th 3 V_p(L, Dy) Th 1
2. fLeTI’, k=1,...,n, then:
vr.py "
C; < Lg/ +(L, Dn) < Caly.
Th 4 Vi(L, K) Th 2

Idea: Plug in representations inside dual mixed-volumes,
and use Fubini (1) or Duality (2). Use pu € M4 to
preserve directions of inequalities.

Remark: Proofs of dual counterparts resemble Bour-
gain's proof of Lx < Cnl/4log(1 4+ n), in the sense that
we get an inequality Lx > expr(T(K))L%.
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The class 7' (propaganda)
May be useful for bounding Ly

Vol(L) ) 1/n

— KcL,LeZ}, k=1,...,
Vol (K) k "

L, < C inf £k<

Tempting to try iterating this inequality:

IfVn, K3L €It st. K C L.k =nl"¢and (XL Hn <C
n, - k S.T. C s =N an W(I() ~ '
Then £, < C1log(1l 4+ n)c/109(1+e)

Known: 17" , does not contain all convex bodies, n > 5
(Bourgain Zhang 98, Koldobsky 2000).
1 4 contains all star-bodies.

The advantage of L € Zp) over SLY, is that L is no longer
required to be convex, so we might try constructing
tight L D K.

Tempting because of characterization of I? (Grinberg
Zhang 99, extending Goodey Weil 95 for k£ = 1):

L € I} & L radial-limit of L;, p§ = pt + ...+ pk .
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