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Introdu
tionK � Rn 
onvex body.Assume 
entrally symmetri
 K = �K.Def: K is isotropi
 ifZK hx; �1i2 dx = ZK hx; �2i2 dx 8�1; �2 2 Sn�1:If in addition Vol(K) = 1, de�ne LK as:L2K = ZK hx; �i2 dx 8� 2 Sn�1:
Well known: isotropi
 position always exists.Therefore we may de�ne LK for any body K.
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The Sli
ing ProblemSli
ing-Problem (Bourgain 84; Milman Pajor 87; Ball):9C > 0 8K � Rn LK � C ?Equivalently:9
 > 0 8K � Rn Vol(K) = 19� 2 Sn�1 Vol(K \ �?) � 
 ?
Sli
ing problem is known to be true for sev-eral families of 
onvex bodies, su
h as un
ondi-tional bodies, proje
tion bodies, u.b.'s of sub-spa
es of L1 (e.g. Bourgain, MP87, Ball 89).Best general bound (Bourgain 91):LK � Cn1=4 log(1 + n):
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Known BoundsSLnp , QLnp , SQLnp :
lasses of unit-balls of n-dimensionalsubspa
es, quotients, subspa
es of quotientsof Lp.Outer Volume-Ratio:LK � C inf (�Vol(E)Vol(K)�1=n����� K � E ; E 2 SLn2) :
Th (Ball 89):LK � C inf (�Vol(L)Vol(K)�1=n����� K � L ; L 2 SLn1) :� In fa
t, LK � C1wrgl2(X�K) � C2gl2(XK) �.Th (Junge 94):LK � C inf (pp q�Vol(L)Vol(K)�1=n����� K � L ; L 2 SQLnp ;1 < p <1 ; 1=p+1=q = 1 ) :(In fa
t, for L 2 SQXn, if 
otype(X); 
otype(X�); gl2(X) � C).3



As evident from general formulations, Ball andJunge make use of tools from Fun
tional Anal-ysis and Operator Theory.This is expe
ted if formulations use (variantsof) the Gordon-Lewis property.Perhaps for SLnp and QLnq the approa
h 
ouldbe simpli�ed, bounds improved, and frameworkuni�ed?Indeed, Ball and Junge's results are 
ompli-mentary for SLnp and QLnq :1 � p � 2 SLnp � SLn1 use Ball ) LK � Cp � 2 SLnp use Junge ) LK � Cpp1 � q � 2 QLnq use Junge ) LK � Cpq � 2 QLnq � QLn1 use outer v.r.or Ball ) LK � C
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ReminderTh (Ball):LK � C inf (�Vol(L)Vol(K)�1=n����� K � L ; L 2 SLn1) :
Th (Junge):
LK � C inf (pp�Vol(L)Vol(K)�1=n����� K � L ; L 2 SLnp ; p � 2) :
LK � C inf (p�Vol(L)Vol(K)�1=n����� K � L ; L 2 QLnq ;1 < q � 2 ; 1=p+1=q = 1 ) :



Main ResultsUsing elementary argument, we unify ranges ofp � 0, and extend to p < 0 (using generalizedinterse
tion-bodies).Th 1. K isotropi
, Vol(K) = Vol(Dn):LK � C inf � pp0Mp(L)���� K � L ; L 2 SLnp ; p � 0� ;where:p0 =max(1;min(p; n)) ; Mp(L) = �RSn�1 k�kpL d�(�)�1=p.Generalization be
ause:1Mp(L) �  Vol(L)Vol(Dn)!1=n :Example:Improvement for K = [�1;1℄n, K ' K 0 2 SLnlogn.Junge ) LK � Cplogn. Th1 ) LK � C. 5



Extension to p < 0Th 2. K isotropi
, Vol(K) = Vol(Dn):LK � C inf nLkfMk(L)��� K � L ; L 2 Ink ; k = 1; : : : ; no ;where:Ink = Zhang's n-dim. generalized k-interse
tion bodies.In some sense Ink � SLnp for p = �k.Lk = sup�LGjG � R k	 ; fMk(L) = �RSn�1 �L(�)kd�(�)�1=k.(�L = radial fun
tion, �L(�) = 1= k�kL 8� 2 Sn�1).Generalization be
ause: 1Mp(L) � ! fMk(L) �  Vol(L)Vol(Dn)!1=n ;and for 1 � p � 2, k = 1; : : : ; n :SLnp �(Koldobsky) In1 �(Grinberg Zhang) Ink :
Again: norm-moments and not volume-ratio.6



QLnqTh 3. K isotropi
, Vol(K) = Vol(Dn):LK � C inf �pp0 M�p(T(L)) ���� K � L ; L 2 QLnq ; T 2 SL(n)1 � q � 1 ; 1=p+1=q = 1 � ;where M�p(G) =Mp(GÆ) ; p0 = max(1;min(p; n)).Why is this a generalization?Lemma A.8L 2 QLnq 9T 2 SL(n) s.t.M�p(T(L)) � Cpp� Vol(L)Vol(Dn)�1=n :In fa
t, T(L) may be 
hosen as:1. John's maximal volume ellipsoid position (a
tuallygives stronger result).2. Dual to isotropi
 position (follows from Th 1).Cor.LK � C inf (p�Vol(L)Vol(K)�1=n����� K � L ; L 2 QLnq ;1 < q � 1 ; 1=p+1=q = 1 ) :
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Dual 
ounterpart to InkTh 4. K isotropi
, Vol(K) = Vol(Dn):LK � C inf � L22kfMk(T(L)) ���� L � KÆ ; L 2 Ink ; T 2 SL(n)k = 1; : : : ; bn=2
 � :
Why is this a generalization? L 2 Ink need notbe 
onvex so no generi
 analogue of Lemma A.Denote CInk = Ink T f
onvexg.Lemma B (Cor. of Th 2).8L 2 CInk 9T 2 SL(n)(isotropi
) s.t. fMk(T(L)) � CLk � Vol(L)Vol(Dn)�1=n :
Cor.LK � C inf (L22kLk�Vol(LÆ)Vol(K)�1=n����� K � LÆ ; L 2 CInkk = 1; : : : ; bn=2
 ) :
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Ingredients of ProofUse dual mixed-volumes (Lutwak 75).eVp(L1; L2) = 1n ZSn�1 �L1(x)p�L2(x)n�p dx p 2 R ;eVp(L;L) = Vol(L) ; eVp(L;Dn) = Vol(Dn)fMp(L)p:
Use the representations / de�nitions:L 2 SLnp , kxkpL = ZSn�1 jhx; �ijp d�(x) ; � 2M+(Sn�1):L 2 Ink , �L(x)k = R�n�k(d�) ; � 2 M+(G(n;n� k)):

Rn�k : C(Sn�1) �! C(G(n; n� k))Rn�k(f)(E) = ZSn�1\E f(�)d�n�k�1(�):
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Idea of ProofA
tually prove (a little stronger):Basi
 Th. K isotropi
 Vol(K) = Vol(Dn):1. If L 2 SLnp , p � 0, then:C1=pp0 �Th 3 LK = eV�p(L;K)eV�p(L;Dn)!1=p �Th 1 C2pp0:2. If L 2 Ink , k = 1; : : : ; n, then:C3 �Th 4 LK = eVk(L;Dn)eVk(L;K) !1=k �Th 2 C4Lk:Idea: Plug in representations inside dual mixed-volumes,and use Fubini (1) or Duality (2). Use � 2 M+ topreserve dire
tions of inequalities.Remark: Proofs of dual 
ounterparts resemble Bour-gain's proof of LK � Cn1=4 log(1 + n), in the sense thatwe get an inequality LK � expr(T(K))L2K.
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The 
lass Ink (propaganda)May be useful for bounding LK:Ln � C inf (Lk�Vol(L)Vol(K)�1=n����� K � L ; L 2 Ink ; k = 1; : : : ; n) :Tempting to try iterating this inequality:If 8n;K 9L 2 Ink s.t. K � L; k = n1�� and �Vol(L)Vol(K)�1=n � C,Then Ln � C1 log(1 + n)C2= log(1+�).Known: Inn�4 does not 
ontain all 
onvex bodies, n � 5(Bourgain Zhang 98, Koldobsky 2000).Inn�1 
ontains all star-bodies.The advantage of L 2 Ink over SLn1, is that L is no longerrequired to be 
onvex, so we might try 
onstru
tingtight L � K.Tempting be
ause of 
hara
terization of Ink (GrinbergZhang 99, extending Goodey Weil 95 for k = 1):L 2 Ink , L radial-limit of Li ; �kLi = �kE1 + : : :+ �kEm:
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