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ABSTRACT. We answer positively a question of J. Rosenblatt (1988), proving
the existence of a sequence (¢;) with > 72, |¢;| = oo, such that for every dy-
namical system (X, X, m,T) and f € L1(X), 372, ¢; f(T"*x) converges almost
everywhere. A similar result is obtained in the real variable context.

1. INTRODUCTION

Let T be a (not necessarily invertible) measure preserving transformation on
the probability space (X, X, m). Given a sequence (¢;) we will state some mild
conditions under which the series Y ;= ¢; f(T"x) converges almost everywhere for
every f € L'(X). In [8] Rosenblatt proved that if r;(w) denotes the Rademacher
sequence, then for almost every choice of w one gets convergence of the above series
with ¢; = #, for every f € LP(X), p > 1. As a natural question, in the end of
[8] it is asked whether there exists a sequence (¢;) with Y .2, |¢;| = oo, such that
for every f € LY(X), Y52, ¢if(T'x) converges almost everywhere. This question is
also motivated by the fact that if one considers the same series associated with an
invertible T' and a two sided sequence (¢;)$2 _ , then the ergodic Hilbert Transform
is an example for which the convergence is known to hold.

The purpose of this paper is twofold. On the one hand it gives a positive answer
to the question above, as a consequence of Theorem 1 from [7]. On the other hand,
the proof of this theorem (as presented in [7]) is quite long and makes use of the
result concerning the convergence of the martingale transform from [4], which does
not allow it to be extended to a larger setting. We will give a rather short proof
here, based on a different type of argument, which will allow us in turn to prove a
slightly more general result.

Given a sequence C = (¢;) we will use the following notation:

2k:+1
Apof(@) = Y cf(T).
i=2k41
When the sequence C'is clear from the context, Ay f(z) will be used instead.

Theorem 1.1. Let (¢;) be a sequence of positive numbers with the following prop-
erties:

(a) The sequence (ic;) is bounded.
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(b) The sequence (c;) is nonincreasing.
k+1
(¢) The sequence s, = Z?Z;H_l ¢; satisfies > po o |Sk1 — Sk| < 00.

Then for every bounded sequence (vy), the operators
Snf(@) = o (Arf(x) — Ag-1f(x))
k=1

converge a.e. for f € L*(X), and converge in norm for f € LP(X), 1 < p < co.

Remark 1.2. This theorem remains valid if 2* is replaced with an arbitrary lacu-

nary sequence in the definition of Ay, and the proof does not suffer any serious

modification. When ¢; = m, one recovers the result of Theorem 1 from [7].
From the above, one immediately gets the following:

Theorem 1.3. Let (¢;) be a sequence of positive numbers with the following prop-

erties:

(a) The sequence (ic;) converges to 0.

(b) The sequence (c;) is nonincreasing.
k+1
(¢) The sequence sy, = Z?:2k+1 ¢; satisfies Y poq |Skr1 — sk < 0.

Define the sequence d; = c;(—1)F, when 2% +1 < i < 21, Then the series
n .
Suf(@) = dif (T'z)
i=1

converges a.e. for every f € LY(X).

_1)llog2(i—1)] _1)llog2(i—1)] . . . .
Sequences such as (( )i Togi , ( i)log Tog7 , etc. in which the logarithmic

form is expanded satisfy the requirements (a), (b) and (c¢) of Theorem [[3 This
proves the following corollary:

Corollary 1.4. There exists a nonsummable sequence (c;) such that for every
feLYNX), Yo, cif (T'z) converges almost everywhere.

Remark 1.5. An interesting question is whether there exists a choice of signs r; €
{—1,1} such that the following modulated one-sided Hilbert Transform

o 7if(T'z)
Sf(z) = L
() ; ;
converges a.e. for f € L'(X). It appears that this question cannot be addressed
by the techniques employed in this paper, and here is the reason why: the proof
(based on the machinery of Benedek, Calderén and Panzone) of the weak (1,1)
maximal inequality for sup,, |S,| in Theorem [I.T] relies heavily on the fact that the
summation index for Ay runs through a block of lacunary growth; on the other
hand, a series such as

i@ =S S L2

, 7
k=1 i=ngi+1

diverges for constant functions when (ny) is lacunary.
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The real variable analogues of the above theorems also hold. For a given 9
defined on (0, 00) we will use the notation

Drat@ = [ vt -y

Sk+T
Again when 1 is clear from the context, Dy f(x) will be used instead.
Theorem 1.6. Let ¢ : (0,00) — [0,00) be a function satisfying the following:

(a) The function z(x) is bounded.
(b) The function v is nonincreasing.

(c) The sequence sy = fll//22:+1 Y(z)dz satisfies Y oo |Sp1 — k| < o0
Then for every bounded sequence (vy), the operators
Spf(x) =) vk (Dipf(z) — Dy—1f(2))
k=1
converge a.e. for f € LY(R), and converge in norm for f € LP(R), 1 < p < oo.
This immediately gives
Theorem 1.7. Let ¢ : (0,00) — [0,00) be a function satisfying the following:

(a) The function limg,_ xtp(x) = 0.
(b) The function v is nonincreasing.

(¢) The sequence s, = f1/2k+1 Y(z)dz satisfies Y ooy |Sk1 — si| < oo
Define the function §(z) = (—1)*(x), when x € |5, 57). Then the improper

integral
/ 0(y) f(x — y)dy

converges for a.e. x, for every f € L1(R).

Remark 1.8. Note again that functions such as ¢(z) = —2— or ¢¥(z) = =03

g x log log x
satisfy the requirements of Theorem [[7]1 Like in the ergodic theoretic setting, it
remains open whether there exists a function 6 with [6(z)| = 2 for each = € (0, 00),
which satisfies the conclusion of Theorem [

Remark 1.9. An example of a function 6 ¢ L1[0, 00) such that

-/ ") fla — )y

converges for a.e. z, for every f € L*(R), appears in [I]. The kernel there, §(x) =

in(1 . : .
X(0,00) () - %%, is a smooth variant of the one we are using here.

2. PROOFS

We will use the fundamental results from [6] to get a maximal inequality for the
operator S* f(z) = sup,, Snf(x). Since these results are stated in the real variable
context, we need to transfer them in the ergodic theoretic setting. For a measure
p on Z define the Borel measure w on R by the formula w = p * x[o,1) where

(o)

1* Yo (@) = / o @ = 9)du) = 3 Xperrn @plk).

k=—o0
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In the following, for any Borel measure w on R we will denote by |w| = w — w™
the total variation of w while ||w||; will stand for the quantity |w|(R). The same
notation will be used for measures on Z. Given a sequence (wy) of Borel measures
on R, the associated maximal operator is defined as w*(¢) = supy ||wk| * ¢|, for
each 1 : R — R. The Dirac mass concentrated on {i} will be denoted by ¢; . The
following two lemmas are essentially contained in [2], but the proofs are slightly
different in this context, so we will sketch them.

Lemma 2.1. Assume that (ug) is a sequence of measures on Z satisfying

(2.1) k()] < C2% |y — 1

and

(22) () < CEM |y —1)" Ay # 1,

for some constant C' independent of k. Then for some constant C' we also have
(2.3) |y (€)] < C"2%[¢]

and

(2.4) [0k (€)] < C'(2"|E) € # 0,

where (wy,) are the corresponding measures on R.

Proof. The proof immediately follows from the identity

27
Wi (§) = ﬂk(emg)eﬂi

Lemma 2.2. Let (ux) be a sequence of measures on Z satisfying

(2.5) Dl — g+ 01|y < oo,
k=1

and let (wy) denote the corresponding measures on R. Define the integral operator
T;¢(1) = supy, [Tz, 1(1)| with

k
(2.6) Tz xp(1) = ZM * (1)
i=1
and similarly the differential operator Ty (z) = supy, [Tr k¥ (x)| with
k
(2.7) Thptp(x) = Y w;*¥(x).
i=1
Then

(1) #f T§ is bounded in LP(R) for some p > 1, then T is bounded in IP(Z);
(ii) of Tp satisfies a weak (1,1) inequality, then so does T .

Proof. We will only prove (i), since the second assertion follows similarly. We have
that

< Gpll¢lp

p

k
sup |y w; # ¢
k=1
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for all ¢ € LP(R). From here we can prove our result on [?(Z). Given ¢ € IP(Z),
let

o0

X)) = D Xpeks1)(k).

k=—o0
Then ¢ * xjo,1) is in LP(R) and in fact ||¢||»z) = ||¢ * X[0,1)||z»®)- By the maximal
inequality above,

< Gpll¢llp-

p

k
sup | > wi x ¢ xo,1)]
i=1

All that remains to be proven now is that

k k
sup | Y pi ¢ x x| < Ch 3 Igllp + |[sup | > wi * ¢ xqo,1)]
k i=1 » k =1 D
Note that
k k
S%D|ZM1’*¢*X[O,1)| < S%D|ZW*¢*X[0,1)|
i=1 p =1 p

+Z||M¢*¢*X[0,1)—wi*¢*X[0,1)||p'

i=1

Now if | < x <1+ 1 for some [ € Z, say x = + ¢, then

wi * ¢ * X0 () = > (1= ik — 1)l — k) + Y _ emi(k)d(l — k),
k

k
while

i * @ X[O,l)(x) = ZM("?)¢(Z — k).
This immediately proves that '
i & % X[0,1) () — Wi * & X0,1)(@)] < |ps — i = 01] + [B] (D),
and hence
| 0i % & % X[o,1) — wi * ¢ * X[o,1)Hp < (g = pax610) * (|@D|p < M1 — pi #0111 9] p-
The result now follows from . O
The main ingredient of our proofs is the following fundamental lemma:

Lemma 2.3. Let dwy = frdx be a sequence of measures on R and let Tf be as
above. Assume the following are satisfied:

k
28) sy 2P U =) = el <
(2.9) [Jwg |1 < M,
(2.10) | (€)| < C"2%[¢],
(2.11) ik ()] < C"(2MEN T, £ #0,
(2.12) [[w* ()2 < C'l[#l2,
(2.13) supp(wy) C {z € R : 2| < 2"}
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for some constants M and C' independent of k, y and . Then T is bounded in
LP(R) for 1 < p < co and satisfies a weak (1,1) inequality.

Proof. Conditions (Z9), (2I0), (ZII), 212 and (2I3) are the ones used by

Duoandikoetxea and Rubio de Francia in Theorem E of [6]. Using their result,
we have ||T§||2 < C. This fact together with (28] are the conditions needed in
Theorem 2 from [3], with By = R and Bz = [*°. The result follows immediately. O

Here is the proof of Theorem [T}

Proof. Without loss of generality we can assume that ||(vk)||i= < 1. Define the
measures px on Z by

ok+1 ok
Sk
L = Uk E cid; — E cid; |,
. Sk—1 .
i=2k4+1 i=2k—141

and let wy denote the corresponding measures on R. We will first show that the
operator Ty associated to these measures is bounded in LP(R), p > 1, and satisfies
a weak (1,1) maximal inequality, as a consequence of Lemma [Z3. Conditions
(a) and (b) from Theorem [[] are easily seen to imply (Z9) and (ZI3). Also,
since s < 2sp_1, (ZIZ) follows as a consequence of (a) and the boundedness of
the Hardy-Littlewood maximal operator. In order to prove (ZI0) and (ZII) it
suffices (according to Lemma R1]) to prove that |jix(v)] < C2%|y — 1] and |k (7)] <
C(2¥|y —1))71, v # 1. But

ok+1 ok
X ; Sk :
< | > el =]+ . Yooaly' -1
i=2k 41 A P
2k+1 2k:
. Sk .
< Z zci|’y—1|+s Z icily — 1]
i=2k+1 Pl imor—14g
S C2k|7 - 1|7
while by using Abel’s summation, (a) and (b) we get
2k+1
R ) k41 k
M= DI < | D0 (cim1 — ey | + leasy® T —epegy® Y
i=2k 42
ok
. k k—1
+ Z (ci-1 —ci)y'|+ |C2W2 o Czk—1+172 +1|
i=2k—142
<027k
It only remains to prove (Z8)). Obviously
ok+1 ok
Sk
fe(z) = v Z CiX[i,iH)(l‘) T3 Z CiX[i,iH)(ﬂU)
i=2k+1 A P

Fix a y. Note that since fi(z) = 0 when < 2, the integral in (23] is only over
the set {x > 1}, so we can assume z is positive and hence 0 < z—y < & < 2(x —vy).
Moreover, for each such x there are at most 2 values of k such that fi(z) # fi(z—y).
Define the sets D = {z € [l,00) : z > 4|y|}, Ay ={r € D:3k >0 st. 28 +1 <
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.7 —y < 2F1 41} and Ay = D\ A;. Since 4]y| < =, it follows that any k that
is used in the definition of A; must be greater than log, |y|. Note that if z € A;,
then

sup > (filz —y) = fi(@)] < 4lcf—y — ] < 4lew)—1-1 — )| + 41—y — Clall-

Hence

k
/A sup | Y (file )~ fia)lde <4 3 Jeg el +4 3 ey~ el
1 =1

i|yl+1 i2ly[+1
< 1 by (a) and (b).
Consider now an = € Ay. There will exist an [ € N such that 2 —y < 2! +1 < z,
and from the same reasons described above, [ > log, |y|. Note also that
Ay (JRM+ L2841+ y))
k>0

and
sup | Z fi(z)] < depy) < dey.

This implies that

/Asup|z:fz )|dx < 4y| Z ol

I>log, |yl
< C4 by (a).
Similarly one finds that

k
/ sup|Zfi(x —y)|dz < C5.
Az ko

This proves that (Z8) is satisfied with C’ = C] + C4 + C4.
Equation (ZH]) is easily seen to be satisfied for the measures u, based on (a)
and (b). Hence according to Lemma [22 the operator T3 is also bounded on {P(Z)
and satisfies a weak (1, 1) type inequality. Define now the operators Sz , on Z by

n gk+1 ok
Sond) = we | Y cdli+l)— > cd(i+l)
k=1 i=2k 41 i=2k—141
Note that
2k
Si6(1) < 200 +Z(Sk1 1) 3 o+
i=2k—141
=Tz9(1) + Mo(l).
Since

1Ml < @l Y Iswer — s

k=0
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it follows immediately that S is bounded in [P(Z), p > 1, and satisfies a weak
(1,1) maximal inequality. By using Calderén’s standard transfer principle, see for
example [5], we get the same results for the ergodic operator S* of Theorem [[IT1
Condition (c) proves that Sy, f(z) converges a.e. for T invariant functions, while
(a) and (b) prove the convergence for every coboundary f(z) = g(Tz) — g(z).
Since these functions span a dense subclass of L'(X), convergence on the whole
L'(X) follows. The norm convergence follows as a consequence of the Dominated

Convergence Theorem. (Il
Proof of Theorem [[L3. Note that (a) implies that
j 1 ok+1
sup cif (T'a)| = o) gy ) |1 (T7);
2k 41<j<2k+1 iz;-l 2k+1 ;
hence

J
lim sup Z cif (Tz)| =0

k— o0 2k 4 1< j<2k+1

i=2k41
for a.e. x and all f € L'(X). Using this, the conclusion of Theorem 3] follows
now as an application of Theorem [Tl with vs, = (—1)*. O

The proofs of Theorems and [[7 are very similar. The argument is simpler
in this case since the transfer lemmas [Z1] and 222l are no longer needed.
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