ON THE DREADED RIGHT BOUSFIELD LOCALIZATION

by
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Abstract. — Iverify the existence of right Bousfield localizations of right semimodel categories,
and I apply this to construct a model of the homotopy limit of a left Quillen presheaf as a right
semimodel category.

The right Bousfield localization — or colocalization — of a model category M with re-
spect to a set K of objects is a model for the homotopy theory generated by K — i.e., of
objects that can be written as a homotopy colimit of objects of K. Unfortunately, the right
Bousfield localization need not exist as a model category unless M is right proper. This is a
rather severe limitation, as some operations on model categories — such as left Bousfield
localization — tend to destroy right properness, and as many interesting model categories
are not right proper.

In this very brief note, I show that the right Bousfield localization of a model category M
naturally exists instead as a right semimodel category — i.e., as categories with classes of
weak equivalences, cofibrations, and fibrations that satisfy all the usual axioms of a model
category apart from the existence of factorizations into cofibrations followed by trivial fi-
brations and the lifting criterion for trivial fibrations, unless the targets of the trivial fibra-
tions are fibrant. This result holds with no properness assumptions on M.

As an application of the right Bousfield localization, I produce a good model for the
homotopy limit of left Quillen presheaves.

Thanks to J. Bergner, P. A. @stveer, and B. Toén for persistent encouragement and hours
of interesting discussion. Thanks especially to M. Spitzweck for a profound and lasting
impact on my work; were it not for his insights and questions, there would be nothing for
me to report here or anywhere else.
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1. A taxonomy of homotopy theory

It is necessary to establish some general terminology for categories with weak equiv-
alences and various bits of extra structure. This terminology includes such arcane and
baroque concepts as structured homotopical categories and semimodel categories.

1.0. — Suppose X a universe.

Structured homotopical categories. — Here I define the general notion of structured
homotopical categories. Structured homotopical categories contain lluf subcategories of
cofibrations, fibrations, and weak equivalences, satisfying the easiest conditions on model
categories.

Definition 1.1. — Suppose (C, wC) a homotopical X-category equipped with two lluf
subcategories cof C and fib C.

(1.1.1) Morphisms of cofC (respectively, of fibC) are called cofibrations (resp., fibrations).

(1.1.2) Morphisms of wcofC := wCncofC (respectively, of wfibC:= wCnfib C) are called
trivial cofibrations (resp., trivial fibrations).

(1.1.3) Objects X of C such that the morphism @——=X (respectively, the morphism
X ——x%) is an element of cofC (resp., of fibC) are called cofibrant (resp. fibrant);
the full subcategory comprised of all such objects will be denoted C, (resp., C¢).

(1.1.4) In the context of a functor E—C, a morphism (respectively, an object) of E will
be called a C-weak equivalence, a C-cofibration, or a C-fibration (resp., C-cofibrant
or C-fibrant) if its image under E—C is a weak equivalence, a cofibration, or a
fibration (resp., cofibrant or fibrant) in C, respectively. The full subcategory of E
comprised of all C-cofibrant (respectively, C-fibrant) objects will be denoted Ec .
(resp., Ecyf).

(1.1.5) One says that (C, wC, cofC, fibC) is a structured homotopical X-category if the fol-
lowing axioms hold.

(1.1.5.1) The category C contains all limits and colimits.

(1.1.5.2) The subcategories cofC and fib C are closed under retracts.

(1.1.5.3) The set cofC is closed under pushouts by arbitrary morphisms; the set
fib C is closed under pullbacks by arbitrary morphisms.

Lemma 1.2. — The data (C, wC, cofC, fibC) is a structured homotopical X-category if and
only if the data (C°P, w(C°P), cof(C°P), fib(C°P)) is as well, wherein

w(C):= (wC)°? cof(C):= (fibC)°? fib(C°P) := (cofC)°P.
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1.3. — One commonly refers to C alone as a structured homotopical category, omitting
the explicit reference to the data of wC, cofC, and fibC.

Notation 1.4. — Suppose C a structured homotopical category, p an object of A.

(1.4.1) Denote by .(CP) (respectively, (CP) ) the full subcategory of CP comprised of those
diagrams X : p——C such that X(0) is cofibrant (resp., such that X(p) is fibrant).

(1.4.2) In the context of a functor E—=C, denote by ¢, .(E”) (respectively, (EP)c, f the full
subcategory of E” comprised of those diagrams X : p—=E such that X(0) is C-
cofibrant (resp., such that X(p) is C-fibrant).

Semimodel categories. — Semimodel categories are structured homotopical categories
that, like model categories, include lifting and factorization axioms, but only for particular
morphisms. I now turn to a sequence of standard results from the homotopy theory of
model categories, suitably altered to apply to semimodel categories. I learned nearly all of
the following ideas and results from M. Spitzweck and his thesis [5].

Definition 1.5. — Suppose C and E two structured homotopical X-categories.

(1.5.1) An adjunction
Fc: E—=C:Uc

is a left E-semimodel X-category if the following axioms hold.

(1.5.1.1) The right adjoint Ug preserves fibrations and trivial fibrations.

(1.5.1.2) Any cofibration of C with E-cofibrant domain is an E-cofibration.

(1.5.1.3) The initial object @ of C is E-cofibrant.

(1.5.1.4) In G, any cofibration has the left lifting property with respect to any trivial
fibration, and any fibration has the right lifting property with respect to
any trivial cofibration with E-cofibrant domain.

(1.5.1.5) There exist functorial factorizations of any morphism of C into a cofi-
bration followed by a trivial fibration and of any morphism of C with E-
cofibrant domain into a trivial cofibration followed by a fibration.

(1.5.2) An adjunction
Fc: C—E:Ug
is a right E-semimodel X-category if the corresponding adjunction
Ul : EP—=CP : F P

is a left E-semimodel X-category.

(1.5.3) One says that Cis a(n) (absolute) left semimodel X-category if the identity adjunc-
tion
C_—=C

is a left C-semimodel category.

(1.5.4) One says that C is a(n) (absolute) right semimodel X-category if C°P is a left semi-
model X-category.

(1.5.5) One says that C is a model X-category if it is both a left and right semimodel X-
category.

1.6. — By the usual abuse, I refer to C alone as the E-left semimodel or E-right semimodel
X-category, omitting explicit mention of the adjunction.
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Lemma 1.7. — Consider a pair of composable adjunctions of structure homotopical X-
categories

E—D_—=C (respectively C—=D—E );

then if under these adjunctions C is a left (resp., right) E-semimodel category, and D is a
left (resp., right) E-semimodel category, then C is a left (resp., right) D-semimodel category
under the composite.

Proof. — By duality it suffices to prove the statement for left semimodel categories, and
since any D-cofibrant object of C is also E-cofibrant, the result follows immediately. O

Lemma 1.8. — The following are equivalent for a structured homotopical category C.

(1.8.1) Cis a left x-semimodel category.
(1.8.2) Cis aright x-semimodel category.
(1.8.3) Cis a model category.

Proof. — To be aleft x-semimodel category is exactly to have the lifting and factorization
axioms with no conditions on the source of the morphism, hence to be a right semimodel
category as well. The dual assertion follows as usual. O

Lemma 1.9. — Suppose E a structured homotopical category, C a left (respectively, right)
E-semimodel X-category.

(1.9.1) Amorphismi: K—L (resp., a morphism f : K—L with E-fibrant codomain L)
has the left lifting property with respect to every trivial fibration (resp., every trivial
fibration with E-fibrant codomain) if and only if i is a cofibration.

(1.9.2) Any morphism i : K——L with E-cofibrant domain K (resp., any morphism f :
K——=L) has the left lifting property with respect to every fibration if and only if
i is a trivial cofibration.

(1.9.3) Any morphism p : Y —X with E-cofibrant domain Y (resp., any morphism p :
Y — X)) has the right lifting property with respect to every trivial cofibration with
E-cofibrant domain (resp., every trivial cofibration) if and only if p is a fibration.

(1.9.4) Amorphismp:Y—=X (resp., a morphism p: Y — X withE-fibrant codomain)
has the right lifting property with respect to every cofibration if and only if p is a
trivial fibration.

Proof. — This follows immediately from the appropriate factorization axioms along with
the retract argument. O

Corollary 1.10. — (1.10.1) IfC is a left semimodel X-category, a morphism p: Y —=X
satisfies the right lifting property with respect to the trivial cofibrations with cofi-
brant domains if and only if there exists a trivial fibration Y'—Y such that the
composite morphism Y'—sX is a fibration.

(1.10.2) Dually, if C is a right semimodel X-category, a morphism i : K——L satisfies the
left lifting property with respect to the trivial fibrations with fibrant codomains if
and only if there exists a trivial cofibration L—L' such that the composite mor-
phism K——1! is a cofibration.
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Proof. — The assertions are dual, so it is enough to prove the first. Morphisms satisfy-
ing a right lifting property are of course closed under composition. Conversely, suppose
Y —X a morphism, Y'——=Y a trivial fibration such that the composition Y'—=X
satisfies the left lifting property with respect to a trivial cofibration K——L is a trivial
cofibration with cofibrant domain K. Then for any diagram

K—Y

Vo

LHXy

there is a lift to a diagram

<

L
.

By assumption there is a lift of the exterior quadrilateral, and this provides a lift of the
interior square as well. O

e

Proposition 1.11 ([5, Proposition 2.4]). — Suppose E a left semimodel X-category, and

suppose C a left E-semimodel X-category. Suppose f,g: B—=X two maps in C.

(1.11.1) Suppose f L g thenho f L ho g for any morphism h: X—Y of C.

(1.11.2) Dually, suppose f ~ g; then f ok ~ g o k for any morphism k: A—=B of C.

(1.11.3) Suppose B cofibrant, and suppose h: X—=Y any morphism of Cg,¢; then f ~ g
onlyifhof~ hog.

(1.11.4) Dually, suppose X fibrant, and suppose k : A—B any morphism of Cg,; then
f=gonlyiffoh~goh.

(1.11.5) If B is cofibrant, then left homotopy is an equivalence relation on Mor (B, X).

(1.11.6) IfB is cofibrant and X is E-cofibrant, then f 14 gonlyiff ~g.

(1.11.7) Dually, if X is fibrant and B is cofibrant E-cofibrant, then f ~ g only if f L g.

(1.11.8) IfB is cofibrant, X is cofibrant E-cofibrant, and h: X—=Y is either a trivial fibra-
tion or a weak equivalence between fibrant objects, then h induces a bijection

(Mor(B, X)/ 1)~ (Mor(B, )/ 1)-

(1.11.9) Dually, if A is E-cofibrant, X is fibrant and E-cofibrant, and k : A—B is either
a trivial cofibration with A D-cofibrant or a weak equivalence between cofibrant
objects, then k induces a bijection

(Mor(B, X)/ £)—>(Mor(A, X)/ ~)-

The obvious dual statements for right semimodel and E-right semimodel categories also
hold.

Corollary 1.12. — Suppose E a left (respectively, right) semimodel X-category, C a left E-
semimodel (resp., right E-semimodel) X-category. Then Ho C is an X-category.
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Definition 1.13. — Suppose E a left (respectively, right) semimodel X-category, C a left
E-semimodel (resp., right E-semimodel) X-category; suppose i a homotopy class of mor-
phisms of C. Then a morphism f of C is said to be a representative of h if the images of f
and h are isomorphic as objects of the arrow category (HoM)'.

Definition 1.14. — Suppose E a structured homotopical category.
(1.14.1) Suppose C and C' two left (respectively, right) E-semimodel X-categories. Then
an adjunction
F:C—=C':U
is a Quillen adjunction if U preserves fibrations and trivial fibrations (resp., if F
preserves cofibrations and trivial cofibrations).
(1.14.2) Suppose C and C’ two left or right E-semimodel categories, and suppose

F:C—=C':U
a Quillen adjunction. Then the left derived functor LF of F is the right) Kan ex-
tension of the composite

Cc—> ¢ —> HoC

along the functor C— HoC, and, dually, the right derived functor RU of U is the
left Kan extension of the composite

¢ /> C—>HoC
along the functor C'—HoC'.

Proposition 1.15 ([5, p. 12]). — Suppose E a structured homotopical category, and sup-
pose C and C' two left or right semimodel E-categories, and suppose

F:C—=C':U
a Quillen adjunction. Then the derived functors
LF: HoC—HoC' :RU
exist and form an adjunction.

Definition 1.16. — Suppose E a homotopical X-category, and suppose C a left (respec-
tively, right) E-semimodel X-category. Suppose, in addition, that A is a regular X-small car-
dinal.

(1.16.1) One says that C is A-tractable if the underlying X-category of C is locally A-
presentable, and if there exist X-small sets I and J of morphisms of Cy N Cg,

(resp., of Cy) such that the following hold.

(1.16.1.1) A morphism (resp., a morphism with E-fibrant codomain) satisfies the
right lifting property with respect to I if and only if it is a trivial fibra-
tion.

(1.16.1.2) A morphism satisfies the right lifting property with respect to J if and
only if it is a fibration.

Wisic, unfortunately.



ON THE DREADED RIGHT BOUSFIELD LOCALIZATION 7

(1.16.2) An X-small full subcategory Cy of C is homotopy A-generating if every object of C
is weakly equivalent to a A-filtered homotopy colimit of objects of Cy.

One says that C is X-tractable just in case there exists a regular X-small cardinal A
for which it is A-tractable. Likewise, an X-small full subcategory Cy of C is homotopy
X-generating if and only if for some sound X-doctrine A, Cy is homotopy A-generating.

1.17. — If Cis a model category, then C is A-tractable [1, 1.3.1] if and only if the underly-
ing left E-semimodel category of C is so. Observe, however, that a model category whose
underlying right semimodel category is X-tractable need not be X-tractable.

The Reedy semimodel structure. — If A is a Reedy category and M a left (respectively,
right) semimodel category, the category M* of diagrams A—=M has a Reedy left (resp.,
right) semimodel structure. The proofs of the results below are similar to the proofs of
the classical results for model categories, save only that one must periodically insert the
phrases “with cofibrant domain” (resp., “with fibrant codomain”). I will therefore leave the
proofs as an exercise.?®

1.18. — Suppose X a universe, M a left (respectively, right) semimodel X-category.

Theorem 1.19. — (1.19.1) For any direct category A (2, 1.1.2], the functor categoryM* has
its projective left (resp., right) semimodel structure, in which the weak equivalences
and fibrations are defined objectwise.

(1.19.2) For any inverse category A [2, 1.1.3], the functor category M? has its injective left
(resp., right) semimodel structure, in which the weak equivalences and cofibrations
are defined objectwise.

Proposition 1.20. — Suppose f : A—>B a functor of X-small categories.
(1.20.1) If A and B are direct categories, then the adjunction
fiiMA==ME : [~
is a Quillen adjunction between the projective left (resp., right) semimodel cate-

gories.
(1.20.2) If A and B are inverse categories, then the adjunction

f* . MB%MA :f*
is a Quillen adjunction between the injective left (resp., right) semimodel cate-

gories.

Proposition 1.21. — (1.21.1) For any direct category A, a morphism X —Y of the func-
tor category M is a cofibration or trivial cofibration in the projective left (resp.,
right) semimodel structure if and only if for any object « of A, the induced mor-
phism

Xa I1taX Lo Y—>Yq

is so.

(@ Alternatively, see [5, Propositions 2.6 and 2.7], where the case of left semimodel categories is addressed.
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(1.21.2) For any inverse category A, a morphism X—=Y of the functor category M* is a
fibration or trivial fibration in the injective left (resp., right) semimodel structure if
and only if for any object a of A, the induced morphism

Xa%MaX Xpay Y(x
is so.

Theorem 1.22. — Suppose A an X-small Reedy category [2, Definition 1.6]. Then the di-
agram category M has its Reedy left (resp., right) semimodel structure, in which a mor-

phism ¢ : X—=Y is a weak equivalence, cofibration, or fibration if and only if both i~* ¢
inMA" andi—*¢ in MA™ are so.

2. The dreaded right Bousfield localization

The right Bousfield localization of a model category M relative to a set of objects K
is ordinarily defined as a model category RxM equipped with a right Quillen functor
M—— RgM satisfying a universal property dual to that of left Bousfield localizations.

Existence theorem. — Suppose X a universe, M an X-cofibrantly generated model cat-
egory, and K an X-small set of objects of M. There does not appear to be an existence
theorem for RgM unless M is right proper. If i : A—B is a K-colocal cofibration of and
p: Y—X is a K-colocal trivial fibration, it is necessary to show that for any diagram

A—=Y

|

B— X,

there exists a lift B——Y . It turns out that this is easy to verify in case X (and hence also
Y) is fibrant in M. If M is right proper, this is sufficient: i has the left lifting property with
respect to p if and only if it has the left lifting property with respect to a replacement fibra-
tion p’: Y'——=X’ of p with Y’ and X’ fibrant [4, Propositions 5.2.5 and 13.2.1].

This leads one to the following observation: if one only seeks the left lifting property of
K-colocal cofibrations with respect to K-colocal trivial fibrations with fibrant codomain,
then the right properness of M is unnecessary here.

Likewise, the small object argument immediately provides factorizations into cofibra-
tions followed by trivial fibrations when the codomain is fibrant. It is the existence of such
factorizations for any morphism that requires right properness [4, Proposition 5.3.5].

Upon inspection of the standard proofs of the existence of Ry for M right proper, one
can confirm that these are the only places where right properness is used. Hence RxM
exists as a right M-semimodel category, even if M is not right proper.

Thus, a simple modification of the traditional proof shows that RxM exists as a right M-
semimodel category for any X-cofibrantly generated model category M (or in fact for any
model X-category M satisfying Christensen and Isaksen’s weaker condition [3, Hypothesis
2.4]), and that, as a right M-semimodel category, RxM is X-cofibrantly generated as well.®

®)1f RgM happens to be a model category, it does not seem to follow that RxM will be cofibrantly generated as a
model category, unless some very strong conditions on M are satisfied, e.g., that every object of M be fibrant.
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Here I give a complete proof of the existence of RxM as an X-tractable right C-semimodel
category for any X-tractable right semimodel category C.

2.1. — Suppose E a right semimodel X-category, C an X-tractable right E-semimodel X-
category, and K a set of isomorphism classes of objects of HoC.

Definition 2.2. — (2.2.1) If H is a set of homotopy classes of morphisms of C, a right
Bousfield localization of C with respect to H is a right C-semimodel X-category
C——RpyC that is initial among right C-semimodel X-categories F : C—D with
the property that for any f representing a class in H, RF(f) is an isomorphism of
HoN.

(2.2.2) A morphism A——B is a K-colocal equivalence if for any representative X of an
element of K, the morphism

RMor¢ (X, A)— RMor¢ (X, B)

is an isomorphism of Ho sSetx.
(2.2.3) An object Z of M is K-colocal if for any K-colocal equivalence A— B, the mor-
phism
RMory (Z, B)—= RMorn(Z, A)
is an isomorphism of Ho sSetx.
(2.2.4) A right Bousfield localization of C with respect to K is nothing more than a right
Bousfield localization of C with respect to the set of K-colocal equivalences.

Proposition 2.3. — A right Bousfield localization RgC is essentially unique if it exists.
Proof. — Initial objects are essentially unique. O
2.4. — Suppose now that the set K is X-small.

Notation 2.5. — Suppose I and J are generating X-small sets of cofibrations and trivial
cofibrations, respectively, each with cofibrant domains. For every element A € K, choose
a cosimplicial resolution (i.e., a cofibrant replacement in the Reedy right semimodel cate-
gory of cosimplicial objects) A*A—=A, and set

Ipec:=JU{Lp(A"A)—=APA|peA AcK}.

Proposition 2.6. — The category C is a structured homotopical category RgC with the fol-

lowing definitions.

(2.6.1) Acofibration of RxC is defined to be a cofibration X —=Y of C such that there exists
a weak equivalence Y —=Z of C such that the composition X —Z is an element
of cell Ip,.c.

(2.6.2) Afibration of RxC is nothing more than a fibration of C.

(2.6.3) A weak equivalence of RxC is a K -colocal equivalence.

Moreover the identity functor RkC——=C preserves cofibrations, where as the identity func-

tor C—RkC preserves weak equivalences.

Proof. — Immediate. O
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2.7. — Note the rough similarity between the definition of the cofibrations given here
and the a priori stonger description given by Hirschhorn [4, Proposition 5.3.6], namely,
than a morphism is a cofibration just in case it is a retract of an element X—Y of cell
such that there exists a weak equivalence Y ——Z such that the composite X —Z7 is an
element of cell Ir,.c. The two are in fact equivalent when C is a model category; this is the
content of the following lemma.

If C is not a model category, there seems to be a genuine difference between the two
conditions, but, unfortunately, the distinction seems to be fairly subtle, and I do not have
an example that exhibits it. In any case it is certainly the weaker of these that is needed
here.

Lemma 2.8. — Suppose C a model category; then a morphism of C is a cofibration of RgC
if and only if it is a retract of an element X—Y of celll such that there exists a weak
equivalence Y —=Z such that the composite X—Z is an element of cell Ipc.

Proof. — That such a retract is a cofibration of RxC is obvious. This is of course true re-
gardless of whether C is a model category.

In the other direction, suppose f : X——=Y a cofibration for which there is a weak
equivalence e: Y —Z of C such that the composite g: X—— 7 is aretract of an element
of cell Ip,c. The claim is that f can be written as a retract of an element X —Y" of cell
for which there exists a weak equivalence Y'——=Z such that the composite ¢’ o f' = g.
Indeed, simply factor f, by the small object argument, as an element f': X——Y’ of cell
followed by an element p : Y'——=Y of injI, and set ¢’ = eo p. Then since C is a model
category, p is a trivial fibration.® The retract argument thus implies the claim. O

Lemma 2.9. — A morphism Y'—=Y whose codomainY is fibrant is a trivial fibration in
RxC ifand only if it is an element of inj Ip,c.

Proof. — Of course Y'——=Y is an element of injJ if and only if it is a fibration of C —
and, equivalently, of RxC. In this circumstance, for any element A € K, the morphism
RMorc (4, Y)—=RMorc(4,Y) is a fibration of sSety, and by [4, Proposition 16.4.5], will
be an equivalence if and only if the morphism Y'—Y is an element of inj Ir,c. O

Lemma 2.10. — There is a functorial factorization of every morphism X—Y of C with
fibrant codomain Y into a cofibration X——=Y' of RxC followed by a trivial fibration
Y'—=Y of RxC.

Proof. — The usual construction via the small object argument provides a factorization
of every morphism X——=Y (irrespective of the fibrancy of Y) into an element X —Y’
of cell I, ¢ followed by an element Y'——Y ofinjIp,c. Now X —Y' is clearly a cofibra-
tion, and, by the previous lemma, Y'——Y is a trivial fibration of RxC. O

Lemma 2.11. — Cofibrations of RxC satisfy the left lifting property with respect to every
trivial fibration of RxC with fibrant codomain.

@If C were not a model category, this would follow only if Y were E-fibrant.



ON THE DREADED RIGHT BOUSFIELD LOCALIZATION 11

Proof. — Thatthis is true of any element of I, is already contained in 2.9. It thus follows
for any element of cell I,c.

Now suppose X—Y a cofibration of C and e: Y—=Y’ a weak equivalence of C
such that the composite X—Y" is an element of cell I, c. Suppose W a fibrant object,
Z—W a trivial fibration of RxC, and the following a commutative diagram:

X—=Z

-

|

Y'.
To prove the lemma, it will now suffice to show that there exists a lift Y —Z. For this,
note that in the right semimodel category (X/C), W is fibrant and Y —Y’ is a weak
equivalence; hence there is a homotopy lift Y/—W in (X/C). Since this homotopy lift is
chosen in the slice category, it follows that there is a commutative diagram

X—=Z

Lo

Y —W.

Hence there is alift /: Y'—=Z7, and the composite £oe: Y —=Z7 is thus a homotopy lift
of the diagram

Z

Y—W
in (X/C). Since Y is cofibrant, the homotopy lifting property of the fibration Z—W
implies that a strict lift of the diagram, homotopic to ¢ o e, exists in (X/C). O

Lemma 2.12. — The trivial cofibrations of RxC are exactly those of C.

Proof. — 1f f: K——=L is a trivial cofibration of C, then it is a weak equivalence of C, a
retract of an element of cell 7, and a retract of an element of cell J. It follows that f is a
weak equivalence of RxC and a retract of an element of cell Ir,.c as well; thus f is a trivial
cofibration of R C.

Conversely, suppose f: K—L a trivial cofibration of RxC, and let i : L—L' be a
trivial cofibration in C with L' fibrant. Factor the composite morphism f” := io f as a trivial
cofibration j: K——=K' of C followed by a fibration p : K'—L' of C:

f

K——L

LN

! !
K T>L.

Since f’ is a weak equivalence of RgC, so is p. Now [ is a trivial cofibration of RxC and
by the previous result has the left lifting property with respect to p. The retract argument
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now implies that f’ is a retract of p and is thus a trivial cofibration of C. Since f' =io f,
and both f’ and i are weak equivalences of C, it follows that f is a weak equivalence of C
as well. Since f was a fortiori a cofibration of C, the converse is verified. O

Proposition 2.13. — The structured homotopical category RxC is an X-tractable right C-
semimodel category. If in addition C is a right proper model X-category, then RxC is a right
proper model category (not necessarily X-tractable).

Proof. — Thefactorization axioms are 2.10 and the corresponding factorization in C, cou-
pled with 2.12. Likewise, the lifting properties are 2.11 and the corresponding property in
C, coupled with 2.12.

The structured homotopical structure is by 2.8 exactly the one provided by Hirschhorn
in case C is right proper. O

Proposition 2.14. — The left Quillen identity functor U : RkC——=C induces a coreflex-
ive fully faithful functor of X-categories — and thus also of (Ho sSetx)-categories — LU :
Ho RxC——HoC. The derived right adjoint RF : C— Ho RxC is essentially surjective.

Proof. — Write F : C—RgC for the left adjoint of U. It suffices to show that the unit
X—(RF)(LU) X ofthe derived adjunction is an isomorphism of Ho RxC. But this is clear,
as the fibrant replacement in C of any object of RgC is a fibrant replacement in RxC. O

Corollary 2.15. — A morphism A—B of C is a K-colocal weak equivalence if and only
if the induced morphism (RF) A—(RF)B is an isomorphism of Ho RgC.

Proposition 2.16. — A cofibrant-fibrant object X of C is cofibrant as an object of RxC if
and only ifiit is K-colocal.

Proof. — Since a K-colocal weak equivalence A—— B is weak equivalence of RxC, it fol-
lows that if X is cofibrant in RgC, the morphism
RMorc (X, A) = RMorg,c(X, A)—> RMorc (X, B) = RMorg,c(X, B)
is an isomorphism of Ho sSetx.
On the other hand, if X is K-colocal, it suffices, since by assumption X is fibrant in RxC,

to show that the morphism @——=X has the left lifting property with respect to all trivial
fibrations A— B of RxC with fibrant codomain B. Since X is K-colocal, the map

Morpoc (X, A)—Moryoc (X, B)

is a bijection, whence the desired lifting property. O

Corollary 2.17. — An object X of C is K-colocal if and only if the counit of the derived
adjunction (LU)(RF)X——X is an isomorphism of HoC.

Corollary 2.18. — A weak equivalence of RxC between K -colocal objects is a weak equiv-
alence of C.

Theorem 2.19. — The right C-semimodel category RxC is a right Bousfield localization of
C with respect to K.
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Proof. — The proof that the right C-semimodel structure described here has the universal
property required of a right Bousfield localization is well known, and is [4, Proposition
3.3.18]. O

Corollary 2.20. — A cofibrant-fibrant object of C is K -colocal if and only if it can be written
as a homotopy colimit (in C) of a diagram of representatives of elements of K.

Proof. — The proof is in fact identical to the one given by Hirschhorn [4, §5.5]. For any
object A of C, the functor

RMorc(—, A) : Ho C°? — Ho(sSetx)

turns homotopy colimits into homotopy limits; hence any homotopy colimit of K-colocal
objects is again K-colocal. On the other hand, one verifies easily that any Ig,c-cell com-
plex can be written as a homotopy colimit of objects of K. O

Application: The homotopy limit of left Quillen presheaves. — Elsewhere [1, Theorem
2.44] Thave constructed a model category the plays the role of the homotopy limit of a right
Quillen presheaf, which I constructed by taking a left Bousfield localization of a projective
model structure. Here I define a right semimodel category structure on the category of left
sections of a left Quillen presheaf that plays the role of the homotopy limit; it is a right
Bousfield localization of an injective model structure.

2.2]. — Suppose X a universe. Suppose K and X-small category, and suppose F an X-
tractable left Quillen presheaf on K.

Definition 2.22. — A left section (X, ¢) of F is said to be homotopy cartesian if for any
morphism f: /——k of K, the morphism

¢ Lf* Xpe—>=X;
is an isomorphism of HoF,.

Theorem 2.23. — There exists an X-tractable right semimodel structure on the category

Sect" F — the homotopy limit structure SectlLl olim F — satisfying the following conditions.

(2.23.1) The fibrations are exactly the injective fibrations.

(2.23.2) The cofibrant objects are the injective cofibrant left sections that are homotopy
cartesian.

(2.23.3) The weak equivalences between cofibrant objects are precisely the objectwise weak
equivalences.

Proof. — Tt suffices to find an X-small set G of cofibrant homotopy cartesian left sections
of F such that any homotopy cartesian left section of F can be written as a homotopy col-
imit of elements of G, for then SectﬁOlim F:=Rg Sectﬁ]j F satisfies the conditions of the the-
orem.

If K is a discrete category, then the injective model category of left sections of F is iso-
morphic to the product model category [[ ek F, and every left section is homotopy carte-
sian.
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For K arbitrary, the model category SectiLnj Fis equivalent® to the injective model cate-
gory of left sections of the left Quillen presheaf

(2.23.4) [Ticovjx Fi == 1}j—i1evix Fj —= k- j—itev.x Fk ,

and an object of Sect” F is homotopy cartesian if and only if the corresponding left section
of the left Quillen presheaf (2.23.4) is homotopy cartesian. It therefore suffices to construct
such a G when K is of the form

k24>k1:>>k0.

For K with this structures, suppose Gy a set of cofibrant homotopy generators of
Fi,. Let Up denote the intersection of the essential images of Gy under the two func-
tors HoFy,——=HoFy,, and let U, denote the intersection of the essential images of
U; under the three functors HoFy, —— HoFy, . One verifies easily that any homotopy
cartesian section of F can be written as a homotopy colimit of homotopy cartesian sec-
tions (Xo, X1, X2, (¢ f) fex) such that Xy € Gy, X; € Uy, and X, € Us. Let G; and G, denote
X-small sets of cofibrant-fibrant representatives of the isomorphism classes of U; and Uy,
respectively. Then the desired set G of cofibrant homotopy cartesian sections is

G :={(Xo, X1, X2, (Pf) fex) | Xo € Go, X1 € G1, X2 € Ga}. O
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