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Abstract

A distribution X over binary strings of length n has min-entropy k if every string has
probability at most 2% in X.! X is called a d-source if its rate k/n is at least §.

We give the following new explicit constructions (namely, poly(n)-time computable func-
tions) of deterministic extractors, dispersers and related objects. All work for any fixed rate
0 > 0. No previous explicit construction was known for either of these, for any § < 1/2. The
first two constitute major progress to very long-standing open problems.

1. Bipartite Ramsey f; : ({0,1}")? — {0, 1}, such that for any two independent J-sources
X1, X5 we have f1(X1, X2) = {0, 1}. This implies a new explicit construction of 2/N-vertex
bipartite graphs where no induced N° by N9 subgraph is complete or empty.

2. Multiple source extraction f, : ({0,1}")3 — {0, 1}, such that for any three independent
0-sources X1, X9, X3 we have that fo(X7,Xo, X3) is (o(1)-close to being) an unbiased
random bit.

3. Constant seed condenser? f3:{0,1}" — ({0,1}™)¢, such that for any d-source X, one
of the ¢ output distributions f5(X);, is a 0.9-source over {0,1}™. Here ¢ is a constant
depending only on 4.

4. Subspace Ramsey f; : {0,1}" — {0,1}, such that for any affine-6-source® X we have
fa(X) ={0,1}.

The constructions are quite involved and use as building blocks other new and known gadgets.
But we can point out two important themes which recur in these constructions. One is that
gadgets which were designed to work with independent inputs, sometimes perform well enough
with correlated, high entropy inputs. The second is using the input to (introspectively) find
high entropy regions within itself.

Keywords: Ramsey Graphs, Explicit Constructions, Extractors, Dispersers, Condensers

Tt is no real loss of generality, and very convenient, to think of X as a uniform distribution on some set of 2*
elements (in which case min-entropy is the same as Shannon entropy).

2This result was also independently obtained by Ran Raz.

3This is a uniform distribution over an affine subspace of dimension at least 6n
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1 Introduction

Randomness extraction is the problem of distilling the entropy present in “weak random sources”
into a useful, (nearly) uniform distribution. Its importance and wide applicability to diverse theo-
retical and practical areas of computer science has motivated a large body of research over the last
20 years.

Much of this research assumes only that the given “weak source” has sufficient (min)-entropy,
and that extractors can use an extra, short random “seed” to aid in distilling the randomness. Such
a seed (of logarithmic length) is easily seen to be necessary. This research focused on explicitly
constructing extractors of small seed (and long output). The survey [Sua] explains most of the
recent developments, and the paper [LRVW]| contains the state-of-art construction in terms of the
ratio between seed length and output length.

However, certain applications (especially in cryptography) cannot “afford” the use of an extra
random seed (see e.g. [MP, DS, BST]). To do without it, one must impose extra conditions (beyond
entropy content) on the class of sources from which one extracts. This body of work, which includes
[VN, BLu, SV, CG, BOL, Vaz, CW, CGH*, TV, MU, KZ, GRS]| considers a variety of restrictions, mostly
structural, on the given sources, and shows how to extract from them deterministically (without
seed).

This paper provides several new explicit constructions of seedless extractors, dispersers and
related objects (all to be defined), greatly improving on previous results. We also give several
weaker constructions, which are not quite seedless, but only use seeds of constant size. These are
important as building blocks of the seedless ones, and some are interesting in their own right.

We now turn to describe some of the new constructions, and for each discuss history and related
work. For the sake of brevity and clarity, we would skip some of our results, and state others in
less than full generality and precision.

1.1 Multiple independent sources

Background. Perhaps the most natural condition allowing seedless extraction is that instead of
one source with high entropy, we have several independent ones. This model was suggested by
Santha and Vazirani [SV], and further studied by Chor and Goldreich [CG] (who introduced the
now standard notion of min-entropy).

A function f: ({0,1}™)¢ — {0,1}™ is called an f-source extractor with entropy requirement k if
for every ¢ sources X, ---, Xy, each with min-entropy k, the distribution f(Xi,---,X/,) (obtained
by applying f on an independent sample from each source) is close to uniform on {0,1}™.

For this model, the probabilistic method easily gives the best that can be hoped for. Two
sources and logn entropy suffice (and are necessary) for extraction. Moreover, such a function can
be computed in time 2°("*) (while this is a far cry from the explicitness we want (poly(n)-time),
it will come as a building block in our constructions). We call such a function opt (for Optimal
Extractor).

For two sources, the best explicit construction requires in contrast min-entropy > n/2. The
Hadamard function Had : {0,1}" x {0,1}" — {0,1} defined by Had(x,y) = (z,y) (mod 2) was
shown by [CG] to be such an extractor. Moreover, a natural variant Had’ which outputs m = Q(n)
was shown to be an extractor in [Vaz] under the same conditions (see a simplified and improved
analysis in [DEOR]). To date, no one has found an explicit 2-source extractor with sources of rate
1/2 or less*. Indeed, until last year no extractor breaking the 1/2 rate barrier was known using

4We note that using Weil’s estimates the Paley matrix (i.e., for prime p the function P : Ff, — {0,1} where
P(z,y) = 1iff z — y (mod p) is a quadratic residue) can be proven to be an extractor even if one source has only



less than ¢ = poly(n) number of sources. Still, the Hadamard function and its extension to long
outputs Had’ will be an important building block in our construction.

Last year [BIW] gave a extractor that, for any 6 > 0 uses only a constant ¢ = poly(1/d) 0-
sources.” Moreover, on n-bit sources, their extractor outputs n bits and is exponentially close to
uniform. The analysis seems to require that the total entropy in all sources is at least the length of
one source (and hence that ¢ > 1/6). Still, this too will be a building block in our new constructions
in which the number of sources is a constant independent of 4.

New Results. We construct a 3-source extractor which outputs a (nearly) unbiased bit (or any
constant number of bits) for every entropy rate § > 0. We can also increase the output length m to
be a constant fraction of the input entropy using 7 independent sources. In both constructions the
error (=distance of the output to the uniform distribution) is only sub-constant (about 1/loglogn),
and as yet we have no idea how to make it exponentially, or even polynomially small. Subsequently
to us, Raz [Raz] used our construction (as well as additional ideas) to obtain a 3-source extractor
which outputs Q(n) number of bits, and works with one d-source and two sources of logarithmic
entropy.

1.2 Bipartite Ramsey graphs and 2-source dispersers

Ramsey Graphs. The probabilistic method was first used by Erdos to show the existence of
Ramsey graphs: That is, a 2-coloring of the edges of the complete graph on N vertices such that
no induced subgraph of size K = (2 + o(1))log N is monochromatic. The best known explicit
construction of such a coloring by [FW] achieves a much larger value: K = 20(Vlog Nloglog V)

Bipartite Ramsey graphs. An even harder variant of this problem is the bipartite Ramsey
problem: Construct a 2-coloring of the edges of the complete N by N bipartite graph such that
no induced K by K subgraph is monochromatic. Setting N = 2", a coloring is a function f :
({0,1}")% — {0,1}. It immediately follows that every 2-source extractor f with entropy-rate &
is a coloring for the bipartite Ramsey problem with K = N? (which is in turn a coloring for the
non-bipartite version). Until recently, the best known explicit construction of bipartite Ramsey
graphs was that implied by the aforementioned Hadamard 2-source extractor achieving K > N1/2,
Recently, a slight improvement to K = N1/2 /QW (which in our terminology translates to
§ =1/2 —1//n) was given by Pudldk and Rédl [PR].5

2-source dispersers. An equivalent formulation of this problem is constructing a 1-bit output 2-
source disperser which is a well-known relaxation of an eztractor. A 2-source (zero-error) disperser
of entropy rate ¢ is a function disp : {0,1}" x {0,1}"™ — {0, 1}" such that for every 2 independent
d-sources X1, X9 we have disp(X1, X2) = {0,1}"™. In words, every possible output occurs when the
inputs range over all possible values in X7, X2 (and so only the support matters, not the individual
probabilities in the input sources)”. Note that when m = 1, a disperser is equivalent to a bipartite

about logn entropy. However the other source still has to have entropy > n/2

"This extractor was proposed already in [Zuc], but the analysis there relies on an unproven number theoretic
assumption.

5The construction in that paper is only “weakly explicit” in the sense that the 2-coloring can be found in time
polynomial in N. The Hadamard 2-source extractor (as well as all the constructions in this paper) are “strongly
explicit” meaning that f is computable in time polynomial in n.

"In the extractor literature dispersers usually come with an error parameter e, and then the requirement is that
the output of f contains at least (1 — €)-fraction of all elements in {0,1}™. We use the 0-error definition, which is
more relevant to our setting.



Ramsey graph with K = N°.

New Results. We give an explicit construction of a 2-source disperser with any constant (and
even slightly sub-constant) rate § > 0 (so any K > N? in the bipartite Ramsey problem) and any
constant output length m. Our disperser is strong in the sense that it obtains every output with
at least a constant probability, which depends only on § and on the number of output bits. This
construction can therefore be seen as being in between a disperser and an extractor.

1.3 Constant seed (1-source) condensers

Intuitively, a condenser is a function whose output distribution is “denser” (has higher entropy
rate) than its input distribution. Condensing can be viewed as a weaker form of extraction. Both
in the Mathematical sense that an extractor is an ultimate condenser (its output has maximum
possible rate), as well as in the practical sense — some constructions of extractors proceed by iterated
condensing. Various condensers appear in [RSW, TSUZ, LRVW, CRVW] and other works, mainly as
building blocks to constructing extractors and expanders.®

It is not hard to see that, like extractors, there are no deterministic condensers. However, unlike
extractors, which require logarithmic seed, condensing is possible (for interesting parameters) with
only constant length seed. As usual, this was shown via the probabilistic method, and no explicit
construction was known. All constructions in the papers above either use a super-constant seed, or
use a constant seed without guaranteeing the condensing property.’

New Results. We give the first explicit constant seed condenser for linear entropy. More pre-
cisely, for every § > 0 there are integers ¢, d and a poly(n)-time computable function con : {0,1}" —
({0,1}/¢)4 (i.e. con maps n bit strings into d blocks of length n/c), such that for every d-source X
there is at least one output block con(X); (exponentially close to) having entropy rate > 0.9 (here
the 0.9 is an arbitrary constant - we can get as close as we want to 1, but all we need is any constant
> 1/2). The constant seed may be viewed as selecting the output block at random. In the paper
we prefer the view of outputting several blocks, and call this construction a somewhere condenser
(since the concatenation of blocks is condensed somewhere). As we shall see, this condenser is
not only interesting in its own right, but it also serves as a basic block in our new constructions.
Roughly speaking, it gives us the means to break the 1/2 rate barrier, as it converts an input source
of rate below that barrier into one (of a few output blocks - something to be dealt with) whose rate
is above that barrier.

The condenser above is obtained by iterating a constant number of times a basic condenser
beon (described in the Section 2.1), which uses only a 2-bit seed (namely has 4 output blocks) and
increases the entropy rate by a constant amount.

We note that, independently from us, Ran Raz [Raz] has obtained a different constant seed
condenser construction, which also use the [BIW] paper, but in another way. (In fact, using a new
variant of the [LRVW]| merger, Raz constructs a condenser with the advantage that most of the
output blocks are condensed.)

8We note that in some of these works the definition is relaxed to allow situations when the output rate is smaller
than the input rate, as long the the output length is shorter - these gadgets turn out to be useful as well.

9The latter are the so called “win-win” condensers whose analysis shows that when they fail to condense, some
other good thing must happen.



1.4 A disperser for affine subspaces

Background. There are some other natural restrictions on sources (beyond allowing a few in-
dependent ones) that admit deterministic extraction. Two such models are bit-fixing sources
[CGHT, BOL, CW, MU, KZ, GRS] and efficiently samplable distributions [TV]. In the bit-fixing
model, an (unknown) subset of dn bits (out of the n input bits) is uniformly distributed, and
the rest of the bits are fixed to some unknown value.'? In the “efficiently samplable distribu-
tions” model the source is obtained by applying an efficiently computable “sampling” function
g:{0,1}%" — {0,1}" on a uniformly distributed input. Trevisan and Vadhan [TV] give a construc-
tion (based on unproven complexity theoretic assumptions) that works for sources with entropy rate
d > 1/2 that are sampled by polynomial sized circuits g. (In fact, in that construction 6 > (1 — )
for some small constant ).

In this paper we consider sources which are uniformly distributed over an affine subspace of
GF(2)". Such sources can be seen as a natural generalization of bit-fixing sources (since any bit-
fixing source is in particular a distribution over an affine subspace), or alternatively, as a restriction
of the model of [TV] in which the sampling function g is affine (note that every such function can
be computed in size n?).

Strangely, what was known about this model is very similar quantitatively to the two inde-
pendent source model in the sense one one hand there is a (nonconstructive) “optimal extractor”
for entropy ©(logn) but on the other hand an explicit extractor was known only for entropy rate
d > 1/2. (In fact, this explicit extractor is no other than the Hadamard function Had mentioned
above, applied to two halfs of the sample [BSHRV].)

New Results. We give an explicit zero-error disperser for affine sources of entropy rate 9, that
outputs constantly many bits. As in the case of the two-source disperser, the affine-source disperser
is strong, obtaining each output string with at least a constant probability. For 1-bit output a
Ramsey theoretic interpretation of the result suggests itself — we give a 2-coloring of the Boolean
cube F3', in which no affine subspace of linear dimension is monochromatic.

Note that the new results here are quantitatively the same as our 2-source results. The tech-
niques are related as well, but at this point this fact may be surprising - there seem to be little
resemblance between the models, and indeed there seem to be no reductions between them in ei-
ther direction. The similarity in techniques may simply be a byproduct of the fact that we were
working on them in parallel, and progress on one suggested related progress on the other (note that
at some point we do use the two-source Ramsey construction as a black box in the affine-source
disperser, but we could have just as well used a direct construction there). This simply manifests
the generality of our techniques, however it would be interesting to find any tighter connections
between the two models.

2 Techniques and overview of the main constructions

In the following subsections we describe in some detail some of the extra gadgets we develop, and
how to compose them with each other and with known gadgets to get the constructions above. By
far the most difficult is the 2-source disperser, and the ideas leading to it take several subsections.
Still, reading these will simplify understanding the formal proofs.

10T the terminology of the above papers this is the so-called oblivious bit-fixing model.
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Figure 1: A 2-source somewhere extractor s ext.

2.1 A 2-bit seed condenser

Here we describe our basic condenser bcon, which uses only a 2-bit seed to increase the entropy
rate of any source by a constant amount. Iterating it a constant number of times on a §-source
allows us to increase to rate (of some output block) above 0.9 (say), thus giving the condenser con
described in Section 1.3.

Our basic condenser bcon will take strings of length n with n = 3p for some prime p.'' For
every z € {0,1}" let © = xjzox3 its natural partition to three length p blocks. Define bcon :
{0,1}% — ({0,1}?)* by beon(z) = 1, x9, T3, 71 - T2 + 3 (With arithmetic in GF(2P)).

We prove that in X is a d-source with § < 0.9, then at least one of the output blocks is a
(6 + Q(4?))-source.

The proof heavily relies on the main lemma of [BIW], who proved z; - 23 + x3 is condensed
assuming that the z;’s are independent. We certainly cannot assume that in our case, as X is
a general source. Still, we use that lemma to show that if none of these first 3 blocks is more
condensed than the input source, then they are “independent enough” for using that main lemma.

2.2 A 2-source constant-seed/“somewhere” extractor

Our two main deterministic constructions in this paper are a 3-source extractor and a 2-source
disperser. For both, an essential building block, is a constant seed 2-source extractor s ext (short
for “somewhere extractor”) for linear entropy, which we describe next.

What we prove is that for every § > 0 there are integers ¢, d and a poly(n)-time computable
function s.ext : ({0,1}")2 — ({0,1}"/¢)?, such that for every two d-sources X, Xo there is at least
one output block s ext(X;, X2); which is (exponentially close to) uniform.

Constructing the somewhere extractor s ext is simple, given the condenser con of the previous
subsection. To compute sext(X;, X3), compute the output blocks of con(X;) and con(X32). By
definition, some output block of each has rate > .9. We don’t know which, but we can try all pairs!

"'Note that if n is not of this form than it can be converted to this form by padding the input with o(n) additional
bits using standard number theoretic bounds on the density of primes.
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Figure 2: A 4-source extractor 4ext.

For each pair we compute the Vazirani variant Had’ of the Hadamard 2-source extractor for rate
> 1/2 [Vaz] to obtain a constant number of linear length blocks, one of which is exponentially close
to uniform. Formally, if d is the number of output block of con, then s ext will produce d? blocks,
with s ext(X1, X»);; = Had'(con(X});, con(X32);). This construction is depicted in Figure 1.

To see the power of this gadget, let us first see (intuitively) how to get from it a deterministic
4-source extractor for linear entropy. Later we will employ it in several ways to get our 2-source
disperser.

2.3 A 4-source extractor (and a 3-source one)

In this subsection we explain how to construct a 4-source extractor 4ext, and then how to modify
it to the promised 3-source extractor 3ext. These will combine the 2-source somewhere extractor
s_ext with the nonuniform optimal 2-source extractor opt.

Recall that our 2-source somewhere extractor s_ext produces a constant number (say) d of linear
length output blocks, one of which is random. First we note that producing shorter output blocks
maintains this property!?

Let us indeed output only a constant b bits in every block (satisfying b > log(db)). Concate-
nating all output blocks of this sext(Xi, X3) gives us a distribution (say Z;) on db bits with
min-entropy > b. If we have 4 sources, we can get another independent such distribution Zs from
sext(X3, X4). But note that these are two independent distributions on a constant number of
bits with sufficient min-entropy for (existential) 2-source extraction. Now apply an optimal (non-
uniform) 2-source extractors on Zi, Zs to get a uniform bit; as db is only a constant, such an
extractor can be found in constant time by brute-force search! To sum up, our 4-source extrac-
tor is 4ext((X1, X2); (X3, X4)) = opt(sext(Xi, X2),sext(Xs, X4)). See Figure 2 for a schematic
description of this construction.

Reducing the number of sources to 3 illustrates a simple idea we’ll need later. We note that
essentially all 2-source constructions mentioned above are “strong”. This term, borrowed from
the extractor literature, means that the output property is guaranteed for almost every way of

12 A prefix of a random string is random. This flexibility will prove useful in more ways than one.
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Figure 3: A 3-source extractor 3ext.

fixing the value of one of the two input sources. With this in mind, we can reuse (say) Xy in the
second somewhere extractor s ext instead of Xy to yield a 3-source extractor 3ext((X1, X2, X3) =
opt(sext(Xi, X2),sext(Xs, X2)). This construction is depicted in Figure 3. Fixing a random
sample z9 of Xo will guarantee the output properties of both sext’s with high probability and
keep the two inputs to opt independent (since once o is fixed the distributions s ext (X, z2) and
s ext(X3,x2) are independent).

2.4 A better 2-source somewhere extractor (with witness)

Our somewhere extractor sext produced a constant number of output blocks, one of which is
random. It gave us a 4-source (and even a 3-source) extractor, and the intuitive reason for needing
the extra independence was that we could not tell which of the output blocks of sext was the
random one.

To get down to a 2-source (disperser), our general strategy will be to try and “figure out” which
of the blocks is random. This requires a “testable” condition on the input, which will point to the
right output block. We cannot do that directly with s ext, so we first develop (using s.ext) a new
somewhere extractor s.ext’, for which the random output block is determined by simple entropy
conditions on the input sources. The very subtle task of testing these (given only the input sample)
is delayed to the next subsection - we now describe s ext’.

It will be convenient to call now the two independent input J-sources X and Y. In a nut-
shell, s.ext’ will consider different partitions of X into X’X” and Y to YY", and for each such
partition (X', X" YY" Y") apply the 4-source extractor 4ext of the previous subsection to obtain
dext(XY"Y', X") (see Figure 4).

While these 4 sources are not independent, we can use again the same idea used in decreasing
4 sources into 3 of the previous section to try to analyze this construction. As each of the s ext
components in 4ext are strong, we can show that fixing X’ and Y’ to random samples z’ and 7/
(resp.) will suffice to make the output 4ext((2’,Y"”), (y/, X”)) close to random, as long as we have
the following entropy bounds: the four sources X', Y’ X”| X' = 2/, Y"|Y' = ¢/ all have at least en
bits of entropy for some constant ¢ > 0.
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Figure 4: Applying the 4-source extractor to two sources.

Another observation is that a one of a constant number of partitions of X and Y will satisfy
these entropy conditions. This can be shown using the following reasoning. Specifically, let ¢t = 4/§
and for i € [t], denote by X; the i block of size n/t in X. That is, X = X1,..., X;. We let X<;
denote the concatenation of the first i blocks of X (i.e., X<; = Xi,...,X;) and let X-; denote
the rest of X (i.e., Xsi = Xit1,...,X,). We say that i is a “good” index if X<; has min-entropy
at least dn/4 and define iy be the smallest good i. Since the entropy of X<; is at most the min-
entropy of X<;_1 plus the length of X; we get that it is bounded from above by 2 - (dn/4) = dn/2.
Combining this with the fact that X has min-entropy at least dn, we get that the min-entropy of
X+, conditioned on fixing X<;, is at least dn/2. Therefore if we define X' = X<;; and X" = X+,
we get the desired partition. In the same way one can partition Y into Y’ and Y” where Y’ = Y<j,
and Y = Y5, for some jy € [t]. We caution the reader that the effects of conditioning on min-
entropy are actually more subtle than what is reflected by this proof sketch. The actual analysis,
which is in Section 7 is thus much more involved than the description here.

Our new somewhere extractor s.ext’ will apply 4ext to all t? possible ways of defining these four
sources from the two given ones X and Y. Specifically, we define s_ext’(z,y); ; = 4ext((x<i, y>j), (T<j, Y>i))-
We know that the output block s.ext/(z,y);, j, corresponding to ig for X and jy for Y as defined
above will be uniformly distributed! This “goodness” will be our “testable” entropy condition.

2.5 Finding the entropy: the “Challenge-Response” mechanism

Ideally, we’d like a test that will find the good partitions and point to the correct output block.
Namely, we’d like a function test : ({0,1}")? — [t]* such that the output block s.ext’(X,Y)gest(x,v)
is uniform. Note that if we could do that, we’d have a 2-source extractor - more than we promised.
Our test will only succeed to point out to the random output block with positive probability (thus
yielding our strong notion of a disperser).

Before describing the test, we note the obvious subtlety: test is applied to the same sample
(z,y) from X X Y that sext’ is applied to! This single sample is supposed to detect the presence
of entropy in some parts of the input sources it is coming from, by looking in the mirror. The fact



that this idea can make sense is an important contribution of our paper.
To explain the nature of the test test, we oversimplify our problem, and assume we have the
following extra gadget to help us.

Temporary unrealistic assumption: We’ll assume a deterministic 1-source extractor (called
ext™) for any linear entropy sources. It of course seems very strange to assume an object much
stronger than what we’re trying to construct (indeed so strong that it doesn’t exist). Nonetheless
we believe it will be a useful didactic tool. Later, we will examine the properties of ext* that we
actually needed in order to obtain the function test and how these properties can be obtained by
more realistic gadgets.

We will test each of the prefixes of input parts (potential choices of the first part of the partition
X'), namely X<;, X<a, -+, X<; of X, for containing entropy. To test in the input part X<j has
entropy, we apply the (hypothetical) extractor ext* to compute a challenge Cj, = ext*(X<y) of
(sufficiently large) constant length c¢. We will also apply ext* on the second source Y to generate
a string R = Ry, Ra, - -+ R¢, where the length of every response Ry is ¢ as well. We note that as Y
is a d source, R is essentially a random string of length tc.

We say that the challenge C} is met by the response Ry simply if Ry = C. We now define the
candidate value of the index 4’ (this index determines the partition of X to X’'X” selected by the
test test) to be k + 1 for the largest k for which the challenge was met. We similarly determine
the partition of Y by picking ;' similarly, reversing the roles of X and Y above. This will give us
the pair (i/,j") which is the output of the test test.

2.6 Analyzing the challenge-response mechanism

Now why does this work, and in what sense? Let us focus on the choice of i’ (the argument for 5’ is
analogous). We want to claim that test above produces i’ which is the smallest good index for X.
While this may fail, we can claim that it holds in a constant probability event in X x Y. Essentially,
this event will be defined by conditioning parts of X and Y to fix the outcome of some challenge
and response strings, resulting in the “correct” choices made by the test test, and all independence
and entropy requirements holding after these fixings. A simple observation, which will be crucial
in the analysis below, is that if X is a random variable on {0,1}", and f : {0,1}" — {0,1}¢is a
function with a constant output length ¢, then if we let y be a “typical” output of f(X) and let
X’ be X conditioned on f(X) = y, then then entropy of X’ is only a constant smaller than the
entropy of X.

Now, let iy be the actual smallest good index for X. For all k =1,2,--- ,i9 — 1 (in that order)
we condition X}, in a way that fixes the responses Cy, k < ig to their most popular values (by the
observation above, this reduces the entropy of X by a constant only). Now we also fix the values
of the responses Ry, k < ig so that they meet the respective challenges above. Then we fix set Ry
for k > iy to an arbitrary value. Again, fixing all the responses reduces the entropy of Y by only a
constant.

We now repeat the same process with jo, the smallest good index for Y. Call the resulting sub-
sources thus generated X and Y. Now in the space X x Y everything we want actually happens.

e X and Y are independent.

e X has constant probability in X (and same for Y'), and hence the entropies of X and Y are
at least on — O(1).



e This means the the entropy of any subblock of X can also change by at most a constant
amount in X (Wlth the same holding for Y). Therefore, X<10,X >i, 18 a “good” partition of
X, with X<, Xsi,| X<, both having entropy at least 6n/4 — O(1). Again, the same holds
for Y.

e By design, in X the test test selects i/ = iy with probability very close to one. This happens
since we forced all the first ig — 1 challenges to be met, and all remaining ones will be missed
with very high probability (1 —¢/2¢), and so by the definition of test, it will select i’ = .
Same happens with j' = jo.

To summarize, with constant probability the sample (z,y) from X x Y actually lands in the
event X x Y, in which case we produce a close to uniform output. Otherwise, we have no guarantee.
This is precisely the strong disperser promised.

2.7 Removing the unrealistic assumption

We will be very brief here. The main thing to fix of course, is our assumption that we have available
(the impossible) one source extractor ext*. It will be replaced by our favorite 2-source somewhere
extractor s ext. This raises several extra issues to deal with, and we touch on the solutions, ignoring
many important details.

e When using s ext instead of ext*, what do we use for the second independent input source?
The answer is simple - when we used ext* on part of X, we use (all of) ¥ as a second
source, and vice versa. This raises as variety of issues regarding independence, and regarding
preservation of entropy, which did not arise above. Indeed, when we use ext* to compute
a response (as opposed to a challenge) we will use as input only “tiny” (around 6%n size)
parts of X and Y so that these parts can be fixed in the analysis without a significant loss in
entropy.

e The output of sext is not uniform, but rather a constant number of blocks one of which is
uniform - how does test change? The answer again is expected - the challenges and responses
comprise the whole output of s.ext (of appropriate lengths). However now a response meets
a challenge if one of the output blocks of the response equals the (the whole) challenge string.
Hence, when computing a response we will output a much larger (although still constant size)
string than when computing a challenge. This raises several issues regarding the probabilities
with which challenges are met, with bearing on entropies lost, which did not arise above.

This is of course by no means a complete description of our 2-source disperser and its analysis.
The complete description and analysis can be found in Section 7.
3 Preliminaries and Notations

3.1 Probability Notations.

We will use the following notations for random variables.
Random variables, sources, min-entropy and entropy rate. We will usually deal with ran-
dom variables which take values over {0, 1}". We call such a random variable an n-bit source. The

min-entropy of a random variable X, denoted by H*>(X), is defined to equal min,{— log,(Pr[X =
x])}, or equivalently log, (1/ max,{Pr[X = z]}). We shall usually identify a random variable X
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with the distribution it induces (and so one may treat an n-bit source as a vector over R?" with
positive coordinates that sum up to 1). The entropy rate of an n-bit source X, denoted by r(X),
is defined to be H*(X)/n.

Flat sources, convex combinations. The support of a random variable X, denoted by Supp(X),
is the set of elements x for which Pr[X = z] > 0. If Pr[X = z] = Pr[X = 2/] for every
x,x’ € Supp(X) we say that X is a flat source. Note that X is a flat source of min-entropy k
if and only if X is the uniform distribution over some set A of size 2¥. Let X ... X® be
random variables, and let ag,...,a, be non-negative numbers such that > «; = 1. We say that
an n-bit source Y is the convex combination of {X(i)}ie[k] with coefficients {a};cpy, if Y satisfies

PrlY =y|] = >, a; Pr[X® = y] for all y (i.e., in vector notation ¥ = Z?Zl a; X?). We sometimes
refer to X as a component of Y. It is known that every random variable with min entropy > k
is a convex combination of flat sources each with min-entropy at least k.

Statistical Distance. Let X and Y be random variables taking values in a set A. The statistical
distance between X and Y, denoted by dist(X,Y’) is defined to be >\ |Pr[X = 2] — Pr[Y = ]|
We’ll use the following easy to verify fact regarding statistical distance:

Fact 3.1. Let X and Y be discrete random variables, and let ¢ > 0. Then dist(X,Y) < € if and
only if there exist random variables X' and Y’ with the same distribution of X and Y respectively,
both defined over the same probability space Q, such that Pryea[X'(w) # Y'(w)] <e.

Blocks. Let X be an n-bit source, and let us write it as a vector of one-bit variables (X1, ..., X,).
For a set S C [n] of coordinates we define the S-block of X, denoted by Xg, to be |S]-bit source
(Xi)ies, obtained from X by only taking its S coordinates. Xg is said to be a block in X, or
a sub-block of X. We note that for every n-bit source X and S C [n] it holds that H>*(Xg) >
H>(X)— (n—|S]). Also, if dist(X,Y) < € then dist (Xg,Ys) < € for every S C [n].

Sub-sources. We will also sometimes use the less-standard notion of sub-sources, defined as
follows:

Definition 3.2 (Sub-source). Let X and X’ be n-bit sources. For a non-negative number o < 1,
we say that X' is a sub-source of X of measure « if X = X'+ (1 — «)Z for some n-bit source Z.
We use the notation X’ C X to say that X’ is a sub-source of X.

Properties of random variables. We’ll also discuss sometimes families or properties of random
variables. Let P be a property of sources, we say that a random variable X is within e distance
from P, or that X is e-close to having the property P, if there exists a random variable Y € P that
is within statistical distance at most € from X. We denote by P, the set of random variables that
are e-close to P. For example, we say that X is e-close to having min entropy > k if there exists a
random variable Y with H*°(Y) > k such that dist(X,Y) < e. In this case we write H>(X) > k
(and hence H>(X) is defined to be the maximum & such that there exists Y with H*(Y') = k and
dist(X,Y) <e).

Blocks and Somewhere-P sources. We now define the notion of somewhere-P sources, which
intuitively means that a source X has the property P in one of its blocks.
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Definition 3.3 (Somewhere—P sources). Let P be a property of sources. Let X be an (n x £)-
bit source, and let us regard it as a concatenation of ¢ consecutive blocks, X = (X1,..., Xy), where
each X; is of length n. A selector I for X is a random variable taking values in [¢].

If there exists a selector I for X, such that the n-bit source X; has the property P, we say that
X is a somewhere P source. We use this notion only when the partition of X into sub-blocks is
clear from the context.

Proposition 3.4. Let P be a property of sources, and let X be an (n x £)-bit source. Let us regard
it as a concatenation of £ consecutive blocks. Then if X is somewhere Pe, then it is € close to being
somewhere P.

Proof: Write X as a concatenation of blocks X = (Xi,...,X,). Let I be a selector for X
such that X7 is e-close to some n-bit source Y € P. We would like to couple X; with Y: using
Fact 3.1, one may assume without loss of generality that X and Y are defined over the same
probability space, and that Pr[X; # Y] <e.

Let us define X’ to be the (n x £)-bit source
XX, X)),

where we let X/ =Y if I =4, and X} = X, otherwise. It is obvious that Pr[X # X'] <, and
that X; =Y € P. Therefore X’ is a somewhere P source, and by Fact 3.1, dist(X, X’) <e. We
thus have that X’ is € close to being somewhere P. O

3.2 Extractors and Dispersers

In this section we define some of the objects we will later construct, namely multiple-sample ex-
tractors and dispersers. These definitions are essentially taken from [BIW].

Definition 3.5 (Multiple-source extractor). A function ext : {0,1}"*¢ — {0,1}™ is called
an £-source extractor with k min-entropy requirement, n-bit input, m-bit output and e-statistical
distance if for every independent n-bit sources X, ... X® satisfying H*(X®) > kfori=1,...,¢
it holds that

dist<ext(X<1>, . ,X(‘-’>)7Um> <e

Definition 3.6 (Multiple-source disperser). A function disp : {0, 1}"*¢ — {0,1}™ is called an
{-source disperser with k min-entropy requirement, n-bit input, m-bit output and error parameter
e if for every independent n-bit sources X, ... X satisfying H®(X®) > k for i = 1,...,£ it
holds that

|Supp(disp(X™,..., X)) > (1 —€)2™

The disperser is errorless if e = 0 (i.e., if |[Supp(disp(X ™, ..., X©))| =2™).

Note that a multiple-source extractor is always a multiple-source disperser with the same pa-
rameters.'® Generally speaking, when constructing extractors our goal is on one hand to use the
weakest assumptions on the input and hence we want to minimize the number of samples ¢ and
the min-entropy requirement k. On the other hand we want to obtain the strongest guarantees on
the output, and thus we want to maximize the output length m and minimize the error e.

We note that one can also define asymmetric variants of extractors and dispersers, in which the
min-entropy requirements and the input length differ for each of the samples. However, we do not
define or use such variants in this paper.

13Tn fact, sometimes it is even a disperser with better parameters. For example, a multiple source extractor with
error smaller than 27" always implies an errorless disperser with all other parameters being equal.
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3.3 The BIW Theorem and the BIW Lemma.

In Section 8 we need the following theorem from [BIW].

Theorem 3.7 (The [BIW] extractor). There exists constants c1,co > 1 such that for every

constant § > 0, and every fived parameter k > K () = c1-(1/8)2, there exists a polynomial-time

computable function ext : {0, 1}”'k — {0,1}" with the following property: for every independent
random variables X, ..., Xj over {0,1}", each with min-entropy at least dn, it holds that

dist(ext(X1, ..., Xz), Uy,) < 2790

We also use the following lemma from [BIw]:!4

Lemma 3.8 (BIW Lemma). There ezists some constant ag > 0 such that for every independent
random variables A, B, C' taking values in the field GF(2P) for a prime p, each with entropy rate at
least &, the distribution A-B+C is 22092 _close to having entropy rate at least min{d+ a2, 0.99}.

When trying to use Lemma 3.8, we will be frequently in the situation when we’re trying to map
the set {0,1}" in a one-to-one way to the field GF(2P) where p = n(1 + o(1)). (Note that in this
case if X is a d-source over {0, 1}" then its image is a 0 — o(1)-source over {0,1}?.) To do so, the
following two facts will be useful to us:

Fact 3.9. The exists a large-enough integer ng such that for every n > ng, there exists a prime p
in the segment [n,n + n3/4].

Fact 3.10. There exists an algorithm which given a prime p, finds an irreducible p-degree polynomial
over Zo, in time polynomial in p.

Note that once we have an irreducible polynomial P of degree p over Zs, then we can do
computations over GF(2P) in time polynomial in p.

3.4 Affine Sources

Let us begin with the definition of an affine source.

Definition 3.11 (Affine sources). An n-bit source X is said to be affine if it is a flat source,
and moreover, Supp(X) C {0,1}" is an affine subspace over Zs.

Note that for an affine source X, the min-entropy of X is equal to the dimension of its support,
namely H*(X) = dim(Supp(X)). The following lemma is helpful in analysis min-entropies of affine
sources.

Lemma 3.12. Let W be a linear space over Zso, and let V. C W be a subspace. Suppose that linear
maps P and Py are a partition of the identity on W, namely Py + P> = id, and PLP> = 0. Then

dim(P, (V)N V) = dim(V) — dim(Ps(V)).

This lemma is actually more general than stated here. We will use it for fields of the form GF(2F), but it holds
for any field without large subfields. For prime fields [BIW] prove a stronger result: namely, for such fields the factor
aod? can be replaced with agd.
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Proof. Consider a vector y € V, and suppose that Py(y) = 0. Since P + Py = id, it follows that
Pi(y) = y, and therefore that y € V. N P (V). Also if y € VN P (V) then Py(y) = 0. Letting
P :V — W denote the restriction of P» to V', we therefore have that

Ker(P)=VnP(V). (1)
Now, by a well-known identity we have dim(Ker(P))+ dim(Supp(P)) = dim(V'), which by (1) and
the definition of P gives dim(Py (V)N V) + dim(P(V)) = dim(V'), completing the proof. O

The following is a useful corollary of Lemma 3.12.

Corollary 3.13 (Sub-blocks of affine sources). If X is an affine source, then every block in
X is an affine source as well. Moreover, if Y is a block in X and y € Supp(Y') then the restriction
of X to the event [Y = y| is an affine source with min-entropy H>*(X) — H>*(Y), and thus
H>® (XY =y) = H®(X) — H®(Y).

Before proving the corollary, note that it means that if Y is a sub-block of X then for every
y1,y2 € Supp(Y), H®(X|Y = y1) = H*®(X|Y = y2). We can therefore define the min-entropy of
X conditioned on Y by

H*(X|Y) € B x|y =), (2)
where y is any arbitrary element of Supp(Y’). Using Corollary 3.13 we can write
H*(X[Y) = H*(X) - H*(Y) . (3)

Let us now prove the corollary.

Proof. Suppose X is an affine n-bit source, and let S C [n] be the set such that ¥ = Xg. Let

z € Supp(X) be any vector which satisfies zg = y, and let X’ “x + z. So now Supp(X') is a

linear subspace (not affine) of {0,1}", but since adding a constant vector merely flips some of the
coordinates, there is no change in entropy, and therefore it is enough to prove that

H>®(X'|X5=0)=H®(X") - H®(Xg) .

Let Py : {0,1}" — {0,1}" be the linear projection which zeros, for any given x, the S-coordinates
on x. Let P, et id — P; be the projection which zeros the other coordinates. Then by Lemma 3.12,
H>®(X'|X§ = 0) = dim (Supp(X") N Py (Supp(X”))) = dim (Supp(X”)) — dim (P2(Supp(X")))

= dim(Supp(X')) — dim(Supp(Xg)) = H>(X') — H*(Xg) ,
and we have the corollary. O

There exists a strong connection between independence of affine sources (viewed as random vari-
ables), and independence of linear spaces.

Definition 3.14 (Independent subspaces). It is said that a set V,..., Vj of subspaces of some
linear space W is independent, if

vi, o dim(Vin (2,.5)) =0
The following claim is immediate from the definition.

Claim 3.15. Let Uy, ..., U and V1,...,V} be subspaces of some linear space W, and suppose that
Vi,..., Vi are independent and that U; C V; for every i. Then the subspaces Uy,..., Uy are also
independent.
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3.4.1 Useful properties of affine sources
Following are some useful properties of affine sources, that we make use of later.

Lemma 3.16. Let Vi,..., Vi be independent linear subspaces of some linear space W over Zs, of
dimension at most di + ds each. Also, let V be a subspace of Vi + ...+ Vi, of dimension at least
kdy. Then there exist subspaces Uy, ..., U of W, each of dimension at least di — kda, such that
U; CV; for every i, and that Uy + ...+ U, C V.

Proof. Let Py,..., P be the projections defined on Vi + ...+ V; by
Pi(v1 + ...+ vg) = v; (where v; € Vj for every j).

This projection is well defined. Denoting Uj; = P,(V)NV for every i, we have that U; is contained
in V; for every i. Also, since U; C V', we have that Uy + ...+ Uy C V.

It is left to show that the dimension of the U;’s is bounded from below by di — kds. We show
it for Uy, and for the rest of the U;’s it follows similarly. Note that the projection P; and the
projection (Ps + ...+ Py) are a partition of the identity on V; + ... + V. Using Lemma 3.12 and
the bounds on the dimensions of V' and of Vi,..., Vi, we obtain that

dim(U) = dim(P (V) N V) = dim(V) — dim((Ps + ... + Py)(V))

=dim(V) — dim(P(V)) — ... — dim(Px(V))

> dim(V) — dim(V2) — ... — dim(V%)

> kdy — (k —1)(d1 +da) > d1 — kda
as desired. ]
Corollary 3.17. Let Vi,..., V) be independent linear subspaces of some linear space W over Zs,
of dimension at most dy + da each. Also, let V' be an affine subspace of Vi + ...+ Vi +w for some
w € W, of dimension at least kdi. Then there exist subspaces Uq,...,U; of W, each of dimension

at least dy — kds, such that U; C V; for every i, and that V can be partitioned into translations of
U +...+ Uk.

Proof. Let v € V be any vector, and apply Lemma 3.16 to the subspaces Vi + ...+ Vp + w — v,
and V — v, obtaining Uy, ..., Uy with the required dimensions, such that U; C V; for all ¢, and such
that v e U1 +...4+ Ui +v C V. Now note that the space V — v and the space Vi +...+ Vi +w —v
are both independent of the choice of v € V. Therefore we may assume without loss of generality
that the U;’s are also independent of v, and therefore we have partitioned V into translations of
Ui+ ...+ Ui as needed. ]

Lemma 3.18. Let X be an n-bit affine source with r(X) > 0, and let Si,...,S, C [n] be a
partition of the coordinates of X into sets of size n/k each. If r(Xg,) <+ « for all i, then X is
a convex combination of affine sources X' where the blocks Xgl, .. vXISk are all independent, and
have entropy rate at least 6 — ko each.

Proof. Let us denote the vector-space {0,1}" over Zs by W, and let V = Supp(X). For every
i € [k], let P;: W — W be the projection that given v € W, leaves all coordinates of v whose
index is in S; unchanged, and zeros all other coordinates. Define Vi,...,V; by taking V; to be the
homogeneous translation of P;(V'), and note that the V;’s are independent subspaces of W. It is
easy to verify that for an appropriate w € W,

VaVi+..+Vi+wCW.

15



Since the entropy rate of each Xg, is at most J +«, the dimension of each V; is at most (0 +«a)%-
Also, since the entropy rate of X is at least §, we have that the dimension of V is at least n. We
can therefore apply Corollary 3.17, to obtain spaces U; of dimension at least (6§ — ka)n/k each, such
that U; C V;, and such that V is partitioned into translations of Uy + ...+ Uy.

In other words, we have that X is a convex combination of linear sources X', where Supp(X’)
is a translation of Uy + ... + Ug. It is easy to verify that for such a source X', the sub-blocks
X gl, o X gk are independent, and have entropy rate at least § — ka each. This concludes the
proof. O

The following facts concerning affine sources are proven by arguments similar to the ones used in
Lemma 3.16, Corollary 3.17 and Lemma 3.18, and are brought without proof.

Lemma 3.19. Let X be an n-bit affine source, and let Ry, Ry,..., Ry C [n] be a partition of the
set of coordinates. Suppose that HOO(X(U].NRJ.)]XRO) > K. Then for every a < 1 there exists an
i€ {l1,...,t}, for which -

| Ri

KrilXycimp) 2 - K- 7 =

(and therefore r(Xg,| X, r;) = @ (X2 1) | XRo)):

a’nd HOO(X(Uj>iRj)|X(U]'SiR]’)) 2 (1 - OZ)K - |R'L| ‘

Lemma 3.20. Let X be an n-bit affine source, and let Ry, Ro, R3 C [n] be disjoint sets of coordi-
nates. Then there exists an affine sub-source X' C X which satisfies

1. H®(Xp ) = H*(Xg,), (and thus Xp and Xg, have the same distribution,).
2. H®(Xp | X%, ) =0, (and thus Xp, is a function of Xp ).

3. HOO(X}¥3|X}%1UR2) = HOO(XRS|XR1UR2) )
(and thus for every y € Supp(Xx, r,)s (Xg,|XRrur, =Y) and (Xgy|XRr,ur, = y) have the
same distribution).

Lemma 3.21. Let X be an n-bit affine source, and let R1, Ry C [n] be disjoint sets of coordinates.
Then there exists an affine sub-source X' C X, such that

1. Xy, and Xy, are independent,
2. HOO(X%{l) > HOO(XR1) - ’R2’7
3. HOO(X}%Q) = HOO(XRQ‘XRl)'

4 A Constant-Seed Condenser

Loosely speaking, a condenser is a function that maps strings of length n into several strings of
shorter length m such that if the input string comes from some distribution with entropy rate d,
then the entropy-rate of one of the shorter strings is higher than 6. A constant-seed condenser is a
condenser where the number of such shorter strings is a constant. We prefer to take the view that
the concatenation of all these blocks is somewhere-condensed (as per Definition 3.3). The formal
definition of a condenser follows:
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Definition 4.1 (Somewhere Condensers). A function con : {0,1}" — {0,1}™*¢ is called an
l-outputs somewhere condenser with expansion factor p = p(r(X)) and distance € = €(r(X)), if for
every n-bit source X, con(X) is somewhere e-close to having rate at least min{ p - r(X), 0.99}.

We will construct a condenser that condenses any d-source to a source that is somewhere very
close to having rate at least 0.99. The heart of this construction is the following basic condenser
which condenses any J-source to rate 6(1 + €2(6)), using only four blocks.

Theorem 4.2 (Basic condenser). There exists a constant a > 0 and a polynomial-time com-
putable somewhere condenser beon : {0,1}" — {0,1}/3*4 which works for every source X, has
expansion factor p =1+« -8 (where § = r(X) > n~Y/4) and distance e = 270",

Proof. We start by assuming that n = 3p for some prime p. We later explain what we do in the case
that n is not of this form. For x = (1, 22, 23) € {0, 1}*” we define bcon(z) = (x1, z2, x3, 1 -T2 +13).

Let X be a d-source over {0,1}%P. Let § = ad/1000, where aq is the constant obtained in
Lemma 3.8. Note that Lemma 3.8 guarantees that for every three independent §(1 — 106)-sources
Ay, Ay, Az over GF(2P), the distribution A;- Ao+ Az is 2719%P_close to having rate at least §(14-106).
We will show that there is a random variable I = I(X) such that bcon(X); is 279%P-close to having
rate at least (14 6)4.

We assume without loss of generality that X is a flat source, since it is enough to prove the
theorem for such sources, and so we can identify X with the subset of elements on which it is
supported. For i € [4] define H; C GF(2P) to be the set of “heavy” elements of the distribution
beon(X);. That is, H; = {y € GF(2P) | Pr[bcon(X); = y] > 2~ (0%} Note that for every i € [4],
|H;| < 204092 1f Pr[3; s.t. beon(X); & H;] > 1 — 279 then we're done, since we can define for
all but an exponentially small fraction of the x’s the index I(z) to be the smallest i € [4] such that
beon(x); ¢ H;. Clearly, regardless of how I is defined on these few “bad” z’s, we get that bcon(X);
is exponentially close to having rate > (1 + 6)0.

Therefore, we may assume that Pr[V;bcon(X); € H;] > 27997 Since X is a flat source this just
means that

235;0
‘{x:(xl,xg,x3)€X|$EH1 XHQXH3,931~562+903EH4}‘ > = 2(3-0)0p (4)

= 2HTp -

Let X’ denote this set, which is a subset of X NH; x Hy x H3. We observe that Equation 4 implies
that |Hy| > 207309 since otherwise we’ll have | X'| < |Hy|-|Ho|-|Hz| < 201-30)0p2(1+0)opo(1+0)op —
2(3-0)%p  Using the same reasoning |Hs|, |Hs| > 2(1=39%  We define A;, Az, A3 to be three inde-
pendent random variables over GF(2P) where for i = 1,2, 3, A; is the flat distribution over the set
H;. Note that for every i = 1,2, 3, the random variable A; is at least a §(1 — 36)-source over GF(2P)
(since |H;| > 2(1=30)9P) By Equation 4, it holds that

P [A 4 A = ] ‘X” 9(3—0)dp 9(3—0)ép ) 166p (5)
r . + e = Z Z — -
142 3 4 |Hy| - |Hs| - |Hs| |Hi| - |Ha| - |H3| (2(1+9)p)3
However, for every (§ + 106)-source Y over GF(2P) it holds that
Pr[Y € Hy] < ‘H4,2—(1+109)5p < 9(1+0)pg—(1+100)3p _ 9—965p (6)

Equations 5 and 6 together imply that the statistical distance of A; - Ay + A3 to every 6(1 + 100)-
source Y is at least 27400P — 2990 » 9=400p—1 " contradicting Lemma 3.8.

In the case n is not of the form n = 3p for a prime p, we first pad the input with zeros to length
n’ for the smallest n’ > n such that n’ = 3p. By Fact 3.9, n’ < n + 3n3/%. Since the entropy of X
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is unchanged by this padding, we get that the rate of X as a random variable over {0, 1}”/ is equal
to 0.7 > 1+37i+1/4' By applying the condenser this rate is going to grow by a multiplicative factor

of 146 =1+ Q(J) which (since n=/* <« §) will dwarf this factor of m. O

We note that the results of [BIW] are somewhat stronger for a field of prime order than for
the field GF(2P) (i.e., a growth factor of 1 + (1) instead of 1 + Q(d)). However, we don’t use
these stronger results since we are not aware of a deterministic polynomial-time uniform algorithm
that on input n outputs a prime of length n bits (or at least a prime with length in the range
[n,n + o(n)]).1?

4.1 Composing Condensers

In this section we show that we can compose a condenser with expansion p and ¢ blocks together
with a condenser with expansion p’ and ¢ blocks to obtain a condenser with expansion p - p’ and
¢ - ¢ outputs.

Combined with Theorem 4.2 this implies that we get a condenser with arbitrarily large expansion
factor (as long as the output is below 0.99 entropy rate) using only a constant number of blocks.

Lemma 4.3 (Condenser composition). Let:
1. con: {0,1}" — {0,1}™*¢ be a somewhere condenser with p expansion factor and distance e.

2. con’ : {0,1}™ — {0,1}™*¥ be a somewhere condenser with p' expansion factor and distance
€', where p- p’ < 0.99.

Define the ¢ - '-block condenser con’ o con as follows: for (i,i') € [¢] x [¢'] the (i,i')-th block of
con’ o con(x) is conl, (con;(x)). Then con’ocon : {0,1}" — {0, 1} X)) is a somewhere condenser
for §—sources with p - p' expansion factor (where p = p(d) and p' = p'(pd)) and distance € + €.

Proof. Let X be some d-source (where p/pd < 0.99, for p = p(d) and p’ = p/(pd)) and consider the
random variable I = I(X) over [¢] such that Y = con(X); is e-close to a dp-source Z (such an [
exists since con is a p-condenser). Since con’ is a p’-condenser, there exists a random variable I’
such that con’(Z)p is €-close to having rate at least p’pd, thus if we plug in Y instead of Z we get
that con’(Y)p = con’ o con(X) 1y is € + € close to having rate at least ppd. O

Using composition for every constant > 0, we can condense a distribution with rate § to having
entropy rate of 0.99. (In fact, our arguments work even if ¢ is slightly sub constant.) Lemma 4.3
together with Theorem 4.2 easily imply the following result.

Corollary 4.4. For every 8 there exists £ = 290/9) = 2701/ and a0 290/ poly(n)-time
computable somewhere condenser con : {0,1}" — {0, 1}™*¢ which works for distribution with rate
& and gives output which somewhere 2~ _close to having rate 0.99.

We remark than Ran Raz [Raz] had obtained independently a proof of Corollary 4.4 (although
not of Theorem 4.2) which also uses the [BIW] construction but in a different way.

'5Such an algorithm does exist assuming the Extended Riemann Hypothesis.
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Obtaining Arbitrarily Small Block Lengths. In some cases, given a condenser con : {0,1}" —
{0, 1}mx£ with a block size of m, we may want to obtain a condenser blocks of smaller size m’ < m
(where we can always assume without loss of generality that m’ divides m). This will be easy
to do by simply splitting each m-sized block into several disjoint pieces of size m’, thus getting a
condenser - ™ blocks of size m’. By the following proposition, one of these disjoint subblocks will
have (roughly) at least the same rate as the original block.

Proposition 4.5. Let X be a 6-source over {0,1}"™ and suppose that X is equal to the concatenation
of k random variables X1, ..., Xy each of length m’. Let € > 0. Then there exists a random variable
I over [k] such that X1 is 27" -close to having rate at least § — e.

Proof. Assume X is a flat distribution (i.e., X is the uniform distribution over a set of size at least
20m) For i € [k], define H; as the “heavy” elements of X;, that is H; = {y € {0,1}" | Pr[X; =
y] > 27— 1 Then, what we need to prove is that Pr[X € H; x --- x Hy] < 27", But this
immediately follows from the fact that |H;| < 20=9™" and so [Hy|- - - |Hj| < 200-9, O

Using Proposition 4.5 together with Corollary 4.4 we can get the following condenser that
condenses a distribution over {0,1}" with entropy rate d into a distribution over {0,1}" that is
close to having rate (say) 0.97.

Corollary 4.6 (Final condenser). For every § > 0, there exists constant v(5) = 2-90/9)  such
that for every constant 3 < v there exist constant { = {(,3) and a polynomial time computable
somewhere condenser con : {0,1}" — {0, 1}9"%¢ which works for distributions with rate § and gives

output somewhere 2-°B" _close to having rate 0.97.

5 A 2-sample Somewhere-Extractor

In this section, we construct a 2-sample somewhere-extractor, which is a function that given inputs
from two independent n-bit sources with rate at least § (where § is an arbitrarily small constant
and can be even slightly sub-constant) outputs a somewhere-uniform distribution. We recall that
distribution X over {0, 1}™*¢ is somewhere-uniform with ¢ blocks if there exists a random variable
I over [(] (dependent on X) such that X; = U,. The main facts that we will use regarding
somewhere-uniform distributions are summarized in the following claim.

Claim 5.1 (Properties of somewhere-uniform sources).

e If X is somewhere-uniform distribution over {O,l}m” then it has high min-entropy, i.e.,
H>®(X) > m —logl. Indeed, note that H*(X,I) > H>*(X1) and H*(X) > H®(X,I) —
log|I|. In fact, we will always consider somewhere-uniform distribution X where the number
of blocks 0 is small enough compared to the block-size m and so r(X) > 0.99.

e Given a somewhere-uniform distribution X over {0,1}™*¢ and m’ < m we can obtain a
somewhere-uniform distribution X' over {0, 1}"‘/%, by simply truncating each block of X to
. !/
size m'.

o Let X be a distribution over {0,1Y™*¢ such that there exists a (dependent) random variable
I such that Xy is e-close to uniform. Then, by Proposition 3.4, X is e-close to a somewhere-
uniform distribution.
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Figure 5: A 2-Sample Somewhere-Extractor

Definition 5.2 (Two-sample somewhere-extractor). We say that
sexty, : {0,1}™ x {0,1}"2 — {0,1}™*¢

is a somewhere-extractor with rate requirement ¢ and distance € if for every two independent
distributions X over {0,1}" and Y over {0,1}"? with rates at least 0, sext(X,Y) is e-close to a
somewhere random distribution. The index m indicates the length of the block in the output and
we will frequently omit it when its value is clear from the context.

A fixed y € {0,1}"2 is good for X if sext(X,y) is e-close to a somewhere random distribution.
Similarly, a fixed x € {0,1}™ is good for Y if sext(z,Y) is e-close to a somewhere random
distribution. We say that sext is a strong somewhere-extractor with the same parameters as
above if for every X, Y as above,

Pr [y is good for X] >1—¢
YERY
and
Pr [z is good for Y] > 1 —e.
zeERX
The main result of this section is the following theorem which claims that for every constant
0 there is a somewhere random extractor that works for sources with rate § and has a constant
number of output blocks.

Theorem 5.3 (Somewhere-extractor). For every fizred § > 0 and 0 < v < 1, there are con-
stants £, B,m > 0 and a polynomial-time computable £-output strong somewhere-extractor s.ext,, :
{0,1}" x {0, 1} — {0, 1}™*¢ that works for all m < Bn and sources with rate § and has distance
€< 27,

Note that a special case is v = 1 in which the two input sources are of the same length.
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The construction. The outline of our construction is sketched in Figure 5. Roughly speaking,
the idea behind the construction is to use the condenser derived from Corollary 4.6 to obtain from
each source a list of blocks one of whom has entropy rate at least 0.97. We then apply to every
possible pair of blocks the previously known construction of a two-sample extractor that works for
sources with rate larger than % (i.e., for every choice of a block from the first source and a block from
the second source we run the two-sample extractor on both blocks and output the results). The
number of blocks in the output is the product of the number of output blocks of two condensers.
Another tool which we need, in addition to Corollary 4.6, is the following result on two-source
extractors.

Theorem 5.4 (Two-source extractors [CG, Vaz, DEOR]). For every integer n there exists
k = Q(n) and a polynomial-time two-sample strong extractor Had : {0,1}"*% — {0, 1}*¥ which works
for sources with rate at least 0.6 and has distance 22,

To construct Had one can take n X m matrices Ay, ..., Ay over GF(2) with the property that sum
of every subset of them has high rank, e.g., cyclic shift matrices. Then for any two n-bit vectors
x, y the output of the extractor is string (x - Ayy,...,z - Axy), where both inner product and
matrix-vector multiplications are over GF'(2).

Proof of Theorem 5.3. Given the parameters 6 and v let v = v(§) be the constant from Corollary 4.6.
Let ny =n, no = yn, B1 = yv and By = v. Apply Corollary 4.6 to obtain two condensers conj, cons
using for each i € {1,2} the parameters d,n;, 3;. Each condenser con; has distance ¢; = 92— O(Bini)

and outputs £; blocks of length n’ = Bin; = yvn, which is the same for both condensers. Let
Had,s be the two source extractor of Theorem 5.4 with input length n’. Our somewhere random
two sample extractor will have ¢ = ¢; - {5 blocks. For every j = (ji — 1)la + j2 with j; € [¢;] we
define

&eXt(:El, (Eg)j = Hadn/(conl (:L’l)jl, cong(arg)jQ)

By definition, the length of every output block is Q(n’) = Bn for some constant 3 > 0. Let
X1, X be distributions with rate ¢ over {0,1}"™ and {0,1}"2 respectively. For i € {1,2}, by
definition of con;, there exist random variable I; such that con;(X;);, is € close to have rate
0.97 > 0.6. This implies that s.ext(Xy, Xo)r, I = (I1 — 1)l + I is e-close to uniform distribution
for e = (el +€9 —1—2*9(",)) = 279(") | Therefore the output of the extractor is e-close to a somewhere
uniform distribution. Moreover, using the fact that Had is a strong extractor it is easy to check
that s ext also have this property. Since n’ = Q(n), we conclude there exist a constant > 0 (that

depends on § and ) such that e < 277", Finally we truncate the output blocks to length m to get
sext,,. O

6 A 3-source Extractor

In this section we describe a three source extractor for sources with linear entropy. We prove the
following result, which is the first construction of an ¢-source extractor that works for sources with
rate ¢ such that constant £ - § can be made arbitrarily small.

Theorem 6.1 (3-source extractor). For every constants d,¢ > 0 and m € N, and for every suffi-
ciently large integer n there exists a poly(n)-time computable 3-source extractor 3ext : {0,1}"*3 —
{0,1}™ with rate requirement § and distance €.
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The two tools we use in this construction is the somewhere random extractor of Section 5 and
an optimal two source extractor with very small input size. Such an extractor can be constructed
using essentially exhaustive search. The details are given in the next section.

6.1 An optimal 2-source extractor

A probabilistic argument shows the existence of a two source extractor with very low min-entropy
requirement. For small input lengths we can efficiently find it by exhaustive search. The next
Lemma describes the extractor we use in our construction.

Lemma 6.2 (Optimal Extractor). For every integers d and m = |logd], there exists a 254" -
time computable 2-source extractor opt : {0,1}%*2 — {0,1}™ with 6log d-entropy requirement and

distance 1/d.
This result follows from a more general lemma that involves some additional parameters.

Lemma 6.3. Let m < k < d be integers, and let € > 0. There exist some constant a > 0 such that
if k > logd + 2m + 2log(1/€) + a then there exists a 254 2% time computable 2-source extractor
opt : {0,1}9%2 — {0, 1}™ with k-entropy requirement and distance e.

Proof. We first give a probabilistic argument that such an extractor exists, and then find it by
brute force. Let M = 2™, D = 2% and K = 2*. Let A be a randomly chosen D x D matrix with
entries in {0,1}™, where the D?*m bits used as an entries of A are K?m-wise independent. We
show that with positive probability the function opt(x,y) = A, is an extractor with the required
parameters. We say that R is a rectangle if R € ([I[g]) X ([g]). We first show that for every rectangle
R, nonzero v € {0,1}" and € > 0

2K2
Pr U 3 (-S| s K%/M] < e UG (7)
(i.J)ER
For every (i,7) € R and nonzero v € {0,1}™ define a random variable B;; = (—1)<4i:*> and

let B =3 ep Bij- Note that E[B] = 0. Moreover, since every K 2 entries of A are independent,
we have the independence of variables B;;. Therefore the Chernoff bound implies that Pr [|B| >

eK2/M] < UG,

We say that A passes R and v if ‘Z(i7j)eR(—1)<Aij7”>’ < K?¢/M. By a union bound over
all rectangles and nonzero vectors we get that the probability that there exist a rectangle R and
nonzero v such that A does not pass R and v is bounded by

<D)2 M 6_9(%) < 23Kd—Q(€i4—K;)
K <

It is easy to verify that there exists some constant ¢ > 0 such that the right side of the above
inequality is smaller than one when K > ‘3‘16—]‘2/[2. This holds for k > logd + 2m + 2log(1/¢) + O(1).
Thus, there exists a matrix A’ which passes all rectangles and all vectors v. Let opt(z,y) = A}, .
We now verify that opt is a 2-sample extractor with k-entropy requirement and distance e. It is
sufficient consider only pairs of independent sources where each component is a flat distribution.
Each such pair of sources is uniformly distributed over some rectangle R. Fix such an R and let
Y denote the output distribution of opt on R. For every nonzero v € {0,1}™ we have that the
expected bias of Y in v is [E[(—1)<¥"*>]| < ¢/M. Thus, the distribution Y is ¢/M-biased and by
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y = sext(x1,z2) z = sext(xs, z4)

T

Figure 6: A 4-source extractor

opt(y, 2)

the Vazirani XOR-lemma [GoL], we have that Y is e-close to uniform. This shows that opt indeed
is an extractor.

To find a matrix which passes all rectangles and vectors we go over all possible matrices A in
the appropriate sample space. There are efficient constructions of such a space that are of size
(D2m)K2m. For each matrix we check all rectangles and vectors, altogether (113)2 - M choices.
Finally for each such choice we check whether (7) holds in time K?m. Thus, the total time we need
is bounded by

2
(D2m>K2m_ Gg) M- K?m < 93d?-22F+d- 2" +m+3k < 9bd?- 22"

6.2 An Appetizer: A 4-Source Extractor

Before proving Theorem 6.1 we prove a slightly relaxed version of it, which demonstrates the main
idea behind the proof. That is, we prove that there exists a 4-source extractor with the same
parameters. The construction of this extractor is quite simple.

The construction Given the constants §, e and m we choose d large enough to satisfy:
o 1 < £ (recall that € is the desired statistical distance)
e logd >m
e d/l—logl>6logd.

Next set v = 1 and apply Theorem 5.3 to get a somewhere random extractor for two equal length
sources with entropy rate d. Let ¢, 3 and 1 be the constants whose existence is guaranteed by the
theorem and note that since n is large Bn > d/¢. We obtain a somewhere random extractor s ext ,
that outputs ¢ blocks of length d/¢ which are 2"-close to a somewhere random distribution. The
total length of the output of sexty/, is d.

Let opt be the “optimal extractor” from Lemma 6.2 with input length d. As d is a constant it
follows that opt can be computed in constant time. Note that the output length of opt is logd > m,
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y = sext(x1,z2) z = sext(xg, x3)

opt(y, 2)

Figure 7: A 3-source extractor

so we can truncate it to length m. Our 4-sample extractor exty : {0,1}"** — {0,1}™ is defined as
follows (see also Figure 6):

4dext (371, x9, X3, :L’4) = opt (&extd/g(:vl, xg) , &extd/g(xg, 334))

Proof. Let Xj,..., X4 be independent distributions over {0,1}"™ all with entropy rate at least
5. We have that sext(X, X2) is 27"-close to a somewhere random distribution with ¢ blocks.
Recall that a somewhere random distribution with ¢ blocks of length d/¢ has min-entropy at least
d/t —logl > 6logd. It follows that s ext(Xi, X2) is 27" -close to having min-entropy 6 logd and
the same holds for s ext(X3, X4). Thus, we apply opt with two independent distributions which
meet its entropy requirement and can conclude that the output is (2-27"" +1/d)-close to uniform.
We have that 1/d < €/2 and therefore for large enough n, 2 - 27" + 1/d < ¢, as required. O

6.3 Down from 4 sources to 3

To construct a 3-source extractors we use the fact that our somewhere random extractor is in fact
strong. Using this property we are able to show that we can “reuse” one of the sources without
harming the input distribution.

The construction: Given the constants §, ¢ and m we choose the parameters as in the construc-
tion for 4-sources. Our 3-source extractor is given by:

3ext(z1,x2,x3) = opt (&extd/g(xl,:cg) , &extd/g(xg,x3)>

Proof of Theorem 6.1. Let X1, X2, X3 be independent distributions over {0,1}" with entropy
rate at least §. Recall that s ext is a strong somewhere random extractor, and recall the notion
of a “good” input from Definition 5.2. For i € {1,3}, let B; = {z: x is bad for X;}. We have
that Pryepx,[x € B;j] < 27", Let B = B; U Bs. It follows that if we fix random value of x5
then with probability 1 — 2 - 277" we obtain that xo ¢ B. For every such fixed zo ¢ B, the
distributions s ext(Xj,z2) and sext(xy, X3) are independent. Furthermore, each one of them is
27M_close to a somewhere random distribution with ¢ blocks of length d/¢. As in the case of 4
sources, such a distribution meets the entropy requirements of opt and therefore for all zo ¢ B,
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opt (s.ext (X1, z2), sext(ze, X3)) is (2-27" +1/d)-close to uniform distribution. This implies that
opt (s.ext (X1, X2), s.ext(Xa, X3)) is (4 - 27" + 1/d)-close to uniform. Once again, we note that
(4-27" 4+ 1/d) < € for large enough n. O

7 A 2-Source Disperser

In this section we present one of our main results. For every constant § > 0 we construct a 2-source
disperser which works for sources with rate 0. More precisely we prove the following stronger
statement.

Theorem 7.1 (2-source disperser). For every two constants § > 0 and m € N there exists
a polynomial-time computable 2-source errorless disperser disp : {0,1}"*2 — {0,1}™ with rate
requirement 6. Moreover, there exists a constant ¥ = ¥(m,d), such that for every two sources X, Y
with rate at least 6 and for every z € {0,1}™ we have

Pr[disp(X,Y) =z] > 9.

Using this result for m = 1 one can obtain a new explicit construction of bipartite Ramsey
graphs.

Corollary 7.2. For every constants § > 0 there there exists a polynomial-time computable 2-edge
coloring of the complete bipartite graph Ky n such that every induced subgraph of size NO by N°
has a constant proportion of edges of both colors.

To prove this corollary, let V3 = Vo = {0,1}"™ be two sets of vertices of size N = 2". Define
a 2-coloring of the edges of the complete bipartite graph Ky n with parts V; and V5 as follows.
The color of an edge (z,y),z € Vi,y € V, is disp(x,y). Then the above theorem implies that
for every two subsets A C Vi and B C Vj of size at least N° = 2°" and for every color, the
constant proportion of edges between A and B has this color. In particular, this coloring has no
monochromatic induced subgraph of size N° by N°. This is the first known construction of such
coloring with constant § < 1/2.

Given 2-edge coloring f : N x N — {0,1} of Kn n construct the following 2-edge coloring of
complete graph on N vertices. For every z < y the color of the edge (z,y) is f(x,y). Note that if in
the original coloring every induced subgraph of Ky y of size M by M had a constant proportion of
edges of both colors, then the new coloring has the property that every induced subgraph of Ky of
size 2M also has constant proportion of edges of both colors. Therefore, for any constant § we have
a polynomial-time computable 2-edge coloring of the complete graph Ky such that every induced
subgraph of size M = N? has a constant proportion of edges of both colors. Though the result
of Frankl and Wilson [FW]| gives explicit construction of Ramsey graphs with better parameters,
it can only guarantee that no set of appropriate size is monochromatic. Therefore we obtain a
qualitative improvement of Frankl-Wilson construction.

7.1 The Construction

The construction of our disperser uses the same ingredients used in the proof of Theorem 6.1 but
in a more complicated way. Let us fix n and § as in the condition of the theorem, and let x and y
be two n-bit strings. We need to compute disp(z,y).
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Partitions. Our construction uses various ways to partition the input strings x and y into three

parts. We divide [n] into ¢ = 10/6 equal parts of length 6n/10. (We assume from now on that
t divides n. This is without loss of generality as we can always add dummy bits to inputs z and
y to make the requirement hold, at the cost of only slightly decreasing §.) We use the notation
x[i] to denote the i’th block of . (We will think of z[1] as the rightmost block an of z[¢] as the
leftmost block). For each i € [t] we consider a partition of [n] into three segments in the following
way. The first segment I; consists of the blocks 1,...,7 — 1. The second segment Is consists of
the block i and the third segment I3 consists of the blocks i 4+ 1,...,¢. (It is possible that some

segments are empty.) We use the notation % </ m}j to denote the restriction of x to the indices
in the j’th segment. We often omit 4 if it is clear from the context. A partition I is a pair (iz, iy)

that is used to partition two strings z,y € {0,1}". More precisely, given a partition I and strings

def o p e s
(x,7) € {0,1}"*2 we define xf 2] z and y]I = y;” We often omit [ if it is clear from the context.

A partial order on partitions. We define a partial order < on the partitions in the following
way: Given two partitions I = (iy,4y) and I' = (il iy) we say that I < I"if i, <l and iy <1,

Outline. The general operation of our disperser will be as follows:

1. For every partition I we will define a polynomial time procedure disp;(x,y) in some way.
The final output of the disperser will be disp;(x,y) for some partition I that will be chosen
as a function of x and y. We next explain how to choose the partition I.

2. For every partition I we will define a polynomial time procedure test;(z,y) that outputs a
Boolean value. We say that the partition “passes” the test if test(x,y) accepts.

3. The operation of the disperser is as follows: When given the inputs z, y, we go over all parti-
tions I and compute test(x,y). We choose the partition I that is maximal with respect to
the partial order < amongst the partitions that passed the test. (if there is no unique maxi-
mum then we choose arbitrarily between maximal partitions). Finally, we output disp;(z,y).

We now describe the operation of the disperser in detail. We will intersperse the description
with remarks explaining the intuition. The formal analysis will follow the description.

Preliminaries and parameters Recall that we are given constants § > 0 and m (where m is
the required output length), and that |z| = |y| = n. Our construction works as long as n is large
enough as a function of § and m.

By Theorem 5.3 we have a somewhere random extractor for any two sources such that their
size ratio is a constant, and for any entropy rate § > 0. From now on we will abuse the notation
and use s.ext on input size varying from §%n to n and entropy requirement varying from §°n to
n. Note that there exist a constant ¢ that is an upper bound on the number of blocks for all such
applications. We always assume that the number blocks is £ by adding dummy blocks if necessary.
Furthermore, we have that the error is at most 277" for some constant n > 0 for all applications.
Thus, we can assume that the error is smaller than any constant for large enough n. Recall that
s_ext, denote the somewhere random extractor with output block length b.

We use Lemma 6.2 to obtain a 2-source extractor opt : {0,1}%%2 — {0,1}™ with a constant d
large enough so that logd > 10m and %—logﬁ > 10log d. These requirements are essentially similar
to those made in Section 6.2 and guarantee that opt can be applied on the output of sexty,.
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u = sext(ry,y2) v = sext(xe,y1)

opt(u,v)

Figure 8: The output disp;(z,y) with respect to partition I.

The procedure disp;(z,y). Given a partition I, we define:

disp;(,y) = opt(sexty/(z1,y2), sexty/(y1,12))

This procedure (see also Figure 8) is essentially the 4-source extractor of Section 6.2 when applied
on x1,Y2,T2,y1. (A technicality is that these inputs have different lengths). Loosely speaking,
we will show that in a “correct partition” these 4 sources are “independent enough” so that the
construction yields a disperser.

Intuition behind this choice. If X is a random variable over {0, 1}", we denote by X the first
part of X according to the partition I, and define similarly Xo, X3, Y1, Yo, Y3. Intuitively, we will
later devise the goodness condition to ensure that in a “good” partition both the distributions Xs
and Y3 will have more than 6%n > §n entropy in them and that the the distributions X3 and Y3
will have essentially zero entropy. Thus, even after conditioning on X3, X3, Y2, Y3, the distributions
X1 and Y; will still have at least gn entropy in them (since the size of x5 and ys is always at most
1%71 and hence can take at most %n entropy). In this case, if we fix Xy and Y3 to “typical” values
x2 and yo then zo will be a good seed, with respect to s_ext, for the distribution Y1|Y2 = y2 and yo
will be a good seed for the distribution X1| Xy = 3. Once x5 and y9 are fixed these distributions are
independent, and hence the outputs of the two somewhere-uniform extractors will both independent
and with high entropy. Thus we will get a uniform output when we apply the optimal extractor to
them.

The procedure test;(z,y). Given a partition I, we define test;(z,y) as follows:

1. Coose k to be large enough constant which we specify later. Let ¢; = sexty(xs3,y), ca =
sexti(ys,z) and let ¢ be the concatenation of ¢; and cy. Note that |¢|] = 20k since the
number of output blocks in all somewhere-extractors which we using is £. We refer to ¢ as

27



the “challenge string” of x,y for partition I. If x3 is of length zero in the partition I then we
let ¢; be some fixed string and similarly we let co be a fixed string if ys3 is of length zero. If
I is the full partition (i.e., both z3 and ys3 are of length zero) then test;(z,y) = 1 regardless
of z and y.

2. For a substring & of  which is of length 6°n and whose starting index is an integer multiple
of §3n and a substring § of y with the same properties, we let Cz,9 = s.extoy(Z,9). Note that
there is at most a constant number of such possible pairs of substrings. We refer to c; 4 as a
“guess string”.

3. If there exist substrings ,§ such that c is a sub-block of ¢z 5 then we say that the challenge
is responded and set testr(z,y) = 1. Otherwise, test;(x,y) = 0.

Intuition. X3 and Y3 contain very little entropy. Intuitively, if either of X3 or Y3 contain a
more than 6°n entropy then ¢ should not be predictable using the substrings & and § which are
of length 4%n. Note that the requirement that X3 and Y3 contain no entropy holds trivially in
the case of the full partition (where z3 and ys have length zero). Indeed, in this case we always
return 1. However, the partition we will be interested in will be the mazimal partition under <
that satisfies the goodness condition, and, as we will show, in this partition X5 and Y, will also
have non-negligible entropy (indeed, otherwise they could have been added to X3 and Y3).

7.2 The proof

7.2.1 The outline of the proof

We will prove that our disperser works by proving the following claim:

Claim 7.3. For every X,Y independent random variables over {0,1}" with H*(X), H*(Y) > dn
there exist independent sub-sources X C X andY CY and a partition I such that

1. dispf(f(, Y) is 272" _close to uniform.
2. The partition I is selected with probability 1 —272™ on (x,y) €x (X,Y).

Theorem 7.1 immediately follows as we have that disp j(f( ,17) assigns positive probability to
any z € {0,1}", and this probability can only increase when considering the initial sources X and
Y.

While Claim 7.3 suffices to prove Theorem 7.1. We will prove a stronger claim that actually
shows that the “good subsources” have large density in the original subsources. The next claim is
slightly more technical to state.

Claim 7.4. For every § > 0 and integer m there exists a constant v = v(§,m) > 0 such that
for every independent random variables X,Y over {0,1}" with H>®(X), H*(Y) > on there exist
independent subsources X C X and Y C Y such that X and Y have density at least v in their
respective sources, and furthermore X and Y are both convexr combinations, such that for every
pair of components X of X and Y of Y There exists a partition I such that

1. dispi(f(,f/) is 272 _close to uniform.

2. The partition I is selected with probability 1 —272™ on (z,y) € (X,Y).
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Note that Claim 7.3 immediately follows from Claim 7.4, by considering some fixed pair of
components X and Y. We stress that Claim 7.4 gives a stronger notion of a disperser. The
definition of dispersers allow that in the output distribution there is one heavy element z while the
probability {0,1}"\ {z} can be very small. In contrast, Claim 7.4 gives that there exists a constant
¥ = 1¥(m,d) > 0 such that for every z € {0,1}™, the probability assigned to z by the output of the
disperser is at least 9.

7.2.2 Properties of subsources

In Claim 7.4 we explained what we expect to get from the subsources X, Y. We now list properties
of subsources that will suffice to prove the claim.

1. test f(X , }7) accepts with probability one.

2. H®(Xy) > S H®(Yy) > &1,

3. H¥(X1) = {46, H*(V1) = {5
4. With probability 1 — 272" test(X,Y) rejects all partition I’ such that I’ 4 I.

The second item in Claim 7.4 easily follows from the first and last items above. We now show
that the first one also follows. This is essentially similar to the 4-source extractor of Section 6.2.

Claim 7.5. Let X and 17, and I be a partition such that the properties above are fulfilled, more
precisely, such that

1. H®(Xy) > &n.
2. H®(X;) > &n.

3. H®(Ys) > Tn

4. H®(Y1) > {

Then dispi(X, Y) is 272" -close to uniform.

We prove Claim 7.5, in Section 7.2.5. The remainder of the section is devoted to proving the
existence of subsources with the properties listed above. In section 7.2.3 we state some technical
lemmas we need in the proof. We then give the proof in Section 7.2.4.

7.2.3 Technical preliminaries

A partitioning lemma We use a special notation for partitions that is more suitable for this
section. Given a string x of length n, consider the partition of x into t blocks of length n/t and
let x; denote the i-th block, x~; denote the concatenation of the first ¢ — 1 blocks, x~; denote the
concatenation of blocks 7 + 1,..,n and z>; denote the concatenation of blocks i, .., n.

Lemma 7.6. Let Z be a distribution over {0, 1}" with min-entropy k = én, and let o > 0 and let t
be the number of blocks. There exists a subsource Z' C Z with density at least 1 — « such that Z' is
a convex combination of components such that each component X of Z' satisfies that The density
of X in Z' is at least §; and in addition every X has an index i such that for every x € Supp(z):
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o H®(X;| X =24i) > % —logt —log(1l/a) — 2
o H®(X™!|X<;=1<) >3 — 2 _logt —log(l/a) — 2

Proof. Let pi(x) = Pr[Z; = xi|Z<; = x<;]. We note that for every z, the product of the p;’s is
smaller than 27%". Therefore, there must exist one i in which p;(z) < 27/, Let v = én/4t and
let

A; = {xi is the first index such that p;(x) is smaller than 27V}

The sets A; are a partition of the support of Z. We say that A; is “sufficiently large” if
Pr[Z € A;] > /2t and call i a “good index”. For a “sufficiently large” A; we say than an element
x € A; is “too small” if p;(x) < %2_(”/ t). For every “sufficiently large” set A;,

Pr[Z is too small for A;] < %2*("/” Lot <

«@
= 4t
We now define BAD to be the union of all sets A; that are not sufficiently large as well as all
elements x that are “too small”. Note that Pr[Z € BAD] < t- (a/2t) + - («/4t) < a. For the
good indices i’s we let B; contain all the elements in A; that are not too small. It follows that
Pr[Z € B;] > a/4t. Fix some good index i and let X to denote the distribution Z|B;.
An important observation is that X depends only on the first ¢ blocks. More formally, there
exist a set A of strings of length in/t such that x € B; if and only if x € Supp(Z) and z<; € A.
For the first item, note that for every = € B;,

PT[XZ‘ = l‘i|X<i = :L'<i] = PT[ZZ' = l’i|Z € X, Z<i = l‘<i]

Pr[Z; = xi|Z<; = v —(v—log t—1 -
S < o (v-log t-log(1/a)-2)
< PrlZ € B <pi(z) - (4t/a) <2

For the second item, note that for every x € B;
PI‘[X>Z' = x>i’X§i = a,’gi] = PI‘[Z>Z' = HJ>Z‘|Z € B;, Zgi = JJSZ']

Pr[Zs; = x>, Z<i = x<;] _ Pr[Z = z]
PI‘[Z € B;, Zgi = xgi] PI‘[Z € B;, Zgi = JZSZ‘]
2—571
<
- PI‘[Z € B;, Zgi = JJSZ‘]

Thus, it is sufficient to show that Pr[Z € B;, Z<; = x<;] is large. We use the fact that for
x € Bj, the event above is equivalent to {Z<; = x<;}. This is because whether or not Z € B;
depends only on the first ¢ blocks of Z. Thus,

PI‘[Z € B;, ZSi = ISZ'] = Pr[ZSi = IIZSZ‘]
= PT[Z<Z‘ = l‘<i] PI“[Zl = SUZ‘Z<1 = fL‘<i] > (2_U)i_1 . %2—(71/15)
Thus, overall the conditional min-entropy is at least on — (i — 1)v — (n/t) —logt — log(1/a) — 2.
Note that (i —1)v < tv < dn/4 and therefore the conditional min-entropy is at least 2 -6n— (n/t) —
logt —log(1/a) — 2. O

We now deduce the following corollary from Lemma 7.6 which is stated using the notation of
the previous section.
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Corollary 7.7. Let 6 > 0. For large enough n let X be a distribution over {0,1}" with H*(X) >
on. There exists a subsource X C X with density 1/2 in X such that X is a convex combination
of distributions such that each component X' of X has an index i, such that when partitioning [n]
to 3 segments according to iy:

° Xé 18 a constant distribution.

2
o H(Xp) > %

o H>®(X]) > %1
Proof. The Corollary follows by using t = 10/ in the Lemma above. Each subsource X we consider

all values z3 to X3. X can be expressed as a convex combination of distributions X’ where for each
x3, X' = X|X3 = x3. Note that these components satisfy the properties of the Lemma. ]

We also need the following corollary (that is stated for general ).

Corollary 7.8. Let d > 0 and t be some constants. For large enough n let X be a distribution over
{0, 1}"™ with min-entropy k = dn. There exists a subsource X' C X with density 1/8t and an index
i such that H®(X'[i]) > 2.

Subsources and min-entropy We also need the following Lemmas.

Lemma 7.9. Suppose that H*(X) > k, and let E be an event such that Pr[X € E| > p and let
X' be the subsource X|X € E. Then, H*(X') > k — logp.

Lemma 7.10. Let X1, Xy be random variables such that H>*(Xy) > k, |Xa| = r, then with
probability 1 — 277 over choosing ra € Xo,

HOO(Xl‘XQ = .’I}Q) 2 k—2r

7.2.4 Getting the subsources

We will gradually find smaller and smaller subsources until we reach the desired subsource.

Obtaining the partition. We first apply Corollary 7.7 on the sources X. We conclude that there
exist a subsource X! C X of density 1/2. Furthermore, this subsource is a convex combination
of subsources, such that for each component X’ of X! there exists an index 7/, such that when
partitioning [n] to three parts according to i, :

e X} is a constant distribution.

2
o H¥(X3) > % > 5¢t

o H®(X]) >

We do the same process on Y to obtain a subsource Y'! with components Y’ and indices z; For
every pair of components X', Y’ we associate the partition I = (i}, ;). We now consider a fixed
pair of components X', Y’ and their associated partition.
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Fixing the challenge. Recall that ¢; = sexty(z3,y) and ca = sexty(ys, ). Our next goal is
to restrict our attention to subsources in which ¢; and ¢y are fixed. We start with c¢g. We have
that Y3 is fixed and therefore the value of ¢o given by sext(Yy, X’) depends only on X’. There is
a fixing ¢} such that Pr[sext(Yy, X') = ] > 27!l which is a constant. Let E denote the event in
the probability above. We define X’ C X’ by X" = X|FE. As the probability of F is large we have
that the when restricting our attention from X’ to X” the first and second block lose only a few
bits of entropy.

We repeat the same process and fix ¢; to some value ¢} by restricting our attention to a subsource
Y” of Y. Thus, in X”,Y"” the value of ¢ = ¢1 o ¢3 is fixed to some value ¢’. We have that

e On the subsources X”,Y"” the value of the “challenge string” is fixed.

Finding a short substring & with sufficient randomness We now apply Lemma 7.8 on

the distribution X” dividing it to substrings of length 63n. There are t’ = /6% such blocks.

This distribution has min-entropy at least dn/4. By Corollary 7.8 we conclude that there exists
a subsource X" of X" of constant density (1/8t') and an index j such that if we denote the
4'th block in X" by X" then H*>(X") > §*n/20. As we have restricted X” to a subsource with

"

constant probability, we have by Lemma 7.9 that the entropy of X", X% only reduced by a constant
compared to X4, X3’
We repeat the same process for Y to generate a subsource Y with the same properties. Thus,

we have that:
2
. HE(XY) > 5
o H®(X!) > %”
e In the subsource X", Y the value of the “challenge string” c is fixed.

e There is a substring X" of X" of length 6%n, such that HOO()/(F’) > 5;—61.

Responding to the challenge. Recall that for every two short substrings 2,4 of x and y the
construction computes a “guess string” c¢;; = s.exton(Z,7y) and checks whether it “meets the
challenge” in the sense that it has the “challenge string” ¢ as a sub-block.

We now further restrict the subsources so that the guess string meets the challenge. We have
that both the substrings X" and Y have constant min-entropy rate. It follows, that when applying
s extog (X, Y"") we obtain a distribution R that is 27"-close to a somewhere random distribution.
This distribution has blocks of length 2¢k that is a constant. We have that there exists a random
variable J over [¢] (that depends on R) such that R is 277 close to uniform. Thus, R equals
the challenge ¢ with probability at least 2-1¢'l — 271 which is larger than some positive constant.
Thus, with positive probability the challenge c is responded. We now consider all possible fixings
of & of X" and ¢ of Y such that

e s extop(#,7) contains the challenge ¢’ as a sub-block.

) Pr[)/(m =7] > 27201 and the same requirement for the y’s.
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We notice that these pairs occur with constant probability under the choice of )/(/’\ZW For
each such pair we define the subsources X and Y of X" and Y as follows: X = X"/| X" = . We
define Y analogously. We define the I to be the partition associated with X’ and Y’ that we’ve
been using all along. It follows that test f(X' , f/) accepts with probability one, as the challenge is
always responded. Furthermore, the event E = {)/(’\” = 2} occurs with probability at least 2-20%n
Therefore, by Lemma 7.9, when moving from X" to X, the entropy of the the first and second
block decreases by at most 28%n bits. We thus, meet the requirements on the entropy of the blocks
stated in Section 7.2.2. That is we have that:

it 2
o H®(X,) > 3n.

° Hoo()?l) > 16—66

e test;(X,Y) accepts with probability one.

We now let X be the “union” of all sources X. More precisely, X is the convex combinations
of sources X for all choices of &, ¢ and all choices of components X’ of X! with the appropriate
weights. It follows that X has some constant density in X.

Avoiding “incorrect” partitions. Fix some subsources X, Y and the partition associated with
them I. Let I’ be a partition such that I’ £ I. We want to show that testp(X,Y) rejects

with probability close to 1. Let I = (iz,4,) and I’ = (i,1y). As I' A I we assume without loss

of generality that i/, > i, (the proof similar in the case iy > iy). We know that ng contains

randomness. Note that, this block is contained in Xi){,, and therefore
H>(XE) > 6%n/100

We now show that for every two substring of length 83n of X,Y which we will denote by X
and Y respectively, the guess c5 o fails to respond to the challenge with high probability.

By Lemma 7.10 applied on the variables X:{/, X , we have that with probability 1 — 2-9°n gver
choosing & €y X, o
H>® (XX =2) > 6*n/100 — 2630 > 6%n/200

Note that the same holds for the y part. For every such fixed values z, § we consider the distribution
P=X{'YV)X=2Y=4

It follows that the two blocks in this distributions are independent and have high min-entropy.
Therefore. when applying s exty(P) to compute c¢1, the output is 277" close to a somewhere
random distribution. Nevertheless, in P the “guess string” depends only on the two substrings and
is therefore fixed. It follows that the probability that the “guess string” responds to the challenge
is at most 327 for large enough n. Recall that we are still free to choose the constant k to make
this quantity as small as we like. There are a constant number of choices for partitions I’, and a
constant number of possible choices for substrings. We choose k to be large enough so that by a

union bound all of the partitions I’ and substrings, all challenges are not responded simultaneously
with probability 1 — 272™. This proves the last item in the list on Section 7.2.2.
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7.2.5 Proof of Claim 7.5.

Recall that disp;(z,y) = opt(sexty/(r1,y2), sexty/(y1,72)). Our goal is to show that opt is
applied on two independent distributions with sufficient entropy requirement. This will be achieved
for most fixings of X5 and Y.

We first apply Lemma 7.10 on the sources X1, Xa, we conclude that with probability 1
over choosing zs € X’g,

_9—6%n/100

H>®(X1| Xy = ) > dn/100 — 26°1,/100 > 61,/200

We say that xo is “useful” if the equation above holds for x5. We define a the set of “useful” yo’s
in an analogous way.

Recall that we apply a strong somewhere random extractor on x1,y». We say that a useful yo
is “good” with respect to z2 if ys is a good seed for the distribution X;|Xo = x9. For every value
of x5 the distribution has a constant rate of randomness. We conclude that for every xo,

Pr[Y; is good with respect to o] > 1 —27""

which implies that
Pr[Ys is good with respect to Xs] > 1 —27"

We deduce analogously that
Pr[X5 is good with respect to Y5] > 1 — 27"

Thus, with probability 1 — 22" over choosing (2, 2) €x (Xa,Y5) the pair that is chosen is a
“good match”, meaning that each one is good with respect to the other.

For such a fixed pair (z3,y2) we define X/ = X1|X2 =29 and Y/ = 171]};2 = 1. In words,
these are the subsources of X; and Y; relative to fixed za, yo.

We have seen that X’; has a constant rate of entropy. As ys is a good seed for X', we have
that s exty /g(X '1,y2) is a somewhere random distribution with ¢ blocks of length d/¢. Recall that
such a distribution has min-entropy d/¢ — log ¢ and we required that this quantity is larger than
10logd. The same reasoning gives that &extd/g(i;’l,:ng) has entropy larger than 10logd. Thus,
these distributions meet the entropy requirements of opt. We conclude that when we apply opt
on these distributions we obtain a distribution that is 1/d-close to uniform. Recall that we have
required that logd > 10m which gives 1/d < 2710m,

As the output is close to random for almost all fixings x2,y2 we conclude that disp f(X Y) is
within distance 2710™ 2. 277" < 272" from uniform as required.

8 Somewhere extractor for affine sources

In this section we describe a somewhere extractor that given an affine n-bit source X with entropy
rate d, produces a constant (depending on ¢) number of blocks of linear length in n, such that one
of the blocks is exponentially close to being uniform.

Definition 8.1 (Affine somewhere extractors). A function asext : {0,1}" — {0, 1}™*¢ is
called an f-outputs affine somewhere extractor with rate requirement § and error e, if for every
affine n-bit source X with entropy rate at least d, one of the output blocks of as ext(X) is e-close
to being uniformly distributed over {0, 1}™.
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Note that the above definition requires the output of an affine somewhere extractor to satisfy
a stronger condition than simply being e-close to somewhere uniform, since the uniform output
block is fixed. We can generate affine somewhere extractor because of the nice properties of affine
subspaces.

Theorem 8.2. There exist positive constants ¢c1 > 1 and ca, such that for any constant parameter
0 > 0 the following holds. Taking

t= 10 =ex (0 (5007))

and for every m satisfying

m < m(8) =n - exp (-o <1’§(1ﬁ)>> 7

there exists a polynomial-time computable {-outputs affine somewhere extractor asext(,,s)y with
rate requirement &, which outputs blocks of length m, and whose error is at most 271",

Overview of the construction. Let X be an affine source with entropy rate §, and let Sy, ..., S¢,.(1/5)e2
be an arbitrary partition of its coordinates into sets of equal size. The main idea behind the con-
struction of asext(,, ) (much like in the condenser presented in Section 4), is to consider the
cases where entropy is particularly dense within one of the blocks, and the case where it is “evenly
spread” among all blocks.

e Almost independent blocks. If the entropy rate in each block Xy, is exactly ¢ for all j’s,
then X is actually a concatenation of independent sources. We prove that this is roughly the
case even when max; {r(Xs;)} is slightly above ¢, namely if it is bounded by § +«a/(6) for some
function a. In this case we can use the [BIW] extractor to get the entropy out of X. One
of the blocks in the output of as exty, 5)), will therefore be obtained by applying the [BIW]
extractor to the sub-blocks in X.

e A concentrated block. If X does not fall in the previous category, then there must be
some S; block where the entropy rate is larger than § + «(d). Then it makes sense to
apply asext(,, si+aq(s)) recursively to that block. Since we do not know in advance which
is the “dense” block, we concatenate the output generated in case 1 with the outputs of
as ext(; 54+a(s5)), applied to each of the blocks Sj in X. This recursive construction ends
when § + «a(d) > 1, in which case X must be in case 1.

Let us now give the formal proof of Theorem 8.2.

8.1 Construction of a somewhere extractor for an affine source

We start with formal construction of as ext(,, 5. The output as ext(,, s (X)) consists of a concate-
nation of ¢ blocks of length m, that we will call output blocks to distinguish them from sub-blocks

of X. Set
502+1

(8)

) =
a( 46162 ’

and take k </ 2K (0), where c1, ¢ and K (0) are as in Theorem 3.7.

35



The initial partition. We partition X into sub-blocks, by taking Si,...,S; to be an arbitrary
partition of [n] (namely the set of coordinates of X') into k subsets of equal size.

The output blocks. The first output block in asext(,, s is obtained by applying the [BIW]-
extractor to Xg,, ..., Xg, with entropy rate parameter § — kc(d) (we prove in Claim 8.4 that there
are enough blocks to apply the extractor for the designated rate). The obtained block may contain
more than m bits (but not less than m bits, by Claim 8.5 below), in which case we take only the
first m bits of the output.

Now if § +a(d) > 1, then we are done constructing as ext(,, 5). Otherwise, the rest of the blocks
are obtained by applying asext(,, s1q(s)) recursively to each of the sub-blocks Xg,,..., Xg, . The
construction of asext,,s therefore forms a tree of sub-partitions and output blocks, where the
root contains the initial partition and the first output block, and each offspring contains a sub-
partition of one of the blocks in the parent partition, and the output block obtained by applying
the [BIW]-extractor to it.

8.2 Correctness of the Construction

To prove that the construction above is correct, we first show that it is well defined, namely that
the recursion ends, that the [BIW]-extractor is always applied with an appropriate number of blocks
for the designated rate parameters, and that the length of the block generated by each application
of the [BIW]-extractor is at least m. We then verify that the number of generated blocks is as
stated, and finally conclude by showing that one of the output blocks is close to random.

Let us start by showing that the recursion completes at some point.
Claim 8.3. The depth of the recursion is bounded by 4cicy - 6 (€21,

Proof. Note that «(d) is an increasing function in J, and that ¢ increases by «(d) each time the
depth of the recursion increases. Since the recursion ends when 0 + «(6) reaches 1, it follows that
the depth of the recursion is bounded by

O

The next claim shows that we partition the source into sufficiently many blocks for the application
of the [BIW] extractor, with respect to the specified rate. Due to the recursive nature of the
construction, it is enough to verify that for the first application of the extractor. Since the rate
parameter used in this application is § — ka(6), it is enough to prove the following.

Claim 8.4. Let c1, c2, and K be as in Theorem 3.7, and let k = 2K (6) be the number of sub-blocks
in the initial partition of X. Then
k> K(0—ka(d)) .

Proof. Note that

401 C2

oot 1
0—ka(d)=06—2-¢c1-(1/6)* - :5-<1—>
Hence

K (5 — ka(8)) = K(6) (1 - 2) K@) () =k,
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where the last inequality follows from the easy-to-verify inequality

VO<t<1),(c>1), (1-1°>1—ct

The next claim shows that we indeed get at least m bits in each block.

Claim 8.5. During the construction of as.ext(,, 5), each application of the [BIW J-extractor gener-
ates at least m bits.

Proof. Since the number of bits generated by the [BIW]-extractor is the same as the size of the
blocks to which it is applied, we need to verify that the block sizes are always larger than m.
Indeed, we initially partition X into k = 2¢; - §~° blocks, and since § increases with the depth
of the recursion, at each level of the recursion we further break the blocks into no more than k
sub-blocks. Since the depth of the recursion is bounded by 4¢jcy - §~ (211 (according to the above
claim), we have that the size of the smallest block ever generated is

n/ko(57(02+1>) )

Substituting the value of k yields that the size of all blocks that are generated is bigger than m,
which implies the claim. O

It is now left to prove the main property of asext(, s, namely that one of the blocks in it is
uniform. As mentioned in the overview of the construction, we will distinguish between two cases.

Two partition types. Let T1,...,Ty(s) be a sub-partition obtained at some node of the tree-of-
partitions, where the corresponding output block is obtained by applying the [BIW]-extractor to it
with parameter ¢’. We call the partition well-balanced, if for all i the entropy rate of Xg, is at most
8"+ a(d’). If the partition is not well balanced then there must exist a block Xg, with entropy rate
more than &’ + «(d”). This is called a concentrated block.

Let us first deal with the case where one of the sub-partitions is well balanced, and then show that
there must exist a well-balanced partition.

Lemma 8.6. If the any of the sub-partitions of X applied during the construction is well balanced,
then its corresponding output-block is of distance at most 2= from uniform.

Proof. Let T ..., Ty be a well-balanced sub-partition of some block X7 (where ¢’ is the pa-
rameter with which the [BIW]-extractor is applied for that sub-partition). Using Lemma 3.18 we

have that Xr is a convex combination of sources X', for which the sub-blocks Xg ,... Xg are
independent and have entropy rate at least ¢ — k(d’) - a(d’) each. Together with Claim 8.4 and
Theorem 3.7, this completes the proof. O

To show the correctness of the construction, it now only remains to show that one of the sub-
partitions is well-balanced.

Lemma 8.7. At least one of the sub-partitions applied by as ext,, 5) is well-balanced.
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Proof. We prove the lemma by induction on the tree of sub-partitions. If the initial partition is

well-balanced then we are obviously done. If it is not, then X has entropy rate at least d; s +a(0)

on one of its sub-blocks. Denote the coordinates of this sub-block by T7. Then by the definition of
the construction, at some point it applies as ext(,, 5,) to a sub-partition of X7y, so if this partition
is well-balanced, we are done again. If it is not well-balanced, we get a subset T C T where

of X1, has entropy rate at least &2 = 01 + a(d1), to which the construction eventually applies
a&ext(mm)

Continually following the concentrated blocks in this manner, if we eventually encounter a well-
balanced partition then we are done. Indeed, this must be the case: Claim 8.3 implies that at
some depth ¢ of the tree of sub-partitions, the construction applies as ext,, s,) to sub-blocks of X,
where 0; + a(d;) > 1. If at that point we do not already have a balanced partition, then we must
have a concentrated sub-block X7, of X whose entropy rate is at least d;. The partition of X; must
be well-balanced, since obviously the entropy rate of each of its sub-blocks is bounded by 1 (and
therefore by d; + a(d)). O

9 Affine-source dispersers

In this section we show a zero error disperser for affine sources whose entropy rate is 9, where §
is any positive constant. Our disperser is strong in the sense that it obtains every output with at
least some constant probability.

Theorem 9.1 (Affine-source disperser). Let 6 > 0 be some constant, and mg be a fived integer.
There exists a polynomial-time computable function a-disp : {0,1}" — {0,1}™° such that for
every affine n-bit source X with r(X) > 4§, a-disp(Supp(X)) ={0,1}"°. Moreover, there exists a
constant d = d(m,d), such that for every z € {0,1}™,

Pr disp(x1,x2) = 2] > d(m, ) .
leRXLmERXz[ P( 15 2) ] = ( ) )
In the following, we define the affine-source disperser, but we do not prove its strongness prop-
erty. This will be proven in the final version of our paper.

9.1 The disperser

Let X be an n-bit affine source with entropy rate . The idea of the affine disperser is to set a
partition § = {S1,..., S5} of the coordinates of X into five consecutive blocks, and then to find an
affine sub-source X' of X, where X, and Xg, _are both independent, and have sufficient length and
entropy rate to apply the two-source disperser to them. Of course, we will have to choose among
many possible block-partitions of X, and we will use the challenge mechanism to do that. Note
that while X is an affine source, X’ need not necessarily be one.

Candidate partitions. The partitions we consider of coordinates of X come from the following
family. By a segment, we refer to a set of consecutive coordinates S C [n]. A candidate partition
S of X is a partition of [n] into 5 consecutive segments Sy, ..., S5 (namely if i > j and a € S; and
b € S; then a > b), with the following properties.

e |S1] is a multiple of on/4.
o |Sy| =dn/4.
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e |S3| is a multiple of 6%n/32.
o |Sy| = °n/32.

e S5 is the remaining set of coordinates.

Ordering partitions. Given a string x, our disperser will choose one of the candidate partitions
by applying some sort of test to each partition, declaring a partition valid if it passed the test. It
then picks, among the valid partitions, the largest partition with respect to the following order.
We say that one candidate partition S = {S1,...,S5} is larger than another, 7 = {T1,...,T5}, if
either |Sl‘ > ’le, or if ‘51’ = |T1’ and |Sg| > ‘T3|.

9.1.1 The construction of a-disp.

Let SRL(,, ) denote the affine somewhere extractor as in the previous section, and let £(d) de-
note the number of output blocks that are generated by the affine somewhere extractor, for rate
requirement 6. Also, let ¢(m, d) be as stated in Theorem 7.1, and set

def 4000 - (6 /2) def ; 4000 - (6 /8)
e T 0k (513 - ¢(mo,6/20) )’ and = m - £(07/100) + log, §13 - ¢(mg, 6/20)

The condenser tests each partition S, by first computing the following:

e The first so called challenge,
def
chi (S, X) = SRL(, 52/50)(Xsy)

e We partition Sy into small consecutive segments of length §'°n, and for each such segment
Sa; we compute a guess

def

ui (S, X) = SRL(y(s2/50ym,,6/8)(X55.:) -

e The second challenge,
cha(S, X) = SRL(n, 53/100) (Xs5) »

e We partition S, into small parts of length §'°n, and for each such part S4; we compute the
second guess

v; (S, X) = SRL (453 /100)ms,5/2) (X54;) -

Valid partitions. For a given value x of X, we say a candidate partition S is valid with respect
to = (namely it “passes the test”), if there exists an i such that ch;(S,z) appears as one of the
output blocks in u;(S,x) (in this case we say that u; guesses chj), and if there exists a j such that
chy (S, z) is one of the output blocks in v;(S, x).

The output of a-disp. To obtain the final output of the disperser we let S = S(x) = {S1,...,S5}
denote the largest valid candidate partition (according to the order defined above). If there is no
valid candidate partition we choose an arbitrary one. The final output is taken to be

a-disp(X) = disp(xSw ($S47 0)) ) (9)

where disp is the 2-source disperser for rate parameter 62/20 and with mg output size, and where
(xs,,0) denotes the padding of xg, by zeros, so that it has the same length as zg,.
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Some intuition. For a S = {51,..., S5}, we consider the fact that the challenge ch; is guessed
as an evidence that the So-block of the source X has enough min-entropy, and if chs is guessed, it is
viewed as indicating that there is some min-entropy in the Sy-block of X as well. In the remaining
part of this section we show that this intuition is correct, at least for some sub-source X’ C X.

Particularly, we show a partition S, and a sub-source X’ of X, such that Xg and Xg, are
independent and have high-enough entropy rate, and such that S is always valid with respect to
X'’. We will also show that for this sub-source X’, the probability that there exists a valid partition
larger than S is so small that we can think of S as always being the maximal valid partition with
respect to X’. In that case the disperser disp will be always applied to the Sy and Sy blocks of
X', whose entropy rate is high enough for disp to produce an output with full support.

9.1.2 The dream sub-source
Following the intuition, we start by defining the properties of our dream sub-source X’ and the

according good partition.

Good partition for a sub-source. We say that a candidate partition S = {S1,..., S5} is good
with respect to a sub-source X’ of X, if S is valid with respect to all possible values of X’, and in
addition X’ satisfies the following:

1. X, is constant.

H>®(X§,) > 6°n/40.

H*(X4,|Xs,) =0, (and therefore the S3-block of X' is a function of its Sp-block).
Xg, and X§, are independent.

H>(X§,) > 6°n/80.

S A T

The probability in X’ that S is not the maximal valid partition is bounded by ¢(myg, §2/20)/2.

We will show that there exists a sub-source X’ of X and a candidate partition which is good
with respect to X’. This will suffice to obtain Theorem 9.1.

Lemma 9.2. There exists a sub-source X' of X and a candidate partition S which is good with
respect to X'.

Let us show why the Lemma 9.2 implies Theorem 9.1 before we prove it.
Claim 9.3. Lemma 9.2 implies Theorem 9.1.

Proof. We need to show that Supp(a-disp(X)) = {0,1}". Let X’ and S be the sub-source of X
and the good partition obtained from Lemma 9.2 respectively. By property 2 of a good partition,
we have that r(X§g ) > 6/10 > 62/20. Using property 5 we have that r((XY ,0)) > 62/20 as well,
where (X ,0) is the padding of X§ by zeros so it becomes the same size as X, , namely dn/4. In
addition, property 4 implies that those two blocks are independent.
We can therefore apply Theorem 7.1 to the two blocks, obtaining that for every z € {0,1}™°,
Pr [disp(Xg,, (X§,,0)) = 2] > c¢(mq, 6%/20) ,

where disp is the disperser as in (9). It follows, however, from property 6 that

Pr [a-disp(X') # disp(XY,, (X4,.0))] < clmn,5%/20)/2

and therefore a-disp(X’) obtains every output z € {0, 1} with probability at least c(mg, 2/16) /2.
This completes the proof since obviously Supp(X) 2 Supp(X’). O
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9.1.3 Proof of Lemma 9.2

In the following, we find the good partition hand in hand with the sub-source X’ of X. We gradually
restrict X into X', taking affine sub-sources of X at first, and on the last step restricting to a non-
affine sub-source. Note that we use, at different points of the proof, several lemmas from Section 3
concerning properties of linear sources. We use notation of the form R; to denote parameters with
which the lemmas are applied, and thus the meaning of the sets R; may change from one paragraph
to another.

Determining S; and S3. We use Lemma 3.19 to choose S7 and Sa. We would like to choose the
block Sy so that X has entropy on it conditioned on its Si-block. For this purpose, we partition
[n] into t = 4/§ consecutive segments Ry ..., Ry, of length dn/4 each, and set Ry = (). Applying
Lemma 3.19 with parameter o = 1/4 we obtain that there exists an ¢ such that

HOO(XRi‘X(Uj<iRj)) > 5277‘/16 )
and moreover, H> (X(uj>iRj)‘X(uj§iRj)> > 30n/4—dn/4=0n/2.

d
We now set Sp lef Uj<iR;, and Sz = R;. Hence

H>(Xs,|Xs,) > 6°n/16 , (10)
and H (Xp\(s10s) | X(s1082)) 2 6n/2. (11)

Fixing Xg,. We would now like to use Lemma 3.20 to find a sub-source X of X such that X gl)

is constant, and that Equations (10) and (11) still hold for X’. For this purpose we set R; = 0,

Ro def S1, and R3 def [n] \ S1, and let X be the sub-source obtained by applying Lemma 3.20.

Hence X gl) is indeed constant, and it follows from the remark on section 3 of Lemma 3.20, that the
bounds in (10) and (11) hold also for X®.

Choosing 53, 5S4 and S5. We use Lemma 3.19 again to choose S3 and Sy, such that the S4-block
of X has entropy conditioned on its S U So U S3-block. We will later restrict the source so

that its Ss-block and its Sa-block become independent. We denote Ry def S1 U S9, and partition
[n] \ (S1 U Sy) into consecutive segments of length 62n/32 each, Ry, ..., R;. Applying Lemma 3.19
with parameter o = 1 we have that for some ¢ > 0,

HOO(XEZ]X((L)j<i Ry = 53n/64 .

We set 55 Ry U...UR;_1, and 8, "¢ Ry, and thus obtain
H>(XG)1X§) g,08,) = 6°n/64 (12)

Taking S5 def 7]\ (S1U...USs), we now have the complete partition S = (S1,...,Ss).

Restricting X®. We now restrict X using Lemma 3.20, to get a source for which property 3
L. . d d d
of good partitions holds. We set the parameters by taking R; e S1US2, Ry =) Ss3, and R3 2] Sy,
and let X® C X® be the sub-source obtained from Lemma 3.20 for these parameters. X® now
satisfies
HOO(XéQ)|X,(5'21)USQ) — Hm(Xg)‘Xéi)) =0 ’

3

41



and it also satisfies the entropy bounds stated for X namely the Si-block of X® is constant,
the min-entropy of its So-block is at least 6?n/16, and (12) holds for it. Since the S3-block of X
is now determined by the value of it So-block we obtain from the latter statement that

H®(XS|XS)) > 6°n/64 (13)

Making the blocks independent. We now further restrict X® to make its Sa-block and its

Ss-block independent. We set Ry def So and Rs def Sy, and let X® be the sub-source of X®
obtained by applying Lemma 3.21 to X® with these parameters. We thus have that Xé‘? and X g
are independent, that

H>®(XG)) > H®(XS) — |S4] > 6%n/16 — 6°n/32 = 6°n/32 , (14)

and that H(X) > 6°n/64.

Finding a good u;. Since the Si-block of X® is constant, then so is chy (S, X®). We would like
to slightly restrict X® to a sub-source X such that for some fixed i, u;(S, X¥) always guesses
it. We first find, using Lemma 3.19, an ¢ for which the entropy rate of X g’z is high-enough for wu;

to be able to guess ch;.

We set Ry def (), and define Ry,...,R; by R; def S2, where Sy ; is as in the definition of w;.

Then by (14) we have

(X$) = r(XéSjZle)‘ng) >§/8,

and applying Lemma 3.19 to the source X g’; with these R; parameters and with a = 1, we obtain
an index ¢ for which

r(Xéf’;!i) = r(XSj) > r(XS;]X(%)KiRj)) >0/8

Guessing ch;. The rate of Xg’;i satisfies the requirement of the affine somewhere extractor
applied by u;, and therefore one of the output blocks of u;(S, X®) has full support, namely obtains
every possible value in {0, 1}4(52/ 50)m1 - This implies that there exists at least one value z in the
support of ng),i for which u; guesses ch;. We take X¥ C X® to be the sub-source where the

value of the S ;-block is fixed to be z, namely X ® = (X(3>|Xéz)i = 2).

Since HOO(X%Z_) < |92, = 0%, we have from Corollary 3.13 that the min-entropy of the
Sy-block in X® is smaller by at most §'°n from the min-entropy of the same block in X®. We
can therefore write H*(X g; ') > 6%2n/35. Also, the independence between the Sp-block and the

Sy-block is not affected by the restriction, nor is the min-entropy of the Sy-block.

Fixing a v; guess. We now restrict X further, in order to make sure that chy is always
guessed. This step is somewhat trickier than what we did for ch; because chy(S, X®) is not a
fixed string. We therefore find for chy(S, X™) a string w, which it produces with probability at
least 27¢(9°/100)m2 (gych a string must exist, because chy produces strings of length £(53/100)ms).
We now find an index j such that the Sy j-block in X® has entropy rate at least 6/2 — this is done
similarly to how we found a good block S2;, hence we omit the details.

Now since Xiqt)j satisfies the rate requirement of the affine somewhere extractor applied by v;,
there must be an element z € Supp(X gffj) for which one of the output strings of v; is w. We let

d . .

x® % (X(‘*)\Xgi)j = z), and use Corollary 3.13 to obtain that the min-entropy of the Ss-block of
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X® is still greater than, say, §°1n/80. Note that the min-entropy of the Sa-block is not affected by
the restriction.

Fixing chy. Our next step is a restriction of X® which fixes the value of chy to the string w, so
that v; always guesses it (note that the restriction to X does not change the probability of getting
w as the output of chy, since it was obtained by restricting the Sy-block, which is independent of
the S3-block). The next step is the only restriction which may produce a non-affine sub-source,
and is obtained by taking X' = (X®|cha(S, X)) = w).

The min-entropy of the S4-block is not affected by this restriction. Moreover, since this is a
restriction of X® to an event of probability at least 2~49°/100m2 the min-entropy of its Ss-block
is reduced by at most £(6°/100)my, and therefore H> (X, ) > 6°n/40.

9.1.4 S is good

Now that we have a sub-source X’ and the partition S, let us verify that S is good with respect to
X', going over the definition of good partitions and verifying each of the required properties.

It is clear that S is always valid, since we made sure that u;(S, X') guesses chy (S, X’) and that
v;(S, X') guesses chy(S, X'). Also, we already stated that Xg is constant, that Xg, is a function
of XéQ, and that the So and Sy blocks of X’ are independent. We also showed that the min-entropy
of the So-block of X' is at least 62/40 and that the min-entropy of its Ss-block is at least §3n/80.

This takes care of all the properties of a good partition except for property 6, which we state and
prove in the following claim.

Claim 9.4. The probability that S is not the mazimal valid partition is bounded by c(mq,d/20)/2.

Proof. Let T = {T1,...,T5} be a candidate partition that is bigger than S. Since the number of
such partitions is easily bounded by 1000/63, to complete the claim it is enough to show that the
probability that 7 is valid is bounded by c(mq, §/20) - §3/2000.

We consider two cases. The easier case is where 177 = S1, T5 = So, and T3 contains S3 U Sy.
In this case the entropy of H®(X[, X7, p,) > H®(Xg,) > 6°n/80. For every j and for every
z € Supp(X’TiUTwTM), let us estimate

Pr[v;(T,X') guesses chy(7,X’) | X’iFlUTQUTM =z] = Prlv;(T, X)) guesses chy(7,X)],

where we have used X0 %/ (X/\XlTluTzuTz;,j =z).
Note that by Corollary 3.13,
HOO(X’%:;Z)) = HOO(X'}B ‘X%1UT2uT4’j) = HOO(X%3UT4J ‘X%Z[UTQUTzLj)
= HOO(X'%;;UTAL,]' ‘X’il“luTg) - HOO(X'%ALJ' |X§—'1UT2) 2 HOO(X%3|X§—'1UT2) - HOO(X%LLJ)
> §°n/80 — |Ty ;| > §°n/100 ,
and hence the Ts-block of XU satisfies the rate requirement of the affine somewhere extractor
applied to it by chg. It follows that the “almost uniform” output block of chy (which is of length
mg) obtains each of its values with probability at most 2'=72,
Since in order for v;(7T,X"*) to guess chy this block must appear as a sub-string of one of

the ¢(6/2) output blocks of v;(7, X)) (which are all fixed), it follows that the probability that
v (7T, X)) guesses chy(7,XY*) is bounded by

2172) 0(6/2) < ¢(mo, 6/20) - 61%/2000 .
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This bound holds when X,TluTzuT4,]- is fixed to any string z, and therefore it holds in general that
Pr[v; (7, X') guesses chi (T, X")] < ¢(mq, 5/20) - 5% /2000 .
Applying the union bound over all j’s (there are less than 1/§'° many), we have
Prv; (7, X') guesses ch;(7,X’) for any j ] < ¢(mg, §/20) - §2/2000 .
We thus have the desired bound on the probability that 7 is valid.

Now let us consider the second case, where S;U Sy C T7. This case is a bit trickier, and we start
by analysing the probability that chy (7, X®) is guessed by w;(7, X®) for some fixed i (the source
X® has the advantage of being affine). As in the first case, we pick a string z € Supp(X}z)i), and
define X = (X(s)]Xéf;)i = 2). In a way similar to the analysis of the first case, we use the fact
that Sy C T7 and Corollary 3.13, and obtain that r(X<Til’z>) > §2/50.

The Ti-block of X* therefore satisfies the rate requirement of the affine somewhere extractor
applied to it by chy(7,X®?), and hence chy(7,X**) has an “almost uniform” output block,
which obtains each of its values with probability at most 2!~™1. Since u;(7, X “?) is a fixed string
containing ¢(§/8) blocks, the probability that it guesses chy (7, X)) is bounded by 21=™1./4(5/8).
Since the same analysis holds for every z, we obtain

Prlu; (7, X®) guesses chy (T, X®)] <217™1.4(§/8) .
Summing up over all i’s we get

Prlu;(T,X®) guesses chi(7,X®) for any i ] < 27™ . 0(6/8) /6% . (15)
Now X is a sub-source of X® of measure at least 2-¢(9°/100m2 414 thus the probability of any
event for X® can increase by a factor of at most 205°/100m2 when restricted to X’. Hence (15)
implies
2E(63/100)m2 . 21—m1 . €(5/8)/(510
c¢(mq,§/20) - §2/2000 ,

Pr[u;(7T,X") guesses chy(7,X’) for any i | <
<

which completes the analysis of the second case. O
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