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Abstract

In this paper we study the one-way multi-party com-
munication model, in which every party speaks exactly
once in its turn. For every fixedk, we prove a tight lower
bound ofΩ

(
n1/(k−1)

)
on the probabilistic communica-

tion complexity of pointer jumping in ak-layered tree,
where the pointers of thei-th layer reside on the fore-
head of thei-th party to speak. The lower bound re-
mains nontrivial even fork = (log n)1/2−Ω(1) parties.
Previous to our work a lower bound was known only
for k = 3 [3], and in very restricted models fork > 3
[13, 10]. Our results have the following consequences
to other models and problems, extending previous work
in several directions.

The one-way model is strong enough to capturegen-
eral (non one-way) multi-party protocols of bounded
rounds. Thus we generalize to this multi-party model
results on two directions studied in the classical 2-party
model (e.g. [18, 17]). The first is a round hierarchy:
We give an exponential separation between the power of
r and2r rounds in general probabilistick-party proto-
cols, for any fixedk and r. The second is the relative
power of determinism and nondeterminism: We prove
an exponential separation between nondeterministic and
deterministic communication complexity for generalk-
party protocols withr rounds, for any fixedk, r.

The pointer jumping function is weak enough to be
a special case of the well-studied disjointness function.
Thus we obtain a lower bound ofΩ

(
n1/(k−1)

)
on the

probabilistic complexity ofk-set disjointness in the one-
way model, which was known only fork = 3 parties.
Our result also extends a similar lower bound for the

∗The author is supported by NSF grant CCR-0324906.
†The author is supported by NSF grant CCR-0324906.

weaker simultaneous model, in which parties simultane-
ously send one message to a referee [8].

Finally, we infer an exponential separation between
the power of different orders in which parties send mes-
sages in the one-way model, for every fixedk. Previous
to our work such a separation was only known fork = 3
[17].

Our lower bound technique, which handles functions
of high discrepancy, may be of independent interest. It
provides a “party-elimination” induction, based on a re-
stricted form of a direct-product result, specific to the
pointer jumping function.

1. Introduction

In Yao’s standard communication complexity [23],
two parties are each holding an input, and they attempt
to compute (or approximate) a given function of these
two inputs by exchanging at mostc bits of communi-
cation (cf. the comprehensive book [15]). This model
has been one of the most extensively studied in com-
putational complexity, and captures essential features of
many diverse computational settings, from Turing ma-
chines, VLSI and distributed computation, to linear pro-
gramming and auctions. Many techniques for proving
various strong lower bounds are known.

This model was generalized by Chandra, Furst, and
Lipton [11], to the multiparty model (often called
“number-on-forehead”). Ink-party communication
complexity each party is assigned an input again, and
the parties have to compute (or approximate) a function
f : X1 ×X2 × · · · ×Xk = ({0, 1}n)k → {0, 1} of all
k inputs by exchangingc bits of communication. How-
ever, the inputxi ∈ Xi to the i-th party (figuratively)



resides on that party’s forehead, and so (formally) each
party knowsall but his own input. The overlapping in-
formation of the parties allows this model to capture
more complex settings, like multi-tape Turing machines,
branching programs, constant-depth circuits with mod-
ular gates and more. In the multiparty model, lower
bounds are known for as many ask = k(n) = ε · log n
parties. We point out that even for the most restricted
form of this model, namelysimultaneousmulti-party
protocols (in which all parties send one message to a
referee) no explicit function is known which cannot be
computed usingk = log2 n parties andc = log2 n com-
munication. Crossing this barrier will have impressive
complexity implications, but has so far resisted all at-
tacks.

In this paper we obtain several new results on natural
variants and questions in the multi-party model, which
we describe in the next subsections with their back-
ground.

1.1. Rounds in communication complex-
ity

Papadimitriou and Sipser [18] initiated the study
of how 2-party communication complexity is affected
by limiting the two parties to onlyr rounds of mes-
sages. This natural question was taken on by several re-
searchers, who obtained exponential separation between
r andr +1 rounds in2-party protocols (see [17] and the
references within). No separation was known fork > 2
parties. In this work we obtain the first such result, stated
next.

Theorem 1.1(Round hierarchy). For every fixed con-
stants r and k there is an explicit functionf :
({0, 1}n)k → {0, 1} that requiresnΩ(1) communication
for k-partyr-rounds protocols, but that can be computed
with O(log n) communication byk-partyr′-rounds pro-
tocols, ifr′(k − 1) ≥ r · k.

Fork-partyr-rounds protocols we also obtain an ex-
ponential separation betweennondeterministicand de-
terministic protocols. Again, this seems to be the first
such separation fork > 2 parties.

Theorem 1.2 (Nondeterminism vs. determinism). For
every fixed constantsr and k there is an explicit func-
tion f : ({0, 1}n)k → {0, 1} that requiresnΩ(1) com-
munication fork-party r-rounds protocols, but that can
be computed withO(log n) communication by nondeter-
ministick-party2-rounds protocols.

The above results are obtained as a corollary from a

new communication complexity lower bound in the one-
way model, which we describe next.

1.2. The one-way model and pointer
jumping

In the one-way model thek-parties speak in turn, and
only once. This is an interesting model that arises in
several contexts, such as oblivious branching programs
and streaming algorithms [2, 5]. In this work we estab-
lish a new one-way lower bound for thepointer jumping
function. To define this function, we think of a regular
tree1 of depthk. The input to the pointer jumping func-
tion specifies a{0, 1}-value for the leaves, and for every
internal node a pointer to one of its children. The out-
put of the pointer jumping function is the bit obtained by
following the pointers from the root to a leaf. We refer
the reader to Figure 1 on Page 5 for a picture. Partyi
knows all pointers except those from thei-th layer to the
(i + 1)-th.

The pointer jumping function naturally captures “in-
herently sequential” computation and inference. It
has been studied by many researchers in many models
and contexts, including constant-depth circuits, proof
complexity, PRAMs and communication complexity
(e.g. [18, 17, 16, 6, 13, 3, 10])

In particular, attempts to proving lower bounds in
the one-way multi-party model have existed for over a
decade. Fork = 3 this was achieved by Wigderson
(cf. appendix in [3]), who proved aΩ(

√
n) lower bound

via extremal set theory arguments. Fork > 3 strong
lower bounds were obtained only for various (unnatural)
restrictions of the one-way model (the “conservative”
model and the “myopic” model) [13, 10]. The main re-
sult of this paper makes progress in the general one-way
model, obtaining a tight lower bound for any constant
numberk of parties. Our lower bound remains nontriv-
ial for any number of partiesk = (log n)1/2−Ω(1).

Theorem 1.3. For everyk, the pointer jumping function
TPJk : ({0, 1}n)k → {0, 1} requires communication
at least

(
n1/(k−1)

)
/kO(k) for one-wayk-party number-

on-forehead protocols.

Another consequence of our Theorem 1.3 is about the
relative power of one-wayk-party protocols with respect
to variousordersin which the parties speak. Exponential
separations between different orders were again given
by Nisan and Wigderson [17, 3] for the casek = 3, but

1It makes sense to consider this function over arbitrary graphs, but
working with trees is more convenient for our purposes – jumping
ahead, it will more directly implies a lower bound for disjointness.
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were unknown for largerk. As a corollary of Theorem
1.3 we obtain an exponential separation for every con-
stantk:

Corollary 1.4 (Order separation). For any fixed con-
stantk and any orderπ for thek parties to speak, there
is an explicit functionf : ({0, 1}n)k → {0, 1} that re-
quiresnΩ(1) communication if the parties speak in the
order π, but can be computed withO(log n) communi-
cation if the parties speak in any other order.

1.3. Discrepancy and disjointness

Another reason for our interest in the one-way model
is that, for some basic functions, it is the strongest model
in which multiparty communication complexity lower
bounds are known. Specifically, lower bounds in the
general model are typically obtained by upper bounding
thediscrepancyof the target function, a quantity which
measures the bias of the function over large cylinder in-
tersections. Although we know of functions with expo-
nentially small discrepancy, such as the generalized in-
ner product [4, 12, 19, 22], some important functions in
fact have high discrepancy, and consequently the above
technique cannot be applied to prove communication
complexity lower bounds. The pointer jumping func-
tion, described above, is an example of such a function.

Another fundamental example of a function with high
discrepancy is thedisjointnessfunction. Here, each of
the k parties is assigned a subset of{1, 2, . . . , n}, and
the parties wish to determine whether or not their sets
share a common element. The study of the disjointness
function is central to communication complexity, and is
motivated both by the naturalness of the function and
by its interesting consequences in proof complexity and
circuit complexity. For example, in propositional proof
complexity, it is shown in [7] that sufficiently strong
(c = ω(log4 n)) lower bounds for thek-party disjoint-
ness would solve the major open problem of obtaining
proof size lower bounds for a family of proof systems
which capture certain semi-definite optimization tech-
niques, and are known as tree-like, degreek − 1 thresh-
old systems. In circuit complexity, it can be shown using
the techniques in [20, 21] that sufficiently strong (logd n
for a certain constantd) lower bounds for theΩ(log n)-
party disjointness function would separate polynomial-
size constant-depth circuits from polynomial-size depth-
2 circuits with an arbitrary symmetric gate at the root.

The difficulty of obtaining such lower bounds for
the general multi-party model has caused researchers
to try more restricted models first. For disjointness, a
Ω

(
n1/(k−1)

)
lower bound was known in the simulta-

neous model [8], where there is no interaction between
parties. In the stronger one-way model anΩ(1) lower
bound was only known fork = 3 (cf. appendix in [3]
and [8]).2 In this work we extend these previous results
by obtaining aΩ

(
n1/(k−1)

)
lower bound for one-way

protocols.

Corollary 1.5. The disjointness functionDISJk,n :
({0, 1}n)k → {0, 1} requires communication at least(
n1/(k−1)

)
/kO(k) for one-way k-party number-on-

forehead protocols.

We note that this result is obtained as a corollary of
our lower bound for pointer jumping. It is easy to see
that when the underlying graph is a tree, pointer jumping
is a special case of disjointness.

1.4. Techniques

We now summarize how we obtain our lower bound
for pointer jumping (Theorem 1.3). The bound is ob-
tained by induction on the number of partiesk. Carrying
through this induction is somewhat involved, and in par-
ticular we will need to consider non-Boolean variants of
pointer jumping, in which one has to chase pointers on
several trees. Specifically, we will work with the func-
tion TPJm,d

k : ({0, 1}n)k → {0, 1}m, which we think
of as a forest ofm d-regular trees of depthk. Again, the
input toTPJm,d

k specifies a{0, 1}-value for the leaves,
and for every internal node a pointer to one of itsd chil-
dren. The output of the pointer jumping function is the
m-bit string obtained by following the paths from them
roots to the leaves. It will be important for us to show
that computingTPJm,d

k is even difficult if we allow for
success probability that is subexponentially small inm
(in the Booleanm = 1 case this probability bound is
0.99, say).

Specifically, we prove by induction onk that the fol-
lowing statement holds for every choice ofm and d
(cf. Theorem 3.2), which may be viewed as a direct
product theorem in this model, specific to pointer jump-
ing:

(I) No k-party one-way protocol using
communicationo(m · d) can computeTPJm,d

k

with probabilityexp(−o(m))
over the choice of a random input.

Proving the inductive step in (I) is the main technical
contribution of this work. To this aim we develop our

2We note that in [8] they also prove anΩ(1) bound for3-party
disjointness in a stronger model where the first party speaks once, and
then the two other parties interact arbitrarily.
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mainparty reductionTheorem 3.3. This theorem shows
how to transform a given protocol forTPJm,d

k into an-
other protocol for pointer jumping withk − 1 parties on
m′ := d ·m trees,TPJm′,d

k−1 . For example, in the special
case in which we start with a Boolean (m = 1) func-
tion with k parties, we construct a protocol for a non-
Boolean (m′ = d) function withk − 1 parties. As we
point out later, our party reduction theorem in fact gives
a general transformation for protocols in which the first
party speaks only once, and thus it applies to other mod-
els beyond one-way, and other functions besides pointer
jumping.

This transformation is obtained as follows. We fix a
message for the first party that maximizes the success
probability of the protocol. Thinking of the input as
(x1, y) ∈ X1 × Y , whereY = X2 × · · ·Xk, we note
that such fixing decreases the probability of success over
the choice ofy (however, jumping ahead, this loss will
be exp(−o(d · m)) = exp(−o(m′)) which is fine for
(I)), but does not decrease the success probability over
the choice ofx1, because the message does not depend
onx1. This bigger success probability overx1 allows us
to run the protocolr ≈ d times for different choices of
pointersx1 ∈ X1 and still tolerate the loss in the error
(recall thatd = m′/m). At this point, we argue that the
r outputs of the protocol let us compute(1− o(1)) ·m′

bits of them′ bits of TPJm′,d
k−1 that we need. To argue

this, we proceed by showing that only with probability
exponentially small the pointers (given by allr runs of
the protocol) hit less than(1− o(1)) ·m′ bits. By a suit-
able choice of parameters, this probability can be made
smaller than the probability that allr runs of the protocol
are correct. Thus, with sufficiently high probability, all
r runs of the protocol are correctand their accumulated
pointers hit at least(1− o(1)) ·m′ bits. When this hap-
pens, we can compute each of these(1−o(1))·m′ bits by
outputting the corresponding output bit of the protocol.

It remains to deal with theo(1)m′ bits we know noth-
ing about. To compute these, we simply guess at ran-
dom. The probability of guessing them correct will be
exp(−o(m′)), which is still fine for (I). This concludes
our proof overview (cf. Remark 4.3 for the history of
this approach).

To clarify the parameters in the above discussion we
remark that, intuitively,(1 − o(1)) · m′ bits is as much
information as we can hope to obtain from the protocol:
There may well be a fraction ofo(1)m′ indices such
that the protocol never gives a meaningful answer if a
pointer falls there; such a protocol would satisfy the in-
ductive hypothesis because its success probability would
beexp(−o(m)), but its outputs give no information on

the value ofo(1)m′ bits.

Organization This paper is organized as follows. Af-
ter some preliminaries in Section 2, in Section 3 we for-
mally state our lower bounds for pointer jumping, in-
cluding our main party reduction theorem, and then we
derive our lower bound assuming the party-reduction
theorem. In Section 4 we prove the party-reduction the-
orem. The consequences of our lower bound for general
protocols with bounded number of rounds (Theorems
1.1 and 1.2), relative power of different orders in the
one-way model (Corollary 1.4), and disjointness (Corol-
lary 1.5), are given in Section 5. Finally, in Section 6
we discuss some applications of our results to streaming
models of computation.

2. Preliminaries

We use standard definitions of communication proto-
cols, which we now briefly recall. In ak-party proto-
cols, k parties with to collaboratively compute a func-
tion f : X1 × X2 × · · · × Xk → D on input x =
(x1, x2, . . . , xk). The functionf is known to each party,
and thei-th party sees all pieces ofx exceptxi. The
parties communicate by broadcasting messages, and the
final party is supposed to communicate the output of the
function. The communication complexity of a protocol
is the total length of the messages exchanged; note that
we count the final message (which if the protocol is cor-
rect is the value of the function) towards communica-
tion.

In a r-round protocol, the parties speak in any order
w ∈ [k]r, which is chosen adaptively during the proto-
col: At any round, the party to speak is a function of the
messages exchanged up to that round. We stress thatr
may be much larger thank, and that parties may speak
more than once. We now define more restricted models
where the order is fixed a priori, i.e. the parties always
speak in the same order regardless of the messages ex-
changed. Aone-way protocol with orderw is a(r = k)-
round protocol in which the parties always speak in the
orderw, andw is a permutation of[k]. A (standard)one-
wayprotocol is a one-way protocol with orderw where
w is the identity permutationw = 1, 2, 3, . . . , k.

For concreteness, we note that a1-party one-way
protocol P : X1 → {0, 1}m is simply a fixed string
P (x1) = P ∈ {0, 1}m, independent of the input. A2-
partyc−bit one-way protocolP : X1 ×X2 → {0, 1}m

is given by two functionsf1 andf2, whereP (x1, x2) =
f2(f1(x2), x1), and the output length of each function
is bounded byc. The functionf1 computes the mes-
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sage of the first party, which depends onx2 only, while
f2 computes the (output) message of the second party,
which depends onx1 and the messagef1(x2) sent by
the first party. Similarly, a3-party c-bit one-way pro-
tocol P : X1 × X2 × X3 → {0, 1}m is given by
three functionsf1, f2, andf3, whereP (x1, x2, x3) =
f3(f2(f1(x2, x3), x1, x3), x1, x2), and the output length
of each function is bounded byc.

A probabilisticor randomizedprotocol is a probabil-
ity distribution over deterministic protocols.

0

1
q -

j

�
1

g1(1)

g2(g1(1))

g3(g2(g1(1)))

g4(g3(g2(g1(1))))

Figure 1. TPJ function ( k = 4,m = 1, d =
2).

3. Lower bound for pointer jumping

We now define the pointer jumping function and then
state our main result. The pointer jumping function can
be defined in different ways, and in this work we adopt
the following variant. We think of a forest ofm d-
regular trees of depthk. The input to the pointer jump-
ing function specifies a{0, 1}-value for the leaves, and
for every internal node a pointer to one of itsd chil-
dren. (Specifically, for every level thej-th internal node
at that level has itsd children labelled from the interval
[d · (j − 1) + 1, d · j].) The output of the pointer jump-
ing function is them-bit string obtained by following
the paths from them roots to the leaves. We refer the
reader to Figure 1 on Page 5 for a picture. Compared
to other definitions (e.g., [3]), ours has the advantage
of having a shorter input length (thus giving a stronger
lower bound), and more directly implying a lower bound
for disjointness (cf. Corollary 5.3).

Definition 3.1 (Pointer jumping function). For integers

k,m, d, the pointer jumping function is

TPJm,d
k :

[d]m×[d]m·d×· · · [d]m·d2
×{0, 1}m·dk−1

→ {0, 1}m,

where for everyi, and forj ∈ [m] we have

TPJm,d
k (g1, g2, . . . , gk)j := (gk ◦ gk−1 ◦ · · · ◦ g1)(j)

= gk(gk−1(· · · (g1(j)) · · · ),

where

gi ∈ BFm·di−1

d :=
{

g : [m · di−1] → [m · di]

such thatg(j) ∈ [d · (j − 1) + 1, d · j]
}

for i < k, andgk : [m · dk−1] → {0, 1}.

Note that the functionTPJm,d
k has input lengthn =

m·(dk−1+dk−2 ·log d+dk−3 ·log d+· · ·+d0 ·log d) =
O(m ·dk−1). This function is Boolean form = 1, while
for m > 1 its output is am-bit string corresponding to
the outputs ofm Boolean pointer jumping functions on
independent inputs.

We now state our lower bound for pointer jumping.
Here and throughout the paper we letexp(x) := 2x and
log = log2. Also, all probabilities are taken over the
uniform distribution.

Theorem 3.2. For everyk,m, d ≥ 1, and for µk :=
(k + 1)−100k, there is no one-wayk-party protocol
P such that

Pr
x∈X

[
P (x) = TPJm,d

k (x)
]
≥ exp(−µk ·m)

andP uses communication at mostµk ·m · d.
In particular, every one-wayk-party protocol for the

Boolean pointer jumping functionTPJ1,d
k : {0, 1}n →

{0, 1} must use communication at leastd/kO(k) =(
n1/(k−1)

)
/kO(k).

Note that, in particular, the above theorem gives
a lower bound on the communication which is
exp

(
logΩ(1) n

)
for everyk ≤ log1/2−Ω(1) n. Also note

that theTPJ1,d
k function can be computed withd + 1

bits of communication – simply by letting the first party
communicate thed possible outputs of the function for
each value of the input on her forehead, and then letting
the second party announce the output of the function.
Thus, for constantk our lower bound is tight up to con-
stant factors; but in general we do not know whether our
d/kO(k) bound is tight or not. Finally, we note that the
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bound in the above theorem isdistributional, i.e. it limits
the fraction of inputs on which any low-communication
protocol can computeTPJm,d

k correctly. By an aver-
aging argument (see, e.g., [15, Theorem 3.20]), this im-
plies a lower bound for randomized protocols as well.

The basic intuition for the proof of Theorem 3.2 is
that if we can solvem problems correctly (i.e., com-
pute them output bits ofTPJm,d

k ) with some success
probability and communication, then by repeating the
protocol roughlyd times we should be able to solve
m ·d = m′ problems (i.e., compute them′ output bits of
TPJm′,d

k−1 ) with loss of a factord in communication and
exponential ind in success probability.3

Inducting on the above will give a contradiction.
Specifically, the proof of Theorem 3.2 proceeds by in-
duction onk. For everyk, we prove the theorem for
every setting of the other parameters. For the inductive
step, we show how to turn a given protocol for the func-
tion with k parties into another protocol for the func-
tion with k − 1 parties on a bigger forest (for example,
in the special case in which we start with a Boolean
function with k parties, we construct a protocol for a
non-Boolean function withk− 1 parties). This transfor-
mation is provided by the following main Theorem 3.3.
Even though in this work we mainly apply this theorem
(3.3) to one-way protocols, it applies to models beyond
one-way multiparty communication: It gives a generic
reduction which transforms any protocol with one spe-
cial party who speaks first and only once, into a related
protocol without this party. Thus a “protocol” may be
specified in different ways, and the relation between the
given and the new protocol (as well as what they com-
pute) is specified formally in the theorem.

Theorem 3.3(Main – party reduction). Let m, d be in-
tegers, andm′ := d · m. Let f ′ : X → {0, 1}m′

be
any function, and consider the functionf : BFm

d ×
X → {0, 1}m defined asf(g, x)j := f ′(x)g(j) where
g ∈ BFm

d .
Suppose that there is a protocolP (g, x) using com-

municationµ ·m · d such that:

Pr
g∈BF m

d ,x∈X
[P (g, x) = f(g, x)] ≥ exp(−µ ·m),

whereg is on the forehead of a party who speaks first
and only once, andµ < 1/2.

3Our initial version of this argument was, intuitively, that being
able to computemostof the m output bits ofTPJm,d

k implies the

ability to computemostof them′ output bits ofTPJm′,d
k−1 . The proof

of this was quite complex, and the simplification here derives from an
idea in [9] which was pointed out to us by Oded Regev. We will stress
in the proof where their idea is used.

Then there is a protocolP ′(x) using communication
µ′ ·m′ · d such that

Pr
x∈X

[P ′(x) = f ′(x)] ≥ exp(−µ′ ·m′),

where
µ′ = 100µ · log(1/µ)

and P ′ can be written as P ′(x) =
h (P (g̃1, x), P (g̃1, x), . . . , P (g̃r, x)) for some fixed
function h : {0, 1}m·r → {0, 1}m′

and fixed inputs
g̃1, g̃2, . . . , g̃r ∈ BFm

d (and somer). In particular,
if X = X2 × · · · × Xk and P is a one-wayk-party
protocol, thenP ′ is a one-way(k − 1)-party protocol.

Proof of Theorem 3.2 from Theorem 3.3.To get a sense
of the parameters, note that the statement that we set
to prove is monotone inµk. Specifically, for any
fixed k,m, and d, if there is no protocolP such that

Prx∈X

[
P (x) = TPJm,d

k (x)
]
≥ exp(−µk · m) andP

uses communicationµk ·m · d, whereµk = α, then the
same is true for any choice of smallerµk := β < α.

We proceed by induction onk.
Base casek = 1. In this case the communication

does not play a role andP is a fixed stringP ∈ {0, 1}m,
whereasTPJm,d

1 (x) = x. The probability that a ran-
dom input m-bit string x equals a fixed stringP is
exp(−m) < exp(−µ1 · m), and thus the base case is
proved.

Inductive step.We prove the inductive stepk ≥ 2
by contradiction. Suppose that there is a protocol for
TPJm,d

k with parameterµk = (k +1)−100k < 1/2. We
apply Theorem 3.3 to obtain a protocol forTPJd·m,d

k−1

with parameterµk−1 which equals

100µk·log(1/µk) = 100(k+1)−100k·100k·log(k+1)

≤ (k+1)−100k ·k100 ≤ k−100k ·k100 = k−100(k−1).

This contradicts the inductive hypothesis for(k − 1).
The “in particular” part of the theorem follows from

the easily verifiable fact that the input length ofTPJ1,d
k

is n = O(dk−1) (cf. the discussion after Definition 3.1).

In the next section we prove Theorem 3.3. The reader
may want to refer to Figure 2 while reading the proof.

4. Proof of the party-reduction Theorem 3.3

We assume without loss of generality thatd ≥ 1/µ.
This is because ifd < 1/µ then the protocolP is using
less thanm bits of communication, and since we count
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g(w)

1− ρ

m′ = d ·mm

w

:

z

-

:

Figure 2. Variables of the proof of Th. 3.3.

the output length ofP towards communication, the pro-
tocol cannot even output anm-bit string, in which case
the hypothesis of the theorem is always false and the
theorem vacuously true.

From the hypothesis and a Markov argument4 it fol-
lows that

Pr
x∈X

[
Pr

g∈BF m
d

[P (g, x) = f(g, x)] ≥ exp(−2µ ·m)
]

≥ exp(−µ·m)/(1+exp(−µ·m)) ≥ exp(−µ·m)/2.

The message sent by the first party inP does not depend
ong, sinceg lies on the forehead of the first party. Using
this and the fact that the communication ofP isµ·m·d =
µ·m′, we can fix a particular messagea for the first party
such that

Pr
x∈X

[
Pr

g∈BF m
d

[Pa(g, x) = f(g, x)] ≥ exp(−2µ ·m)
]

≥ exp(−µ ·m′) · exp(−µ ·m)/2 ≥ exp(−3µ ·m′),
(1)

4 Specifically, suppose thatPrX,Y [φ(X, Y )] ≥ γ. Let us callx
heavyif PrY [φ(x, Y )] ≥ γ′, and suppose thatPrX [X is heavy] =
p. Then we haveγ ≤ γ′(1 − p) + p = γ′ + p(1 − γ′), and thus
p > (γ− γ′)/(1− γ′). (The caseγ := exp(−µ ·m), andγ′ := γ2

is used in the proof.)

wherePa denotes the(k−1)-party(µ ·m′)-bit protocol
obtained fromP by fixing the first party’s message toa
(and we are using thatµ · m′ ≥ 1 becaused ≥ 1/µ).
We are now in the position to describe the protocolP ′.
We define it as a randomized protocol; a deterministic
protocol can be obtained by fixing its random choices.

Definition of P ′. Let

r := 5 · dlog(1/µ)e · d.

On inputx, the protocolP ′ first choosesr independent
inputs g1, g2, . . . , gr, then runs the protocolPa on all
inputs(g1, x), (g2, x), . . . , (gr, x). Informally, to com-
pute its j-th output bit, P ′ uses the output ofPa if
one of thegi’s happens to point toj, and otherwise it
tosses a coin. More formally, to compute thej-th out-
put bit, P ′ considers the first pairu ∈ [r], w ∈ [m]
such thatgu(w) = j. If any suchu, w exist, then it
outputsPa(gu, x)w. If no suchu, w exist, it outputs
a random and uniform bit. it may be the case thatPa

gives inconsistent answers on different pairsu, w such
thatgu(w) = j. While this is addressed in the definition
above by using the first such pair, this case of incon-
sistent pairsu, w is in fact irrelevant to our analysis be-
low. This is because the analysis below gives the desired
probability bound just considering the event in which all
outputs are correct and hence consistent.)

Complexity of P ′. It is easy to verify that the ran-
domized protocolP ′ can be written asP ′(x) =
h (Pa(g1, x), Pa(g2, x), . . . , Pa(gr, x)), for a functionh
which depends on theg’s. SinceP ′ runsr times the pro-
tocolPa, andPa uses communicationµ ·m′, we see that
P ′ uses communicationµ·m′ ·r = µ·m′ ·5·dlog(1/µ)e·
d ≤ 10µ · log(1/µ) · m′ · d, as required. A determin-
istic protocol can be obtained by fixing the randomness
g̃1 = g1, g̃2 = g2, . . . , g̃r = gr so as to maximize the
success probability ofP ′.

Analysis of P ′. Call an input x ∈ X good if
Prg∈BF m

d
[Pa(g, x) = f(g, x)] ≥ exp(−2µ · m). Our

claim is the following.

Claim 4.1. For every goodx ∈ X, Prg1,...,gr
[P ′(x) =

f ′(x)] ≥ exp(−4µ ·m · r).

Before proving this claim, let us see how the theorem
follows from it. Note that, by Equation (1), a random
x ∈ X is good with probability at leastexp(−3µ ·m′).
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Combining this with Claim 4.1 we have that

Pr
x∈X

g1,...,gr

[P ′(x) = f ′(x)] ≥ exp(−3µ ·m′−4µ ·m ·r)

≥ exp(−7µ ·m · r) ≥ exp(−70µ · log(1/µ) ·m′)
(2)

as required.

Proof of Claim 4.1.The choice of g1, . . . , gr corre-
sponds to the choice oft := m · r = 5 · dlog(1/µ)e ·m′

pointersgu(w) ∈ [m′], whereu ≤ r andw ≤ m. Let us
call a pointergu(w) good if Pa correctly computes the
corresponding bit, that is, ifPa(gu, x)w = f ′(x)gu(w).

Let us pick a parameter

ρ ∈ [4µ, 5µ]

such thatρ · d is an integer (such aρ is guaranteed to
exist becaused ≥ 1/µ). Now consider the following
two events.

I All gw(w)’s are good: For all t pointersgu(w) we
havePa(gu, x)w = f ′(x)gu(w), and

II Cover a1−ρ fraction: there are at least(1−ρ) ·m′

indicesj ∈ [m′] for which there is a pointergu(w)
such thatgu(w) = j.

Whenever both events (I) and (II) happen, by defini-
tion the protocol will compute correctly a1− ρ fraction
of the output bits off ′, and guess at random for the other
ρ fraction. We prove below that the probability that both
events (I) and (II) happen is at leastexp(−2µ ·m · r)/2.
Also, the probability that theρ ·m′ random guesses are
all correct isexp(−ρ ·m′), and thus we have, for every
goodx:

Pr
g1,...,gr

[P ′(x) = f ′(x)]

≥ Pr[(I) and(II)] · exp(−ρ ·m′)
≥ exp(−2µ ·m · r − 1− ρ ·m′)
≥ exp(−4µ ·m · r), (sinceρ ≤ 5µ ≤ µ · r/d)

which proves Claim 4.1.5

It remains to prove that the probability that both
events (I) and (II) happen is at leastexp(−2µ · m ·
r)/2. First, observe that event (I) happens with prob-
ability at leastexp(−2µ · m · r). This is because

5We point out that this idea of guessing at random the missingρ
fraction of bits is borrowed from [9]. Just like in that paper, the ex-
ponentially small success probability is significant for our setting of
parameters. Previously, without using this idea, we had to cope with
errors which led to more complex analysis.

x is good and therefore, for everyu ≤ r, with
probability at leastexp(−2µ · m) (over gu) all point-
ersgu(1), gu(2), . . . , gu(m) are good (cf. Equation 1).
As these events (for differentu’s) are independent,
the probability bound follows. So we only need to
show that event (II) does not happen with probabil-
ity at most exp(−2µ · m · r)/2. (We are using that
Pr[(I) and(II)] ≥ Pr[(I)]− Pr[not (II)].)

Claim 4.2 (Cover a1 − ρ fraction w.h.p.). The proba-
bility that there are at most(1− ρ) ·m′ indicesj ∈ [m′]
for which there is a pointergu(w) such thatgu(w) = j
is at mostexp(−2µ ·m · r)/2.

Proof of Claim 4.2.We do a union bound over all sub-
sets of[m′] of size (1 − ρ) · m′. Fix any such setS,
and let1− ρ1, 1− ρ2, . . . , 1− ρm be the fraction of el-
ements in each block ofd indices, i.e.,1 − ρi := |{j ∈
[d · (i − 1) + 1, d · i] ∩ S}|/d. The probability that all
pointers fall inS is

∏
i≤m(1−ρi)r. Since the average of

the(1−ρi)′s is (1−ρ), by the arithmetic mean vs. geo-
metric mean inequality we have that the probability that
all pointers fall inS is∏

i≤m

(1− ρi)r ≤ (1− ρ)m·r.

By a union bound, the probability that there is a setS ⊆
[m′] of size(1 − ρ) · m′ such that all the pointers fall
insideS is at most(

m′

ρ ·m′

)
· (1− ρ)m·r ≤ (e/ρ)ρ·m′

· exp(−ρ ·m · r)

≤ exp(log(1/µ) · ρ ·m′) · exp(−ρ ·m · r)
(sinceρ ≥ 4µ)

≤ exp(µ ·m · r − 4µ ·m · r)
(sinceρ ∈ [4µ, 5µ] andr = 5 · dlog(1/µ)e · d)

= exp(−3µ ·m · r),

where in the first inequality we use that
(
n
k

)
≤ (e ·n/k)k

and that(1− ρ) ≤ e−ρ ≤ 2−ρ =: exp(−ρ).

Remark 4.3. Our original proof gave up on recovering
all the m′ bits off ′, and only aimed to recover a1 − ρ
fraction. This parameterρ then appeared in the induc-
tion hypothesis leading to a more cumbersome analysis.
Guessing at random theρ fraction of the bits off ′ on
which we have no information allows us to have the in-
variant that we compute all the output bits off ′, and
leads to a simplified analysis.
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5. Consequences of the lower bound

In this section we restate and prove some conse-
quences of our lower bound for pointer jumping. We
start with the consequences of our lower bound for gen-
eral protocols with bounded number of rounds: the
round hierarchy Theorem 1.1 and the separation of non-
determinism from determinism, Theorem 1.2. Then we
prove a separation between the power of different orders
in the one-way model, Corollary 1.4. Finally, we give
our lower bound for the disjointness function, Corollary
1.5. All these results followeasilyfrom our main lower
bound for pointer jumping, Theorem 3.2.

We start with the consequences regarding general
protocols with a bounded number of rounds. The fol-
lowing corollary combines Theorems 1.1 and 1.2 from
the Introduction.

Corollary 5.1 (Separations for a bounded number of
rounds). For every fixed constantsr and k there is an
explicit functionf : ({0, 1}n)k → {0, 1} that requires
nΩ(1) communication fork-party r-rounds protocols,
but that can be computed withO(log n) communication
by both

1. k-partyr′-rounds protocols, wheneverr′(k− 1) ≥
r · k, and

2. nondeterministick-party2-rounds protocols.

Proof. Let k′ := k · r = O(1), and consider the pointer
jumping functionTPJk′ : {0, 1}n → {0, 1}. Let us
think of the input pointers to this function as arranged in
r blocks ofk layers each, where the first block cointains
the firstk layers, the second block the layers between
k + 1 and2 · k and so on. Now consider the following
partition of the inputs to thek parties: Playeri knows
all pointers except those leaving thei-th layer in each
block. We claim that this function, under this partition
of the inputs, gives the separation.

Lower bound:The lower bound follows from our re-
sults in the one-way model (Theorem 3.2). Specifically,
we use the fact that anyr-roundk-party protocol for the
TPJk′ function above can be simulated by a one-way
k′-party protocol, under the partition of the inputs de-
scribed above (recall thatk′ = k · r). The simulation
is natural and works as follows. At any roundj, if the
i-party speaks in the originalr-round protocol, we sim-
ulate this by letting the((j − 1) · k + i)-party speak in
the one-way model (i.e., thei-th party in thej-th block).
Note that, by our choice of the partition of the inputs,
this ((j − 1) · k + i)-party in the one-way protocol has
access to all the information that thei-party had access

to in the original protocol. This shows that the simula-
tion can indeed be carried through and proves the lower
bound.

Upper bound (1): Recall that evaluating the func-
tion amounts to followingk′ pointers, i.e. outputting the
node reached after following the pointers. Since partyi
knows all pointers except those in thei-th layer in each
block, it is not hard to see that in1 round the parties
can always followk − 1 pointers. Thus, to compute the
function they only needr′ rounds forr′(k − 1) ≥ r · k.
Since at each round they only need communicate the
node reached up to that point, and this takesO(log n)
bits, the upper bound is proved.

Upper bound (2): Using nondeterminism, the first
party guesses the piece of the input on its forehead, and
announces the whole path in the graph from the starting
node to a leaf. Note that all the steps in this path are
correct except possibly those corresponding to the first
layer in each block, which the first party does not see but
guessed. As the graph hask ·r = O(1) layers, this takes
O(log n) communication. The second party, seeing the
first party’s input and the path, can verify the correct-
ness of the steps corresponding to the first layer in each
block, and thus check if the leaf announced by the first
party is the correct one.

The function witnessing the separation between non-
determinism and determinism in Theorem 5.1 can in
fact be computed withO(log n) communication by both
nondeterministic and co-nondeterministic protocols. By
a result of [1],6 such functions can always be computed
with polylogarithmic communication by deterministic
protocols, if we put no bound on the number of rounds.
Thus, our exponential separation in Theorem 5.1 pro-
vides a sharp contrast in the case of bounded number of
rounds.

Another consequence of our results is the follow-
ing separation between the power of different orders in
which the parties speak.

Corollary 1.4 (Order separation). For any fixed con-
stantk and any orderπ for thek parties to speak, there
is an explicit functionf : ({0, 1}n)k → {0, 1} that re-
quiresnΩ(1) communication if the parties speak in the
order π, but can be computed withO(log n) communi-
cation if the parties speak in any other order.

Proof. Without loss of generality, let us assume that
π1 = 1, 2, . . . , k. Consider thek-party pointer jump-
ing function TPJk : {0, 1}n → {0, 1}; by The-
orem 3.2, its one-way communication complexity is

6Although [1] only considers2-party protocols, their result extends
to anyk.
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(
n1/(k−1)

)
/kO(k) if the parties speak in the order

1, 2, . . . , k. For the upper bound, fix a different order,
and suppose that partyj > i speaks before partyi. Then
party j can announce the node reached after following
the first j pointers, which takesO(log n) bits. Later,
party i can annouce the value of the function. This is
because it knows the pointers in every layer except the
i-th, and thus in particular the pointers in the layers after
thej-th, sincej > i.

In the rest of this section we explain how we obtain a
lower for the disjointness function.

Definition 5.2 (Disjointness function). For integersk, n

the disjointness function isDISJk,n : ({0, 1}n)k →
{0, 1} whereDISJ(x1, x2, . . . , xk) = 0 if and only
if there is j ∈ [n] such that(xi)j = 1 for every
i ∈ [k], where(xi)j denotes thej-th bit of the string
xi ∈ {0, 1}n.

Note thatDISJ(x1, x2, . . . , xk) = 1 if and only if
thek sets encoded by the stringsxi are disjoint.

Corollary 5.3. There is a universal constantc > 0 such
that the following is true. For everyk, d ≥ 1, and for
ηk := (k + 1)−c·k, there is a distributionD over the
inputs ofDISJk,n such that there is no one-wayk-party
protocolP achieving

Pr
x∈D

[P (x) = DISJk,n(x)] ≥ exp(−ηk)

and using communication at mostηk · d.
In particular, every one-wayk-party protocol for the

disjointness functionDISJk,n : ({0, 1}n)k → {0, 1}
must use communication at least

(
n1/(k−1)

)
/kO(k).

Proof. We reduce an instance of the pointer jumping
functionTPJ1,d

k to an instance of the disjointness func-
tion DISJk,n wheren = dk−1. The corollary then fol-
lows from Theorem 3.2. We now explain this reduction,
which amounts to a simple block-wise encoding of the
truth-tables of the functionsg’s. Specifically, given a
TPJ1,d

k instanceg1, g2, . . . , gk we construct the corre-
spondingDISJk,n instancex1, x2, . . . , xk as follows.
The inputxk equals the truth-table of the binary function
gk mapping[dk−1] to {0, 1}. To specifyxi for i < k, let
us think of the integers up ton = dk−1 written in d-ary
notation, and ofgi as a map fromd-ary integers of length
i− 1 into d-ary integers of lengthi, i.e. gi : [d]i−1 →
[d]i. Now, we set to1 exactly those bits ofxi whose in-
dex is of the formgi(a) ◦ b, a ∈ [d]i−1, b ∈ [d]k−i. For
example, forx1 we set to1 all bits whose index has the
most significant digit equal tog1(1). It can be verified
that for suchxi’s we haveTPJ1,d

k (g1, g2, . . . , gk) =
1−DISJk,n(x1, x2, . . . , xk).

6. Streaming models of computation

In this section we discuss some consequences of our
lower bounds forstreaming modelsof computation. Fol-
lowing [2], we consider the problem of approximating,
with limited space, thefrequency momentsof a sequence
A = (a1, . . . , am) of m elementsai ∈ {1, . . . , n}
(jumping ahead, our current results only apply to the
frequency momentF∞, defined below). The celebrated
paper [2] establishes several bounds on approximating
various moments in the model where we have one-way
access to the sequence. Already in [2], it was considered
an extension of the one-way model where one allows for
severalone-way passes on the input sequence, but in the
sameorder. This model was also studied by some of the
many papers that followed [2], for example in the paper
[5] which also gives sharper space bounds.

Here, we consider a further extension of the one-way
streaming model, where we are allowed to access the
sequence inany order, insofar as we read at mostc · n
inputs (the order is fixed and independent of the actual
sequence). We can think, for example, of approximating
the moments of a matrix ofn elements, where we first
access them in row order, and then in column order. This
overlap of information is reminiscent of the multiparty
model, and in fact using our results we are able to prove
a space lower bound for approximating the momentF∞,
which is simply the maximum overi ∈ {1, . . . , n} of the
number of times that elementi appears in the sequence
(cf. [2]); for example,F∞ = 1 if all elements in the
sequence are distinct.

Corollary 6.1. For everyc there is a constantε > 0
such that the following holds. LetM be a randomized
algorithm that uses spaces and, given a sequenceA
of n elements in{1, . . . , n}, readsc · n elements in an
arbitrary but fixed order (independent of the sequence).
Suppose thatM outputs with probability1− ε a number
F ∗
∞ such that|F ∗

∞ − F∞| ≤ ε · F∞, thenM must use
spaces ≥ nε.

Due to space restrictions, the proof of Corollary 6.1
is omitted. Finally, we mention that we do not know
how to get hardness of approximation results for other
moments in our model.

7. Open problems

Besides the obvious open problem of establishing
lower bounds for pointer jumping or disjointness in the
general model, our work raises some other questions.
One question, in proof complexity, is whether a size
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lower bound for tree-like threshold systems already fol-
lows from our one-way lower bound (cf. Section 1.3 and
[7]). This seems to require a “better than known” sim-
ulation of such proof systems by multi-party protocols,
specifically a simulation that uses only few rounds. An-
other question is how tight is our one-way lower bound
for pointer jumping ifk is not constant. A small step in
this direction would be understanding whether one can
improve our main Theorem 3.3 so as to haveη′ linear
in η, as opposed to quasi-linear. This would allow to
establish lower bounds for pointer jumping of the form(
n1/(k−1)

)
/2O(k), as opposed to

(
n1/(k−1)

)
/kO(k) in

our results.
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