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Abstract: Let A be a graph coloring algorithm.
Denote by A (G) the ratio between the max-
imum number of colors A Wwill use to color the
graph G, and the chromatic number of G,
x(G). For most existing pelynomisl coloring
algorithms, A (G) can be as bad as 0(n),
where n is the number of vertices in G. The
best currently known sigorithm guarantees
A(G)=0(n/log n). In this paper we present 2
simple and efficient coloring 1Isorithm which

A [—
guarantees 4 (G)<x(G)n x(G)-1 o consider-
able improvemént over the current bounds.

1. Intreductien

A variety of problems in production
scheduling, construction of timetables, etc. can

be ‘modeled as graph coloring problems. A

(legal) r-coloring of a graph’ G is an assign-
ment of » colors to the vertices of G such that
no two adjacent vertices are assigned the same
color. A graph G that has an r-coloring is said
10 be r-colorable. The smatlest integer r such
that G has sn r-coloring is called the
chromatic number of G and is denoted by
x(G).

The graph coloring probiem, i.e. “Given a
graph G, is x(G)=k ? " is known to be NP-
complete, even if k is fixed, k33 is,91.
Therefore it is unlikely that there is a polyno-
mial time algorithm that will color every graph

* Throughout the paper we deal only with simple un-
directed graphs.
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G with x(G) colors. Moreover, Garey &

_ Johnson [2) showed that a polynomial time

algorithm that guarantees to color every graph
G with at most ax(G)+b colors, ¢ <2, will
imply a polynomial algorithm to color every
graph G with x(G) colors. In other words, get-
ting close within a factor of two to the
optimum is as hard as achieving it.

The inherent difficulty of the coloring
problem caused researchers to’ devise efficient
heuristic algorithms, hoping that the number
of colors they use is near optimal. A few exam-
ples of this approach are [10,12,11,6,7). In a
1976 papér [4], Johnson analyzed the worst
case behaviour of such aigorithms, and we fol-
low his notation: for a coloring algorithm A, let -
A(G) be the maximum number of colors A
might use when  applied o G,
A(G)=A(G)x(G) and A (n)=Max {4(G) |
G has no more than n vertices}. For every
aigorithm in a list containing most of the
known heuristics for coloring, Johnson con-
structs a sequence of 3-colorable graphs {G.)
with O(m) vertices, s.t. A{G.)3»m. This
shows that the worst case behaviour of these
algorithms is as bad as possible: Aln)toln),
which is quite surprising in light of the intui-
tive nature of many of them. He concludes his
paper with a polynomial time algorithm that
guarantees A (G)=O(n/log n)”, the best
bound currently known. .

To summarize, there is a huge gap
between what we know is NP-hard: 4(G)<2,
a.nd what we can guarantee in polynomial time:
A(G)=0(n/log n). ,

In the second section we give a polyno-’
mial time algorithm (Algorithm A) to color 3-
colorable graphs on a vertices using at most
3J/n colors. In the third section we show how
to generalize the method to color k-colorable
graphs (Algorithm B). In section 4 we give the
final version of the algorithm (Algorithm C),

—
" All logs are 10 the base 2.




. 1
which uses at most x(G)nl x@-1 eolors.
This is a considerable improvznent on tie
upper bound mentioned sbove, for values of
x(G) which are ollog n / loglog n). We
further show that this algorithm is very practi-
cal; it can be implemented to run in linear time
©UVI+IED for graphs with a fixed
chromatic number, and in time O((|V|+|ED
x(G) log x (G)) for all graphs.

2. Algorithm A - coloring 3-colorable graphs.
First, let us introduce the graph theoretic
notation we will use. For a graph G(V ,E) we
define:
Ng (v) = Thé neighbourhood of a vertex v€ V
= {u | (v,u)EE ).
dg (v) = The degree of a vertex v€ ¥
- l NG (V) l
A(G) = The maximum degree of G
= Max,¢ V[dG w)).
The subgraph of G induced by UCV is the
mph H(U,F) where - )
= { (u,w) l ueU, weU and (u,w)€EE)}.
( We omit "G* from above notation when the
graph at hlnd is clear from the context.)

We next state three simple facts on
which our algorithm is based.
Fact 1: Any graph G can be colored in polyno-
mial time with at most 1 +A4(G) colors.

- Fect 2: Let G(V,E) be a 3-colorable graph.

Then for every v€V, the subgraph of G
induced by N (v) is bipartite (2-colorable).
Fact 3: Any bipartite graph can be 2-colored in
polynomia! time.

Algorithm A
Input: A 3-colorable graph G (V,E).
1. neW
2. i1
3. while A(G) » V7 do:
let:- v be a8 vertex of maximum

degree in G.

H ~— the subgraph of G induced
by Ng (v).

2-color H with colors r‘1+l.

color v with color i+2.

i i+2.

G ~ the subgraph of G resultmg
from it by deleting N(v) U {v).
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4. (G < Jn). color G with colors
i,i+1,i+2, - - - and halt.

Theorem 2.1: Ajgorithm A colors any 3-
cnlorable graph G(V,E) on n vertices with at
most 3V colors, aud its running time is poly-
nomial in n. )

Preef: To see that the coloring is legal, we
need only to observe that each time step 3 is
executed, we use a new set of colors {i,i+1}
for M (v), and all neighbours of v, which is
colored i+2, were already colored with smaller
colors.

Since each time step 3 is executed we color at

‘least Vi +1 vertices, it will be executed less

than vV times. Each time we use 2 colors, so
altogether this loop uses less than 2Va colors.
Step 4 is executed only once, and uses less
than V# +1 colors, which gives the total
bound of 3Vn .

The time bound follows immediately ftom facts
land3. O

3. Algorithm B - celoring k-colorable graphs.

A natural question to ask at tlns point is:
How can we use the ideas of the prevnous sec-
tion to color k-colorable graphs for any k& in
polynomial time, and what upper bound on the
number of colors can we guarantee? We look
again at the three facts stated in section 2.
Fact 1 is independent of the chromatic number
of the graph”. Fact 2 is trivially generalized to:
Fact 2: Let G(V,E) be a (k+1)-coloribie

.graph. Then for every vertex v€V, the sub-

sraph of G induced by N (v) is k-colorable.
Fact 3 was used in the following sense: given a
polynomial time coloring algorithm for 2-
colorable graphs, we obtained one for 3-
colorable graphs. In general, we can recur-
sively use the k-colorable graphs algorithm in
the one for (k+1)-colorable graphs.

The above discussion suggests the fol-
lowing recursive algorithm B.

Algerithm B(k,G,i)

Input: An integer k, a k-colorable graph G,
and an integer /, telling it to oolor G
with successive colors i,i+1,

* Although it gives an u"‘r bound on the chromatic
number.
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Output: The number of colors used to color G.

1. If k=2, 2-color G wita /,i+] and return
(2).

2. (k>2). n — the aumber of vertices in

3. [ Recursive coloring stage }
while A(G) 3 £, (n) do:
(The functions f,(r) are dlscussed

below)
let v be a vertex with
dg (v)=A(G).
H ~ the subgraph of G induced
by Ng (v).

j — Bk—1,H,i). ( H was colored
with i,i+], -+ - Ji+j=1).
color v with color i+j.
i—itj.
G ~— the subgraph of G resulting
from it by deleting N (v)U (v).
4. [ Brute force coloring stage }
(A(G) < f,(n)). Color G with colors
ii+l, - i+s—1 and return (s).
(s < 1+f,(n)).

How do we choose the "break even
point” f, (n) so as to minimize the number of
colors we use? The concept of “"balance™ in
algorithms suggests that we use about the same
number of colors in each of the two stages of
the algorithm. In algorithm A, this gave us the
equation f3(n)=n/f;(n), whose solution,
S3(n)=Jn was chosen to be the break even
point. In general , the equation we get is:

Sin(n)=f, (ful(")) l(") )

Lemma 3.1: The sequence of functions

S
fi(n)ma' T FT @

for k=2,3,--: is the solution of the rec-
curence relation (1) with initial condition
f;(n-)-l.

Proof: Simple induction on k. O

From this point on we identify the func-
tions f;(n) mentioned in algorithm B with
those defined in (2).

Theorem 3.1: Algorithm B colors any k-
colonble gnplli on n vertices with st most

kf‘ (n )-kn = eolors.

Proof: We use induction on k.
-2 Coloring  bipartite  graphs  with

2" .= =2 colors.
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k> 2. Assume inductively that the claim is true
for all k-colorabie graphs, and that B colors a
{k+1)-colorable graph-on » vertices. Let m
be the number of times step 3 was executed. If
m=0, then G was colored with at most
Sia() +1€ (k+1) 7, ,,(2) colors. . If m>0,
let »,,¥;, - - - ,va be the sequence of vertices
chosen at each execution of step 3. Let H,,
1< /i< m, be the subgraphs induced by N (v,).
in the current graph G, and ¢, be the number
of vertices in M,. By induction, the H,’s were

- colored legally. Each was given a different set

of colors, so there is no conflict-in edges
between different H,’s. Each v, was assigned a’
bigger color than all its neighbours. Finally,
step 4 was executed once, again with a
different set of colors, which completes the
proof that the coloring is legal. To prove the
upper bound on the number of colors, we need
the following:

Definitien: Let S be a convex region. Then a
function f:S—R is called concave if for every
x,y€S and 0L we have
AL )+A-2) 7 ()< 7 Ox+(2=2)y)

For concave functions one can prov}e the fol-

‘lowing (e.g. see [8]):

Jensen's Inequality: Let f:S—R be a concave
function, and let x),x,, - - * ,x, be points in S,

then
) WLEH) Jf&l
=1 p ‘ :-'l" .

Now we can continue the proof. It is easy to

. -
see that the functions f,(x)=x *!, which
are the functions in (2) extended to the non-
negative real numbers, are concave. We aiso

‘note the following: B uses no more than

-l
k1, *V colors on H,, 21 <n, and since for
to]
-1 iy
all i t,)n & m<n* "Combining. all that
information, the numbet of colors B uses in

the recursive coloring stage is:

£

I e
kt *) =k 1= .
E‘ ! m (

' - I
< kmlﬁl e k[um"’l =g

[y l'TlT -1
< n kG-D -kn *

In the brute force coloring stage we use Iesls

1- ==
than 1+n * colors, which gives (k+1)n *




as the bound on the total number of colors
used. O .

It is easy to .show that algorithm B
requires time polynomial in x. The oext
theorem states a stronger result, which shows
that B is a practical algorithm.

Theorem 3.2: Algorithm B can be 1rnplememed
to run in time Ok (|V{+|E]) on k-colorable
graphs G (V,E).

Preof: The data structures we maintain m the
implementation are given below.

The input graph is given in the data structure
GRAPH. It has a doubly linked list of the ver-
tices. Each vertex points to its adjacency list,
which -is also doubly linked. In addition, if
(u,w)EE, then w on u’s list will point to ¥ on
w's list and vice versa. GRAPH allows us to
delete each edge or vertex in constant time.

GRAPH can be preprocessed o construct the
data structure DEGREE. Its purpose is to
maintain the degree of each vertex so that we
can update it in constant time with each remo-
val of an edge, and have a constant time access
to a vertex of maximum degree. Let
d\»d,2 - - - #d, be the degree values accour-
ing in the graph. For each 4, we keep a
*bucket® D,. These buckets are doubly linked
in the above order, and we have a pointer to
the first bucket, ‘D,. In each bucket D, we
keep all vertices of degree d,, doubly linked in
some order. Every D, points to the first vertex
in it, so we can tell when it gets empty. Each
vertex in GRAPH will point to its place in the
appropriate bucket in DEGREE. Clearly, we

can create or delete a bucket in constant time. .

We can add or delete a vertex from a bucket in
constant time. Also, DEGREE may be con-
structed from GRAPH in O(|V |+1E|) time.

Finally, we keep an array COLOR of the ver-
tices, global to all levels of the recursion.

Since we have k—1 levels in the recur-
sion, to prove the time bound it is sufficient to
show that each level takes time O(|V |+|£E ).

Assume that the input to the current level of
recursion is a k-colorable graph G(V.E),
given in GRAPH(G). If k=2, it is known that
G can be 2-colored in linear time. If k> 2, we
construct DEGREE(G). Let v be a vertex of
maximum degree. If we are in the recursive
coloring stage, we wish o construct
GRAPH(H) for the graph H induced by
Ng(v), and update GRAPH(G) and
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DEGREE(G) to contain the new graph G
resuiting from the deletion of N (v)U{v). To
do that we first ‘remove N(v) from
GRAPH(G), leaving these vertices linked to
form GRAPH(H). Then we scan the adjacency
list of each vertex w€N (v). For each vertex
wEN(v) in u's list we do the following: delete
w from u’s list, deiete ¥ from w's list, and
decrement the degree of w by 1 in

DEGREE(G). We than delete v and N(v).

from DEGREE(G). Note that we spend con-
stant time on each edge and vertex before they

" are deleted from the graph. The brute force

coloring stage can also be done in linear time
using “sequential coloring” (l6]). Therefore,

the time used in each level of the recursion is.

oGvi+IED. O

4. Algorithm C - the final version '

Until now we have assumed that the
chromatic number of the input graph was also
given as input. However, this is usually not the
case. We overcome this problem by trying
increasing values of k in algorithm B. We

"slightly change B to answer 'no’ if it cannot

find a legal coloring (i.e. the value of k was too
small), and 'yes’ if it can. This brings us to the
final version of our algorithm - Algorithm C.

Algorithm C
Input: A graph G (V E).

1. Call B(k,G.1) with k=2, }=1.2,- -
until the first / for which B answers

.

'yes'.

2.  Using / of step 1, apply binary search to
find the smallest k in [2/-!,2/] for which
B(k,G,1) answers ‘yes'. Let ' this
minimum value be k.

3. Color G with the coloring produced by

B(ko,G,1).

Lemma 4.1: ko € x(G). .

Proof: We need only observe that for every
k2»x(G), B(k,G,1) will answer ’yes’
(Theorem 3.1). Since ko is the smallest k for

~which B(k,G,1) answers ‘yes’, ko€x(G). D

Theorem 4.1: For any graph G on n vertices,
the number of colors C(G ) that will be used

by C, is at most x(G)n l“”"
Proof: Let ko be deﬁned as above for G. By

I
theorem 3.1, C(G) € kon ¢, since C uses »




By lemma 4.1,
renders

the coloring of B(ky,G,1).
ko € x(G) . which

C(6) € x(6G)n XC 1.0

Corellary 4.1: For any graph G on n vertices,

C(G) € n YO In garticular, if x(G) =
ollog n / loglog n), thea C(G) = o(n/log n).
Proof: The first statement is immediate from
the definition of C(G). For the second,
assume x(G) = o(log n / loglog n). Then

i

1
é(G)(nrl-"““"<nl_m- "I -
. "m
n o mpol——| = n
T s °l2m'unl ollosn]

2%(6)

Theorem 4.2: For every graph G(V,E), the
running time of algorithm C is OV |+|ED
x(G) log x(G)).

Proof: The search method that is applied in C
to find ko requires at most 2log x (G) calls to
algorithm B. By Theorem 3.2 and lemma 4.1,
each call takes time O((} ¥ [+]ED x (G)), which
proves the required bound. O

Corollary 4.2: For any fixed integer k, the
running time of algorithm C on graphs G with
x(G)< k is linear, ie. O(1V |+|ED.

5. Further research
We conclude with three open problems:

1)  Can the bound in Fact 1 be improved in
polynomial time? A positive answer will
immediately imply improvement to the
upper bound on the number of colors
our algorithm uses. It is known A colors
are sufficient if the graph is neither a
clique nor an odd cycle. Can we do with
less than A colors whenever it is possi-
ble? In general this is unlikely since
deciding if x(G)€3 for graphs with
A(G)<4 is NP-complete. However, it
might be possible if some minimum
difference or ratio between A(G) and
x{(G) is guaranteed.

2) By lemma 4.1, algorithm C can be used
to find a lower bound on the chromatic
number of the input graph. How good is
this bound?
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This long standing conjecture is aimed to .
improve the lower bound on what can be
done in polynomial time: Prove that to
achieve 4 (G)<r is NP-hard for every
fixed positive number r. ’
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