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Abstract

This paper presents a unified and simple treatment of ba-
sic questions concerning two computational models: multi-
party communication complexity and GF(2) polynomials.
The key is the use of (known) norms on Boolean functions,
which capture their approximability in each of these mod-
els.

The main contributions are new XOR lemmas. We show
that if a Boolean function has correlation at most ¢ < 1/2
with any of these models, then the correlation of the parity
of its values on m independent instances drops exponen-
tially with m. More specifically:

e For GF(2) polynomials of degree d, the correlation
drops to exp (—m/4d). No XOR lemma was known
even for d = 2.

e For c-bit k-party protocols, the correlation drops to
2¢ . em/Qk. No XOR lemma was known for k > 3
parties.

Another contribution in this paper is a general deriva-
tion of direct product lemmas from XOR lemmas. In partic-
ular, assuming that f has correlation at most € < 1/2 with
any of the above models, we obtain the following bounds on
the probability of computing m independent instances of f
correctly:

e For GF(2) polynomials of degree d we again obtain a
bound of exp (—m/4%).
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e For c-bit k-party protocols we obtain a bound of
2=92m) jp the special case when ¢ < exp (—c . 2’“). In
this range of €, our bound improves on a direct product
lemma for two-parties by Parnafes, Raz, and Wigder-
son (STOC °97).

We also use the norms to give improved (or just sim-
plified) lower bounds in these models. In particular we
give a new proof that the Mod,, function on n bits, for
odd m, has correlation at most exp(—n/49) with degree-
d GF(2) polynomials.

1. Introduction
1.1. Background

A natural measure of agreement between two functions
is their correlation, which measures the agreement on a ran-
dom input. Formally, the correlation between two functions
fip€{0,1}™ — {—1,1} is defined as

Cor(f,p) = | Ealf () - p(a)]]
= [Prlf(2) = p(a)] - Prlf(x) # p(@)]| € [0.1].

For a complexity class C (e.g., circuits of size s on n bits),
we denote by Cor( f, C) the maximum of Cor( f, p) over all
functions p € C. In other words, Cor(f, C) captures how
well on average can we compute f using a function from C'.

Correlation bounds are fundamental in computational
complexity. Proving that Cor(f,C) < 1 is equivalent
to establishing that f ¢ C, but what is far more desired
is proving that Cor(f,C) is very close to zero, for nat-
ural functions f and complexity classes C. Such bounds
yield pseudorandom generators that “fool” the class C (e.g.
[27, 29, 37, 25, 41]), and they also imply lower bounds for
richer classes related to C' (e.g., if Cor(f,C) < 1/t then



f cannot be computed exactly by any function which is the
majority of any ¢ functions from C' [17]). For these applica-
tions, we would like to prove correlation bounds as close to
zero as possible.

A celebrated way of decreasing correlation (a.k.a. am-
plifying hardness) is via an XOR lemma, first suggested by
Yao in his seminal paper [42] (cf. [10]). One starts with a
function f of nontrivial correlation with C, and constructs a
new function f® (on n-m bits), which is the exclusive-OR
of the value of f on m independent inputs. The hope is that
the correlation will decay exponentially with m. This idea
is best demonstrated in the information-theoretic setting, in
which we try to compute the value of a biased coin. In our
language, take C' to be the class of constant functions, and
f any function with |E,[f(z)]| = Cor(f,C) = €. Then it
is easy to see that Cor(f®™,C) = €™ for every m.! So
the decay of the correlation in this trivial scenario is purely
exponential in the number of copies m.

Yao’s XOR lemma deals with the most studied compu-
tational model, namely polynomial-size circuits, and goes
as follows. Let C' be the class of Boolean circuits of size
s, and let f be any function on n bits with Cor(f,C) < e.
Then for any large m and small o > 0, if C” is the class of
circuits of size s - (a/nm)? then Cor(f®™,C") < €™ + au.
Many proofs of this XOR lemma were given, starting with
Levin [24, 20, 10, 21]. All in fact show that that this lemma
holds in more general circumstances, namely as long as C
can compute the majority of functions in C’. However, none
of these proofs can be applied to the computational models
for which we actually can establish the existence of func-
tions with non-trivial correlation (i.e. prove lower bounds),
such as low-degree GF'(2) polynomials, multiparty proto-
cols, or constant-depth circuits (cf. [39, Chapter 6]). Specif-
ically, none of the above proofs can be applied to obtain a
correlation bound of 1/n for a function on n bits. Another
weakness of the results in [24, 20, 10, 21] is their loss in re-
sources (e.g., circuit size) in C” with respect to C' (cf. [10]).

1.2. Our results

In this paper we prove new XOR lemmas for two
models: low-degree polynomials over GF(2), and low-
communication multiparty protocols.

Both proofs of our XOR lemmas use a common ap-
proach, very different from the one used for circuits. To
each of these complexity classes C' we associate a real norm
N on all Boolean functions which has the following prop-
erties (informally stated):?

1. N CAPTURES CORRELATION WITH C. For every
function f, N(f) = Cor(f, C).

IStrictly speaking, now C denotes the constant functions on n - m bits.
2 As we discuss later, N will not quite be a norm but rather “close” to a
norm.

2. N COMMUTES WITH XOR. Let f, g be two functions
on disjoint inputs, then N(f - g) = N(f) - N(g).

Given such a norm N, the proof of an XOR lemma for
C is almost straightforward:

Cor(f&™,C) = N(f™) = N(f)™ ~ Cor(f,C)™.

Of course, the challenge is to find the appropriate norm and
prove their properties. As it turns out, much of this work
was done already.

1.2.1. GF(2) polynomials

Let Py be the class of all polynomials of degree at most

d (in any number of variables) over GF'(2). This class has
been studied in many contexts in computational complex-
ity. First, it is a natural class that arises in other settings
like error-correcting codes. Second, it captures important
complexity classes. For example, it is not hard to see that
every Boolean decision tree of depth d is in this class. An-
other, far less obvious connection was proved by Razborov
[33] in his lower bound for unbounded fan-in polynomial-
size constant-depth circuits over GF'(2). Razborov proved
that any function f computable by such circuits satisfies
Cor(f, Py) > 1 —1/n*® for some d = poly(logn). That
same paper of Razborov proved that Cor(Majority, Py) <
O(1/+/n) for such d, and the quest for finding functions of
smaller correlation with that class has been a challenge that
was not yet answered. Specifically, no explicit function is
known which has correlation at most 1/n even with poly-
nomials of degree log, n. The XOR lemma we prove falls
short of meeting this challenge: It gives meaningful amplifi-
cation only if the degree d is below log n: We prove that the
correlation of the XOR of m copies decays exponentially
with m /2.
Theorem 1.1 (XOR lemma for GF(2) polynomials).
Let f : {0,1} — {-=1,1} be a function such that
Cor(f,Ps) < 1 — 1/2¢  Then Cor(f®™ P;) <
exp (= (m/ (44 - d))).

No XOR lemma was known even for d = 2.

The norm we use for the proof of this XOR lemma is the
so-called “Gowers’ norm,” or “degree-d norm” introduced
by Gowers [11, 12] and independently by Alon et al. [2].
We note that its relationship to the class P; was already
used for many purposes. Gowers [11, 12] used it to give
sharper bounds in Szemeredi’s Theorem on arithmetic pro-
gressions in subsets of the integers. Green and Tao [13] fur-
ther found more applications in arithmetic combinatorics.
Alon et al. [2] used it for property testing of low-degree
polynomials. Finally, Samorodnitsky and Trevisan [35, 34]
used it to give optimal results on the free-bit complexity
of PCPs. These papers contain various inequalities relating
these norms to low-degree polynomials — we use the ones
in [13], [2], and in [34].



1.2.2. Multiparty protocols

In Yao’s standard 2-party communication complexity
[43], the two parties are each holding an input, and they at-
tempt to compute (or approximate) a given function of these
two inputs by exchanging at most ¢ bits of communication
(cf. the comprehensive book [23]). This model has been one
of the most extensively studied in computational complex-
ity, and captures essential features of many diverse com-
putational settings, from Turing machines, VLSI and dis-
tributed computation, to linear programming and auctions.
Many techniques for proving various strong lower bounds
and correlation bounds are known.

This model was generalized by Chandra, Furst, and Lip-
ton [5], to the multiparty model (often called “number-on-
forehead” or NOF model). In k-party communication com-
plexity each party is assigned an input again. However, that
input (figuratively) resides on that party’s forehead, and so
(formally) each party knows all but his own input. Again,
the parties have to compute (or approximate) a function on
all k£ inputs by exchanging c bits of communication. The
overlapping information of the parties allows this model to
capture more complex settings, like multi-tape Turing ma-
chines, branching programs, constant-depth circuits with
modular gates and more. Here, lower bounds and even
correlation bounds are known as long as £ is below logn
(where n is the total input length). No explicit function is
known which cannot be computed using k£ = log, n parties
and ¢ = log, n communication.

The fact that the log n barrier in our knowledge appears
in both our models is no coincidence: A beautiful obser-
vation of Hastad and Goldmann [18, Proof of Lemma 4]
shows that any degree-d GF'(2) polynomial can be com-
puted by £ = d + 1 parties, exchanging only ¢ = d + 1
communication bits.> Thus, breaking the logn barrier for
multiparty protocols implies breaking the logn barrier for
GF'(2) polynomials. Again, our XOR lemma falls short of
breaking this barrier, and shows that when computing the
XOR of m copies of a function in this model (with the in-
puts distributed among the k parties as before), the correla-
tion decays (roughly) like m /2*. More precisely, denoting
by II}, . the class of all protocols between k parties exchang-
ing at most c bits, we obtain the following theorem.

Theorem 1.2 (XOR lemma for multiparty protocols). Let
f: D* — {—1,1} be a function such that Cor (f, I} ;) <
e. Then Cor (f&™ Tl .) < 2°- em/2",

No such result was known for & > 3 parties (although, as

explained below, a related assumption was known to imply
the same consequence). For & = 2 our result can be seen

3For context, we point out that the converse is false: Multiparty proto-
cols are stronger than low-degree polynomials, as exemplified by the the
M ods function.

as an alternative proof of an XOR lemma by Shaltiel [36];
cf. Remark 3.6.

Note that in the hypothesis of Theorem 1.2 we only re-
quire that the function f has small correlation with k-bit
protocols (as opposed to c-bit protocols). In fact, we only
need that f has small correlation with a special case of k-bit
protocols, cf. Remark 3.5. We do not know how to exploit
the stronger assumption that f has small correlation with c¢-
bit protocols, and in general we do not know whether our
XOR lemma is tight. On the other hand, in this work we
prove that the “ideal” XOR lemma, i.e. taking correlation
€ to correlation €™, is actually false for k = 2 and ¢ = 2
(Claim 3.7). We believe it is an interesting question to un-
derstand what the correct bound is.

The norm we use to prove this XOR lemma is the one
supplied (indirectly or directly) in the lower bound proofs
for this model [3, 7, 32]. In particular, [7] shows that this
norm upper bounds the correlation (which proves one direc-
tion of Property 1 in Section 1.2), and they also observe that
it commutes with XOR (which proves Property 2 in Sec-
tion 1.2). With this work in place, we need only show that
this norm lower bounds the correlation too (which proves
the other direction of Property 1 in Section 1.2). We also
give a somewhat more direct proof that this norm upper
bounds the correlation, and extend the norm to complex-
valued functions, obtaining new correlation bounds for un-
balanced functions.

1.2.3. Direct product vs. XOR lemmas

XOR lemmas are intimately related to direct product
lemmas. Here we start again with a function f : D —
{—1,1} that cannot be perfectly computed by some com-
plexity class C, and want to amplify its hardness by tak-
ing many copies of it on independent inputs. However,
rather than requiring to compute only the XOR of all out-
puts, we simply require to compute all outputs. In other
words, the new function f(™ : D™ — {—1,1} is the
concatenation of m copies of f, ™) (w1, 29,...,2) =
(f(x1), f(z2),..., f(xm)). Here the natural measure is
the success probability, denoted Suc ( fim, C), of giving
the right answer when the m-tuple of inputs is chosen uni-
formly at random. In this setting it makes sense to allow
every output to be computed by a function from C' (thus,
in a sense, allowing a factor /m more resources for this so-
lution), and the results in this section indeed hold in this
strong form: We define Suc ( o, C) to be the maximum,
over pi,...,pm € C, of the probability over z € D™ that
f(m)(x) = (p1(2), p2(2), .., P ().

As for XOR lemmas, one expects exponential decay of
the probability Suc (f(™), C) with m, and in fact such di-
rect products lemmas are known for several models. For
Boolean decision trees, [28] show that the success proba-



bility of computing f(") using decision trees of depth d
decays purely exponentially with m (independently of d).
For c-bit 2-party protocols, [30] prove a decay of the form
€ — (1/2 + €/2)?(m/¢) which mildly deteriorates with the
communication complexity c¢. This bound is proved using
(and somewhat extending and strengthening) the celebrated
parallel repetition of Raz [31].

We now discuss the connection between XOR lemmas
and direct product lemmas and highlight our contributions.

From XOR to direct product. Intuitively, computing all
outputs in the direct product f(") seems like a much harder
task than computing only their exclusive-or in f®. How-
ever, the formal such connection does not seem to have been
known. We observe that one can indeed formalize such a
connection and obtain the following proposition.

Proposition 1.1 (XOR lemma implies direct product
lemma). Let f be any {—1,1}-valued function and C
any class of {—1,1}-valued functions that is closed un-
der projections (i.e. under fixing some of the inputs). Then

Suc (f(m)7 C) < Cor (f@m/, C/) +279M) ywhere m' =

m/3 and C' consists of products of m' functions from C.

Proof. Let p1,...,pm € C be such that with probability e
overx = (Z1,...,&y) we have f(z;) = p;(z) for every i.
Let us choose Z uniformly in {0, 1}, and note that

€= Ezaranan | || (Fl2i)-pi@) ™ |,

i<m

where Z; is the i-th bit of Z. To see this last equality, ob-
serve that if even for one ¢ we have f(x;) # p;(x), then
f(z;) - pi(x) = —1 and the contribution to the expectation
(over the choice of Z) is zero. By a Chernoff bound we
can fix z = Z of Hamming weight at least m /3 such that

E$17£C27---73?m |:H1§m (f(xi) pi(x))27i| Z €= 27Q(m) The
result follows by fixing the values of the x;’s correspond-
ing to z; = 0 so as to maximize the expectation, showing
that the XOR of the function in the remaining m/3 inputs
has the same correlation with a XOR of m/3 functions in

C. O

We note that the argument in the proof of Proposition
1.1 simplifies and strengthens a result by Impagliazzo and
Wigderson [21, Theorem 11] which is about the special case
m' =1 (i.e., computing f): In the proof of Proposition 1.1,
fixing any z € {0,1}™, z # 0, gives correlation ¢ — 27™
with f, whereas in [21] they obtain correlation e — O(y/m -
2—”1,)'

Combining the above Proposition 1.1 with our XOR
lemma for GF(2) polynomials we obtain a direct product
lemma for GF'(2) polynomials (with no loss in the degree).

Corollary 1.1 (Direct product lemma for GF'(2) polyno-
mials). Let f : {0,1}" — {—1,1} be a function such
that Cor (f,P;) < 1 —1/2% Then Suc (f™,P;) <
exp (= (m/ (47 - d))).

Similarly, we obtain a direct product lemma for multi-
party protocols. As discussed above, we allow each of the
m protocols to use ¢ bits of communication (i.e., ¢ repre-
sents the amount of communication per instance). How-
ever, in the reduction in Proposition 1.1, the protocol for
the XOR needs to run 2(m) of the protocols for the direct
product, and this increases the communication by a factor
of m, making the result only meaningful when e < 2-c2"

Corollary 1.2 (Direct product lemma for multiparty pro-
tocols). Let f : D — {—1,1} be a function such that
Cor (f, Il ) <€ < 2-(+12" Then Suc (f0m) ) <
2~ 5xm),

The above corollary, in its range of parameter ¢ <
2_0'2k, beats the bound for 2-party protocols in [30] dis-
cussed above, because the latter never gives success prob-
ability smaller than exp(—(m/c)), no matter what e is.
Also, the proof of our bound is simpler. Moreover, the
above corollary is the first direct product result for £ > 3
parties. We stress again that to apply the above corollary we
only require that f has small correlation with a special case
of k-bit protocols (cf. Remark 3.5).

From direct product to XOR. Connections are also
known in the other direction: The seminal Goldreich-Levin
theorem [9] shows that if a circuit can obtain correlation €
with f®™ then a slightly larger circuit can succeed in com-
puting f("™) correctly with probability poly(e) (cf. [10]).
However, this reduction suffers again from the problems
discussed at the end of Section 1.1: It cannot be applied to
any model for which we can currently prove lower bounds
(cf., [39, Chapter 6]). Because of this fact, the direct prod-
uct lemma for 2-party protocols in [30] does not yield an
XOR lemma.

Another important computational model where the di-
rect product problem has been studied is that of k-prover
one-round proof systems, which are often viewed as games
between a verifier and k cooperating provers (see, e.g., [8]).
For 2 parties, Raz [31] proved an essentially tight direct
product lemma. In this work we show that the XOR lemma
for games is false in a strong sense. Specifically, we show a
very simple game G for which any prover strategy has cor-
relation at most 1/2, but on the other hand there is a prover
strategy that has correlation 1 — 1/2™ with G®™.

Equivalence of direct product and XOR lemmas for cir-
cuits. Although in this paper we mainly apply Proposition
1.1 to the models C' of low-degree G F'(2) polynomials and



multiparty protocols, the proposition is very general and in
particular applies to the model of polynomial-size circuits.
For this latter model, using the Goldreich-Levin theorem [9]
discussed above, we now have the following equivalence.

Corollary 1.2 (Equivalence of direct product and XOR lem-
mas for circuits). Let C(s) denote the class of Boolean cir-
cuits of size s, and let f : {0,1}" — {—1, 1} be any func-
tion. We have:

1. Suc (f(m),C(s)) < Cor (f@m',C(s')) + 2—%m)
wherem' = m/3 and s’ = O(s - m') (Prop. 1.1),

2. and Cor (f®™,C(s)) < (n-Suc (f™, C(s')))ml),

where s' = s - poly(n/ Cor (f™, C(s))) ([9]).

In particular, let C be the set of all poly(n)-size circuits,
and let m = m(n) be any function such that m(n) =
w(logn). Then we have that

Suc (f(m(")), C) < 1/n*®

if and only if Cor (f®m(”), C) < 1/n“’(1).
1.2.4. Lower bounds

The intimate connection of the norms used above to cor-
relation bounds in these models naturally invites their use
for proving lower bounds. Indeed, as mentioned earlier, this
is exactly what was done in the case of multiparty protocols.
We apply this connection to GF'(2) polynomials, obtain-
ing a number of new bounds which somewhat improve and
considerably simplify correlation bounds for some natural
functions. Our bounds rely on the fact that the correlation
of any function f with a degree-d GF'(2) polynomial can
be (essentially) upper bounded by the degree-d norm of the
function f raised to the power of 2~ (Lemma 2.3). Using
this fact we obtain the following results.

(1) We prove that the Mod,, function on n bits, de-
fined as Mod,,(z1z2...2x,) = 1 iff Y .2y = 0
mod m), has correlation* at most exp (— (n/4)) with
any GF(2) polynomial of degree d, for any fixed odd
integer m. A correlation bound of exp (—Q (n / Sd))
was first proved in a breakthrough result by Bourgain
[4]°. Subsequently to our results [40], Chattopadhyay [6]
showed how to modify Bourgain’s proof to obtain the same
exp (—Q (n/4%)) bound we obtain. Our proof appears to
be more modular than the proofs in [4, 14, 6]. It proceeds
by again relating the correlation to the degree norm, and

4“When working with unbalanced functions like M od,y, i.e. functions
f such that Prz[f(z) = 1] is far from 1/2, one defines the correlation
between f and p as | Prg. ¢(zy=1[p(z) = 1] = Pra. 5 (2)=—1[p(z) = 1]|.

5Bourgain’s proof [4] contains all the main ideas but is slightly incor-
rect. A correct proof is given by Green et al. [14].

then giving an exact calculation of the degree norm of the
M od,, function, yielding exp (—@ (n / Qd)). However, the
techniques in [4, 14, 6] generalize to polynomials modulo ¢
for arbitrary ¢ relatively prime to m, as opposed to ¢ = 2
in this work. It is not clear to us how to generalize the tech-
niques in this work to any ¢ # 2.

(2) We exhibit a polynomial-time computable function
on n bits that has correlation at most exp (—€2 (n/2%))
with any GF'(2) polynomial of degree d. Previous to our
work the best correlation bound for an explicit function was
exp (—Q (n/ (d : Qd))), which follows from the multiparty
communication complexity lower bound by Babai, Nisan,
and Szegedy [3] and the connection between such multi-
party protocols and low-degree polynomials discussed in
Section 1.2.2). To obtain this result, we note that (for any
d < n/2) arandom function F' : {0,1}"™ — {—1,1} has
with high probability degree-d norm that is exponentially
small (i.e., exp(—(n))). We derandomize this probabilis-
tic construction by showing that the same holds when the
truth-table of F' (of length 2") is selected at random from
a small-bias space [26, 1]. Such a sample space F can
be generated using only O(n) random bits s, which we
can include as part of the input to our function. Thus,
we obtain that the function f(s,z) := Fs(z) has corre-
lation at most exp (—£2 (n/2%)) with any GF(2) polyno-
mial of degree d. In particular, using a construction in [1],
we obtain that this correlation bound holds for the function
(o, B, ) — (a®, (), where « is an element of GF'(2") and
(-, ) denotes inner product modulo 2.

Organization of the paper. This paper is organized as
follows. In Section 2 we discuss GF'(2) polynomials, while
in Section 3 we discuss multiparty protocols. For each of
these models, we first describe the associated norm, then
use it to prove the XOR and direct product lemmas, and
finally to prove lower bounds.

2. GF(2) polynomials
2.1. Degree-k norm

In this section we discuss the degree-k norm. For our
results, we need to work with both real-valued and complex-
valued functions. We denote the complex conjugate of a
complex number a + ib by a + b := a — b, and its norm
by |a 4 ib| := va? + b2. It is also convenient to use the
following notation.

Notation 2.1. For a complex number z and an integer i,
we denote by z* the complex number z if i is even, and the
complex conjugate Z if i is odd.

We now define the degree-k norm of a function. Al-
though this is syntactically defined as the expectation of



a complex-valued random variable, it is always a non-
negative real number (cf. [35]).

Definition 2.2 (Degree-k norm®). Let f : {0,1}" — C be
a function. The degree-k norm of f is defined as Uy (f) :=

I1S1

By yor..ppwefo,1yn Hf x@@yj )

SClk] JjES

where ‘@’ denotes bit-wise XOR.

The following lemma lets us upper bound the correlation
of f with any low-degree polynomial by the degree norm of
f. Before stating the lemma, let us discuss some nota-
tion. First, we state the lemma for complex-valued func-
tions; the correlation Cor(f,p) between such a function
and a polynomial p is defined in the natural way, i.e. it is
the (complex) norm of the complex value E, [f(z) - p(z)]
(cf. Section 1.1). Also, in this work it is convenient to think
of a GF(2) polynomial p as a function from {0,1}" to
{—1,1}. For example, p(z1xow3) := (—1)**¥27%3 where
x; € {0,1}, is a GF(2) polynomial mapping {0, 1} to
{—1,1}. In this notation, a product of functions captures
their exclusive-or in the 0/1 notation.

Lemma 2.3 ([13]). For every function f : {0,1}" — C,
d+1
Cor(f, Pa) < Uasa (1)

Proof. The lemma follows readily from the following facts,
which hold for every function 4 : {0,1}" — C:

\/ h 9
< /Uiy (R

3. for every GF(2) polynomial p of degree at most d,
Uav1 (f - p) = Uas1 (f).

To see that the above facts imply the lemma, let p € Py
maximize Cor(f, Py), let h := f - p, and write

L [Eregonyn [h |

2. forevery k, Uy, (

COr(fv Pd) < |Ea: [h(fﬁ)] | = (]1 (h) < U2 (h)1/22
<. Sl (h)1/2d+1 =Ud+1 (f)1/2d+1 .

We now explain how one obtains the above facts.
Fact (1) follows from the definition: |E, [h(z)]| =

\/ng [h(x) oy } NGAD
Fact (2) amounts to writing Uy, (h) in an appropriate
> E[Z)".

Due to space restrictions we omit the standard derivation of

form and then using the inequality {|Z |2}

©The degree-d norm is indeed a norm when raised to the power of 1/2%;
see, e.g., [13].

this inequality which can be found in [12, Lemma 3.8] and
in the full version of this paper.

Fact (3) follows from the fact that for every GF'(2) poly-
nomial p(x) of degree d and every fixed y € {0,1}", the
polynomial g(z) := p(x) - p(x + y) has degree d — 1. For
example, consider the polynomial p of degree d = 2 de-
fined as p(z) = (—1)%1'*2 for x = x122 € {0,1}% Then
(@) = pla) - pla +y) = (—1)P T )
(—1)Tvv2tyr@2ty-y2 which is a polynomial of degree 1.
The same three facts above are stated in [13, Equations 1.1,

1.2, and 2.1] for Uy, (h)"/". O

The above lemma shows that the degree norm upper
bounds the correlation with low-degree GF'(2) polynomi-
als. We now discuss the other direction, namely lower
bounds on the correlation in terms of the degree norm.
Such bounds arose from the study of property testing of
low-degree polynomials. Specifically, Alon et al. [2] de-
fine, for a given function f : {0,1}" — {—1,1}, a prob-
abilistic procedure and essentially show that if the func-
tion satisfies E, [f(x) - p(x)] < € for every degree-d poly-
nomial p : {0,1}" — {—1,1} then their procedure re-
jects with probability Q (min {2%(1 —€),1/(d - 2%)}). As
noted in [34], the rejection probability of their procedure
is (1 = Ug41(f)) /2. Thus we have the following lemma
(stated in [22, Theorem 4.1] but essentially proved in [2]).

Lemma 2.4 ([2, 22]). Let f : {0,1}" — {—-1,1} be a
Sfunction such that Cor(f, Py) < e. Then Ugy1 (f) <1 —
Q (min {24(1 —€),1/(d - 2%)}).
The above lemma does not bound Uy (f) by less than
— Q(1/(d - 2%)), no matter how small the correlation e
is. Samorodnitsky [34] improved this dependence in the
special case of quadratic polynomials (i.e., d = 2).

Lemma 2.5 ([34]). Let f : {0,1}"™ — {—1,1} be a func-
tion such that Cor(f, Py) < e. Then Us (f) < €, where
¢ <log~*M(1/e).

Another key property for us of the norm is the fact, for-
mally stated next, that the norm of the product of two func-
tions defined on disjoint input bits is the product of the
norms of the two functions. The proof of this fact is im-
mediate from the definition.

Fact 2.6. For functions f : {0,1}" — C and f’
{0,1}”: — C, define the function (f - f') : {0,1}™ x
{0, 13" — C by (f - f')(x,y) = f(x) - f'(y). Then
Ue (f- 1) = Uk (f)- U (f)-

2.2. XOR and direct product lemmas for
low-degree GF(2) polynomials

In this section we show how the degree norm can be used
to obtain XOR lemmas for low-degree GF'(2) polynomials.
Then we derive a direct product lemma as a corollary.



Theorem 1.1 (XOR lemma for GF(2) polynomials).
Let f : {0,1}" — {—1,1} be a function such that
Cor(f,Ps) < 1 — 1/29  Then Cor(f®™, P;) <
exp (= (m/ (47 - d))).

Proof. We have

Eo [£7 @) - (@) < U (£57)"*
= Usnr (™ < (1-1/ (27 )
< o am/atd))

'm/2d"*'1

where the first inequality holds by Lemma 2.3, the next
equality by Fact 2.6, and the next inequality by Lemma
2.4. O

Note that if the initial correlationis e > 1 — 1/ (d . 4d),
then in fact we can obtain an XOR lemma with the ‘correct’
dependence on €, namely exp (—Q (m - (1 — €))) = €™ (we
did not state this in the theorem for simplicity). However, if
the initial correlationis e < 1 — 1/ (d - 47), we only obtain
the stated bound of exp (= (m - /(d-4%))). This latter
dependence can be improved in the special case of quadratic
polynomials (i.e., d = 2). Specifically, using Lemma 2.4
and reasoning as in the proof Theorem 1.1, we obtain the
following XOR lemma for quadratic GF'(2) polynomials.

Theorem 2.7 (XOR lemma for quadratic GF'(2) polyno-
mials). Let f : {0,1}" — {=1,1} be a function such
that Cor(f, Py) < €. Then Cor(f®™ Py) < (¢')", where
¢ <log M (1/e).

As discussed in Section 1.2.3, combining Theorem 1.1
with Proposition 1.1 we immediately obtain a direct product
lemma for low-degree polynomials over GF'(2).

Corollary 1.1 (Direct product lemma for GF(2) polyno-
mials). Let f : {0,1}" — {=1,1} be a function such
that Cor (f,P;) < 1 — 1/2% Then Suc (f(m),Pd) <
exp (=Q (m/ (4% - d))).

Similarly, one can obtain a direct product lemma for
quadratic GF'(2) polynomials by combining Proposition
1.1 with Theorem 2.7.

2.3. The correlation of the Mod,, function
with GF(2) polynomials

In this section we study the correlation of low-degree
GF(2) polynomials with the function Mod,, : {0,1}" —
{-1,1}, for odd m > 3, where Mod,,(x1,22,...,%p)
equals 1 if and only if ), x; is divisible by m. When work-
ing with unbalanced functions like M od,,,, i.e. functions f

such that Pr,[f(z) = 1] is far from 1/2, one defines the
correlation between f and p as

Cor(p.f):=| Pr

= ]_ — P = ]. .
p@)=1-_ Pr o) =1
In this section correlation always means correlation in the
above sense.

Theorem 2.8. For any odd m, Cor(Mod,,, P;) <
exp (—a . n/4d) , where o > 0 is a constant that depends
on m only.

Proof. To model the M od,,, function, define f : {0,1}" —
Cas f(x1,...,2n) = em (32_; i) = [I; €m (xi), where
em (y) = €2™¥¥/™_ As shown in [4], the correlation be-
tween a GF'(2) polynomial p(z) : {0,1}" — {—1,1} of
degree d and the M od,, function can be bound from above
by the maximum over a € {1,...,m — 1} of

|Eveqoayn [f (@) - p(a)]], (1)

up to a factor O(m) and a term 2" for a constant ¢ > 0
which depends only on m. To bound the above quantity
(1), we use Lemma 2.3 to relate it to the degree-(d + 1)
norm of f, and then we use the fact that the norm of the
product of functions on disjoint input bits multiplies (Fact
2.6). Formally, letting k& := d + 1, we obtain:

|Eocqony [F(@)" - p(@)]]| < Ux () = Up (e2)"*".

Thus, we are left with the task of bounding the norm of
the 1-bit function e?,. We have:

Uk (e?n) = Ey17---,yk7$6{071}

€m (Cl ' Z (_1>|S| lx® @yz

SC[#] Jes

To bound Uy, (e%,), note that whenever y; = y»
yr = 1, we have that

= E,len a-Z(—l)lSl- T D @1

SCk] JES

Eze{O,l} Em | G- Z (_1)|S| |l xD @yt
SC[k] jes ]

em (a . 2"’_1) + em (—a . 2’“_1)
2
= R (em (a . 2’“*1)) <1,

where R (-) denotes the real part, and the last inequality
holds because m is odd and @ € {1,...,m — 1}. Itis also
easy to see that the expectation is 0 whenever y; = 0 for



some j (though we do not need this for the upper bound).
Since it is the case that y; = y2 = ... = yr = 1 with
probability 27, we have, letting 6 := R (e, (a - 2871)):

Uk (ef)=(6-27"+1-27%).
Putting everything together, we obtain

n
ok

|Eveqony [f(2)* - p(2)]] < (1 B 12_’66) =

_(1=d)n
2k

which concludes our proof. (Recall that § < 1 and that
k=d+1) O

2.4. A function with correlation exp (—n/2%)

In this section we exhibit a polynomial-time computable
function on n bits that has correlation exp (—Q (n/ Qd))
with any GF'(2) polynomial of degree d.

Theorem 2.9. There is a polynomial-time computable func-
tion f : {0,1}™ — {=1,1} such that Cor(f, Py) <
exp (—a . n/2d) Sor every d < n/2, where a > 0 is a
universal constant.

In [3] they prove a exp (—a - n/(d - 2%)) bound in the
stronger computational model of (d + 1)-party protocols.
Their proof and ours are very similar: Both exploit a prop-
erty of the target function which is captured in Lemma 2.10
below. Our main contribution is to show that using the
degree-norm one obtains a better bound for the special case
of Pd.

Proof. 1t is sufficient and more convenient to prove the the-
orem for a function with input length O(n) rather than n.
We prove that the theorem holds for the function that on
input (o, x) equals the z-th output bit of a small-bias gener-
ator on seed 0. The following lemma summarizes the defi-
nition and the existence of small-bias generators.

Lemma 2.10 ([26, 117). There is a polynomial-time com-
putable function f = {0,139 x {0,1}* — {—1,1} such
that for every ) £ T C {0,1}", we have:

H f(a,x)] <27,

xzeT

E,

Let f be the function in Lemma 2.10 and write f, for the
function that maps x to f (o, ). We now show that, over the
choice of o, we expect f, to have small degree norm.

7Our presentation is syntactically different from the one in [1], which is
in terms of sample spaces. The lemma stated here follows from the results
in [1] by considering a small bias sample space over {0, 1}V, where N :=
2", and defining f(c, ) to be the x-th bit of the sample that corresponds
to a.

Claim 2.11. E, [Uy (f5)] < 27", for every k < n/2,
where o« > 0 is a universal constant.

Proof. Let D be the event (over the choice of y1,...,y%)
that the dimension of the vector space generated by the y.s
is k, i.e. that for every S,S" C [k] we have 3, qy; #
> jes Yj- We have:

Eo Uk (f5)]

= Euyrrwn | Eo Hfg £C+Zyj

i SCIk] j€S ]

Er,yhm,yk E, H fo | z+ E Yj D
i SC[k] jES
+Pr[-D] < 27",

IN

The last inequality above is obtained by bounding each term
separately. For the first term, we observe that, conditioned

on D, Hsg[k] fo (m + Zjes yj) = HzET fo(z) where T
consists of the 2¥ distinct values x + > jes yj for S C [k],
and then we apply Lemma 2.10. As for the second term, we
note that D is the event: “y; ¢ Span(0) and y» & Span(y1)
and ... and yi, & Span(y1, Y2, -..,Yx—1)" . Thus we obtain

Pr-D] =1—(1-27") (1—2""")...

. (1 _ 2—n+k’—l) <1-— (1 _ 2—7l+k—1)k_1 < gmam
for a universal constant « > 0, using that k < n/2. O

To conclude the proof of the theorem, letp : {0,1}" —
{—1,1} be any GF'(2) polynomial of degree d, and notice
that

Eoq[f(o,2) -plo,2)] = Es [Ey [fo(2) - p(o, z)]]
< Ey |Ugst (fa)1/2d+1

< By [Uata (f2)]"

2d+1 —a-n/2%
<27/,

where @ > 0 is a universal constant, the first inequality
holds by Lemma 2.3, the second is Jensen’s inequality, and
the last holds by Claim 2.11. O

Remark 2.12 (On the tightness of Theorem 2.9). It is natu-
ral to ask whether the exp (—Q (n / Qd)) correlation bound
is tight for the particular function f given by Theorem 2.9,
which recall computes the x-th bit of a small-bias gener-
ator, given the seed and x. We observe that this bound is
somewhat tight in the sense that, for some small-bias gen-
erator, the associated function f has correlation 1 — o(1)
with some GF(2) polynomial of degree d = log®® .



This follows from the fact that, for some small-bias genera-
tor, the associated function f is computable by polynomial-
size constant-depth circuits with parity gates [16, 19]® and
the well-known fact that any such function has correlation
at least 1 — o(1) with some GF(2) polynomial of degree
log® ™ n 133, 38].

3. Multiparty protocols

In this section we discuss our results on multiparty pro-
tocols. As we will see, some of the results were already
obtained in the literature using the notion of discrepancy,
which is an important tool in proving multiparty lower
bounds (cf. [23]). Our approach avoids discrepancy and
seems to us more direct.

3.1. k-party norm

In this section we discuss the k-party norm (recall Nota-
tion 2.1).

Definition 3.1 (k-party norm). Let f : D¥ — C be a func-
tion. The k-party norm of f is defined as Ry, (f) :=

Ez‘f,...,xgeD H [, . aph )=t

zl,.. 21 €D |ey,...,epe{0,1}

We now recall the model of multiparty protocols, and
then discuss its relationship to the above norm. In the mul-
tiparty communication model there are k parties, each hav-
ing unlimited computational power, who wish to collabora-
tively compute a certain function. The input bits to the func-
tion are partitioned in k blocks, and the i-th party knows all
the input bits except those corresponding to the i-th block in
the partition. The communication between the parties is by
“writing on a blackboard” (broadcast): any bit sent by any
party is seen by all the others. The parties exchange mes-
sages according to a fixed protocol, and at the end output a
value in {—1, 1}. The measure of interest is the number of
bits exchanged by the parties (for background, see the book
by Kushilevitz and Nisan [23]).

A c-bit k-party protocol is a protocol between k parties
that exchanges at most ¢ bits. For a domain D, we denote by
I}, . the class of all such protocols 7 : D¥ — {—1,1}. The
correlation Cor(f,7) between a complex-valued function
and a protocol 7 is again defined as the (complex) norm of
the complex value E,cp« [f(x) - w(x)].

The next Lemma 3.2 shows that Ry (f) upper bounds
the correlation of f with low-communication k-party pro-
tocols. The same lemma (for real-valued functions) appears

8These works give uniform circuits, while for the point made here non-
uniform circuits would suffice. However, we do not know how to substan-
tially simplify the construction in [16, 19] if one allows for non-uniformity.

in [7, 32] and is proved using the notion of discrepancy of
a function. Building on [32], we give a direct proof of the
lemma which avoids discrepancy, and also generalizes to
complex-valued functions.

Lemma 3.2. For every function f : DF¥ — C,
k
Cor(f, M) < 2°- Re ().

To prove Lemma 3.2 we need the following lemma,
which is a generalization of Lemma 4.1 in [32] to complex-
valued functions.

Lemma 3.1. For any function f : DF — C,
| Erepn [f(2)]] < R(H)VZ.

The proof of the above lemma amounts to writing
Ry (f) in an appropriate form, then using the inequality
E|12]’] = |E(Z]
Due to space restrictions we omit the standard derivation of
this inequality which can be found in the full version of this
paper.

% and repeating this argument & times.

Proof of Lemma 3.2 assuming Lemma 3.1. Let 7 be a c-bit
protocol. It is well-known that 7 partitions D in at most 2¢
monochromatic cylinder intersections CI; = C; 1 N ... N
C; x where C; ; C D* is a cylinder in the j-th coordinate,
that is, the membership of (z1,...,2%) in C;; does not
depend on the j-th coordinate x; (see, e.g., [23, Lemma
6.10]).

The idea in what follows is to define appropriate —1/1
random functions that, via averaging, will help us con-
vert a 0/1 (characteristic) function into a —1/1 function.
This is beneficial to us because a protocol is naturally
written in terms of 0/1 functions, but our norms require
—1/1 functions. For any i, j, consider the random func-
tion g;; : DF¥ — {—1,1} defined as g; j(v) := 1 with
probability 1 if z € C,;, and g¢; ;(x) := 1 with prob-
ability 1/2 if « ¢ C;; (and consequently g; ;(z) :=
—1 also with probability 1/2 if ¢ C;;). Now ob-
serve that for every i < 2¢ and every z € ({0,1}™)",
the expectation Ey, , . g, , [9:,1(2) - gi2(x) - gin(z)] =
[j<k Eg:; [9i5(x)] equals Lif z € CI; = Ci1N...NCyy,
and 0 otherwise. Therefore, denoting by v(7) the value of
the protocol 7 on inputs in the cylinder intersection C'I;, the
protocol can be written as

W(l‘) = Z U(Z) 'E9¢,17---7gi,k H 91'73‘(.1?)
i<2¢ §<k
We now have, by linearity of expectation,

B, [f(2)m(2)] = Egs | > Ea | f(@)0(i) [] gi.5(2)

i<2e i<k



By fixing the randomness for the ¢’s so as to maximize the
outermost expectation, we have

By [f(@)m(2)] < 2°max By | f(2)v(i) 195
i<k
1/2F

<2° m?ka f-v(@) H 9ij = 2°Ry, (f)l/? ;

J<k

where the second inequality follows from Lemma 3.1. The
last equality (for real-valued functions) is Claim 5.2 in [32].
This equality intuitively holds because each g; ; is cylindri-
cal, i.e. its value does not depend on the j-th coordinate of
its input. More specifically, it is not hard to see that for
every function h and every —1/1 function ¢ that does not
depend on some j-th coordinate, Ry, (h - g) = Ry (h). To
see this, let j = k without loss of generality, and note that
for every fixed 29,29, ...,29, 2}, 23, ... zi, we have
[I  (hgr e, o=
€1,...,e,€{0,1}
= H (g(mil,mgz,...,

€1;-05€k—1

€1 ,.€2 €x\2oi<k €i
-1_[11(331 TS, T, )—>
€k

€1 ,.€2 ex\ i<k €i
H h(x{', @52, ... o)==
€1,.-,€k

2
€p—1
Lp—1 ,0)

using g2 = 1 because g takes values in {—1,1}. O

We now state and prove a new lemma that shows that the
k-party norm lower bounds the correlation.

Lemma 3.3. For every function f : DF — {-1,1},
Cor(f, kk) = Ri (f)-

Proof. For x}, 2}, .. .,x} € D, consider the function

. Dk 0 0y ;
9ol at 2 DY — {=1,1}, where g1 .1 (ab,... 2}) is
defined as

11 s, o).

€1,...,ex€{0,1}:not all zero

Now observe that

0 0
Ex%,...,z}c |:Ez(1),...,xg |:f((E1, . '7mk)

Gt ap (@l a)]| = Bu(f).

Therefore we can fix a particular function g = Jul .zl
such that E,c i [f(z) - g(2)] > R(f).

To conclude the proof, note that g(z9,...,2%) is com-

putable by a k-bit k-party protocol because it is the product
of terms none of which depends on all z°’s. More specif-
ically, we can partition the 2 — 1 terms appearing in the
definition of g in k sets in such a way that party ¢ can eval-
uate all the terms in set ¢; now a protocol for g can be ob-
tained by having each party ¢ communicate the product of
the terms in set 7, which takes 1 bit. O

Again, a key property for us of the norm is the fact,
formally stated next, that the norm of the product of two
functions defined on disjoint input bits is the product of the
norms of the two functions (cf., [7]). The proof of this fact
is immediate from the definition.

Fact 3.4. For functions f : D¥ — C and f'
(D" — C, define the function (f - f') : (D x D")* —
Coy (f-f)((x1,2Y),...,(xk,2})) = flxr,...,2x) -
fi(@h,...,x)). Then Ry, (f - f') = Ri (f) - Ry (f').

3.2. XOR and direct product lemmas for
multiparty protocols

In this section we show how to obtain the following XOR
lemma for multiparty protocols.

Theorem 1.2 (XOR lemma for multiparty protocols). Let
f: D* — {—1,1} be a function such that Cor (f, I} ;) <
e. Then Cor (f&™ Tl ) < 2°- em/2",

Proof. We have

E, [f@m(l‘) . W(m)} < 92°. Ry (f@Tn,)l/Qk

— 9¢. Rk (f)WL/Qk S 9¢ . 6m/2k7

where the first inequality holds by Lemma 3.2, the next
equality by Fact 3.4, and the next inequality by Lemma
3.3. O

Combining the above XOR lemma with Proposition 1.1
we immediately obtain a direct product lemma for k-party
protocols.

Corollary 1.2 (Direct product lemma for multiparty pro-
tocols). Let f : D — {—1,1} be a function such that

Cor (f, k) <e< 2-(+D2" Then Suc (£, ) <
2~ m),

Proof. Proposition 1.1 implies that Suc (f("”), Hk,c) can be

upper bounded by Cor (f@m’, C') +2720m) where m/ =

m/3 and C’ consists of products of m’ {—1,1}-functions
from I, .. Functions in C’ can be computed using m’ - ¢
communication, simply by computing the m’ correspond-
ing functions in II; . one at the time. Therefore, we ob-



By Theorem 1.2, we have that Cor (f@m',Hk}m/.c) <

gm’-e. em'/2% < 9=m’ \which gives the result. O

Remark 3.5 (R (f) captures correlation with
SimXORy). The results in Section 3.1 show that the
norm Ry (f) captures the correlation of f with c-bit
k-party protocols, with some loss in the parameters, in
particular a factor 2°. We remark that this norm more
accurately captures the correlation of f with another
computational model, which is more restricted than k-party
protocols but more general than GF(2)-polynomials.
This model, which we denote SimXORy, is a k-party
simultaneous communication model, where all k players
communicate exactly 1 bit with no communication, and the
output is the XOR of these k-bits (i.e., the referee computes
XOR). The observation of Hastad and Goldmann [18, Proof
of Lemma 4] shows that SimXORy, is more powerful
than degree-(k — 1) GF(2) polynomials, while obviously
StmXORy, is a special case of k-bit k-party protocols.
We note that the proofs of Lemmas 3.2 and 3.3 establish
that Ry, (f) < Cor(f,SimXORy) < Ry, (f)l/Qk. Using
this and Fact 3.4 one can prove an XOR lemma for
SimX O Ry, which is analogous to Theorem 1.2 with ¢ = 0.

3.2.1. The case of two parties

In this section we further discuss XOR lemmas for the
special interesting case of k = 2 parties. We start by com-
paring our results with an XOR lemma by Shaltiel [36], and
then we present a counterexample to the “ideal” setting of
parameteres of the XOR lemma, i.e. going from correlation
€ to correlation €™.

Remark 3.6 (Comparison with the XOR lemma by Shaltiel
[36]). For k = 2 parties, Shaltiel proves an XOR lemma
which (up to different constants) has the same conclusion
as ours (Theorem 1.2) but starts from the assumption that
the original function f has bounded discrepancy (as op-
posed to bounded correlation with 2-bit protocols in our
result), where the discrepancy of a function f : D x D —
{—1, 1} is defined as the maximum, over all rectangles R,
of |Exy [f(z,y)|(x,y) € R]| - Pr[(z,y) € R] (cf [23]).
Shaltiel suggests that the requirement that the discrepancy
of f is small is stronger than the requirement that the cor-
relation of f with low-communication protocols is small.
However; this is perhaps misleading, as the discrepancy of
f in fact equals the maximum correlation of [ with 2-bit
protocols (up to constant factors). This fact is very similar
to what is shown in Lemmas 3.3 and 3.2, and we now dis-
cuss it in the language of discrepancy. First, note that there
is always a 2-bit protocol that achieves correlation which
is the discrepancy of f. Specifically, let R be the rectangle
that maximizes the discrepancy, and consider the protocol

where Alice and Bob send two bits to the referee to identify
whether (x,y) € R, and then the referee decides accord-
ing to the bias of f if (x,y) € R, and chooses a random
bit otherwise. The correlation of this protocol is exactly the
discrepancy of f. (Although the protocol we just defined is
randomized, one can obtain a deterministic protocol at least
as good by fixing a choice of the random bits that maximizes
the correlation.) The converse fact, i.e. that the discrepancy
upper bounds the correlation with 2-bit protocols, is stan-
dard and can be found, e.g., in [23]. Thus, for k = 2, our
XOR lemma (Theorem 1.2) can be seen as an alternative
proof of the XOR lemma by Shaltiel.

It is natural to ask whether the parameters of our XOR
lemma (Theorem 1.2) are the best possible. In particular, we
would like to know whether the 2¢ factor can be eliminated.
Although we do not know the answer to this question, we
can show a counterexample to the ‘ideal’ setting of param-
eters, i.e. going from correlation € to correlation €™, for
k = 2 parties communicating ¢ = 2 bits. In the rest of this
section we describe this counterexample. First we exhibit a
counterexample over the domain D := {0, 1, 2}, which was
found via brute-force search, then we observe that one can
extend it to a counterexample over D := {0, 1}".

Claim 3.7. Let D := {0, 1,2}, and consider the function
f: D* — {—1,1} defined as f(z,y) := 1 if and only if
T =7y.

1. Corr(f,IIz2) <5/9.
2. Corr(f®2,11y2) > 33/81 > (5/9)2.

Remark 3.8 (Comparison with the counterexample by

Shaltiel [36]). Shaltiel shows that the XOR lemma for 2-

party protocols is false in a strong sense if one allows for

communication ¢’ = m - ¢ to compute m copies of the func-

tion. Our result (Claim 3.7) shows that even for the “min-
»

imal choice” ¢’ = ¢ some loss occurs (with respect to the
‘ideal’ correlation bound of €™).

We now present the proof of Claim 3.7. Although the
proof involves a certain amount of calculation, it is per-
haps instructive to observe how a 2-bit protocol can cor-
relate with £®2 in the various cases.

Proof. tis easy to check that 5/9 is the best correlation of
2-bit protocols with f.

For the second claim, consider the protocol
m(z, 2y, y) = f(z,2') - f(y,y'). Note that
this is indeed a 2-bit protocol. Let us compute the
probability, over the choice of z,z’,y,y’, of the
event £ = w(x,2,y,y) = flz,y) - f@,y).
Note that, by definition, & holds exactly when

f((I,’,LL'/) : f(yvy,) : f(xay) : f(xlvy,) =1L



Let us condition on the event that z = z’ and y = v/,
which happens with probability (1/3) - (1/3). We have
£, )£, y') ) (& yf) = 11f (2, 9)-f (5,9) =
1. Thus, Pri€lz =2’ Ay =y'] = 1.

Let us condition on the event that z # z’ and y # v/,
which happens with probability (2/3) - (2/3). In this case
we have £(,2) - f(y, /) - f,y) - f@'yf) = —1-—1-
f(xvy) f(x+b7y+b/) = f(xvy) f(x+b7y+b/)’Where
b and b’ are uniform and independent in {1, 2}, and the sum
is modulo 3. Thus we are interested in the probability that
f(z,y) = f(x + b,y + b') over random x,y, b, b’. Let us
now further condition on x = y. Then f(x,y) = 1 and
f(x+b,y+¥) = 1if and only if b = b’ which happens
with probability 1/2 over the choice of the b's. Let us now
condition on & # y, and let us assume in particular that
y = x + 1 (the case y = = + 2 is analogous). Then f(x, x +
1)=—1and f(x + b,z +1+b") = —1 if and only if b #
1 + b’ which happens with probability 3/4 over the choice
of the b’'s. Thus, Pri€lax # o' Ay # ¢'] = (1/3)(1/2) +
(2/3)(3/4)=1/6+1/2=2/3.

Let us condition on the event that x = 2’ and y # ¥/,
which happens with probability (1/3) - (2/3). In this case
we have f(z,a’) - (y,5/) - f(w,y) - f(/oy) = 1-—1-
f(z,y)- f(x,y+b), where b is uniform in {1, 2}. Thus we
are interested in the probability that — f(z,y) = f(z,y+b),
which equals the probability that x equals either y or y + b,
which is 2/3. Thus, Pr[€|z = 2/ Ay # y'] = 2/3.

By symmetry, Pr[€]z # 2’ Ay = y'] = 2/3 as well.

Thus Pr[€] = (1/3)(1/3) - 14+ (2/3)(2/3) - 2/3+ 2 -
(1/3)(2/3)-2/3=1/9+48/27+8/27 = 19/27. Therefore
|Em,x/,y,y’ [fEBQ(xv xlv Y, y/) : 7T((I,’, LL'/, Y, y,)} | =2 PI‘[E] -
1=(38—-27)/27=11/27 = 33/81. O

We now briefly explain how to extend the counterex-
ample in Claim 3.7 to a counterexample in the domain
D :={0,1}™ (for sufficiently large n). First, consider any
domain of the form D = {0,1,2,...,3a — 1} for some in-
teger a > 1. It is not hard to see that one can prove the
analogous of Claim 3.7 for the function f : D? — {—1,1}
defined as f(z,y) := 1 if and only if (z mod 3) = (y
mod 3). Now, consider a domain of the form {0, 1}", and
let a be the biggest integer such that 3-a < 2™. Conditioned
on the event that the inputs fall in the set {0,...,3a — 1},
the above counterexample works. Since this event happens
with probability approaching 1 (when n grows), the result
over the domain D := {0, 1}" follows.

3.2.2. The XOR lemma for games is false

In this section we argue that the XOR lemma for games
is false. For a game G we define the game G®™ in the
obvious way: The verifier asks m independent questions
and expects m answers. Then it checks how many of the m

games are accepting, and accepts according to the parity of
this number.

Consider the following game G between a verifier and
one prover A. (The example to follow does not exploit the
fact that there is only one prover and in fact can be trivially
transformed into an example for any number of provers.)
The verifier sends two bits (p, t) to A. A then sends one bit
a back to the verifier. If p = 0, the verifier acceptsiffa = 1.
If p=1,itacceptsifft = 1.

The idea is that A has complete control on the game
when p = 0, and when p = 1 A knows if the game is won
or lost (since A knows t). Thus, whenever there is a game
with p = 0in G®™, A can force the XOR of the games to
be accepted.

Specifically, we claim that any strategy A achieves cor-
relation at most 1/2 with G. This is because when p = 1,
no matter what A says, the verifier accepts with probability
1/2 according to ¢, and therefore we have correlation 0.

Now consider the game G®™ and the fol-
lowing strategy A:  Upon receiving m questions
(p1,t1), (p2,t2)s -« oy (Pm,tm), A sends back the bits
ai,...,an that are all 0 except possibly a; where ¢ is the
least ¢ such that p; = 0, whichis setto a; := 1@691:1),;:1 t;.
It is easy to see that the verifier accepts G¥™ whenever
there is an ¢ such that p; = 0, which happens with proba-
bility 1 — 27™, and therefore this strategy has correlation
1 — 2™ with G%™,

3.3. Lower bounds

Using the k-party norm Ry, (-), one can give a simple
proof of the fact that the generalized inner product func-
tion is hard to compute with little communication. This
simple proof already appears in [7], but we now present
it using a different language.” In what follows we denote
by Ar : {0,1}* — {0,1} the AND function that out-
puts 1 if all its inputs bits are 1, and O otherwise. Let
GIP : ({0,1}™)" — {—1,1} be the function ((—1)"*)®",
ie. GIP(x1,...,21) = [[;o, (= 1) k(@)

Theorem 3.9 ([3, 7]). Cor(GIP,TI;,) < 2°~%("/4"),
Proof.
E,e oy [GIP(z) - m(x)] < 2°- Ry, (GIP)/*
=20 Ry (1)) =201 — 2y

where the first inequality is Lemma 3.2, the next inequality
is Fact 3.4, and Ry, ((—1)"*) = 1 — 27 %1 is a straightfor-
ward calculation. |

9While in [7, Theorem 5] they claim a exp (—€2 (n/2")) lower bound,
their proof only gives exp (fQ (n/4k)), which we also obtain here. To
the best of our knowledge it is not known whether a exp (—€ (n/2))
lower bound holds.



Using our extension of the k-party norm to complex-
valued functions (as opposed to real-valued), we can prove
correlation bounds for variants GIP,, of the above GIP
function where the sum is modulo m, as opposed to modulo
2. We note that Grolmusz [15] obtained the corresponding
lower bound using the techniques in [3]. In the following
theorem we again use the definition of correlation in Sec-
tion2.3. Let GIP,, : ({0,1}™)* — {—1,1} be the function
that equals 1iff ), Aj<k(x;); is divisible by m.

Theorem 3.10. Cor(GIP,,, 1.) < 2¢7"/4" \where
a > 0 depends on m only.

Proof. Following the proof of Theorem 2.8, we consider
the function f : ({0,1}")" — C defined as f(z) :=
cm (Zign Ajgk(ﬂ?j)i)’ where e, (y) = €*™"/™ As
in the proof of Theorem 2.8, to obtain the claimed

bound on the correlation it is enough to bound from
above the maximum over ¢ € {1,...,m — 1} of
‘Exe({071},L)k [f(z)™- W(l‘)]‘ , where m € IIj .. The proof
of this latter claim is a relatively standard algebraic ma-
nipulation. For the case & = 1 of the Mod,, function,
this manipulation appears for example in [4, Equation (4)],
while for general k£ one can follow the same approach in
[4, Equation (4)], this time making use of the fact that
| Pry[GIP,,(z) = 1] — 1/m| < exp(—a - n/2%) for a
constant & > 0O that depends on m only, which in turn is
not too hard to verify. To bound the above quantity, we use
Lemma 3.2 to relate it to the k-party norm of f, and then
we use the fact that the norm of the product of functions
on disjoint input bits multiplies (Fact 3.4). Thus we obtain

k
|Buc oy [F@)" - 7(@)]| < Ric e (a- )™ and
we are left with the task of bounding

Ry (enL (a‘ ' /\k)) - Ez?,...,x%e{o,l}
z%,...,xie{o,l}

(1) Ag (252,

Em | G- E

€1,...,,€{0,1}

)

Consider now the event V := “z¥ # z} for every i.” When
V happens, there is exactly one choice for the €;’s that gives
A2, 22, ..., z*) = 1, and that choice is €; = z}
(since the only input that makes Ay equal to 1 is the all 1°’s
input). Therefore, conditioned on V, the above expectation

becomes

Em?,...,z‘,ﬂe{O,l} {em (a . (—1)21- :r})

z},...,.z;€{0,1}
em (a) + em (—a)

= 5 =R(em (a)) <1,

where R () denotes the real part. Above, the first equality
uses the fact that >, x} is odd with probability 1/2 (also

V]

conditioned on V'), while the last inequality uses the fact
that 0 < a < m.

Since V happens with probability 27%, and when V does
not happen the expectation is seen to be 1, we obtain

Ry (em (a-Ag)) = 2 k. Riem (@) +1— 27k

from which the result follows. O
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