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Abstract

In [KW] it was prooved that for every boolean function f there exist a com-
munication complexity game Ry such that the minimal circuit-depth of f
exactly equals to the communication complexity of R;. If f is monotone
then there also exists a game R} with communication complexity exactly
equals to the monotone depth of f. It was also prooved in [KW] that the
communication complexity of R} . . ctivity

the monotone depth of the s-t connectivity function is Q(log” n).

is Q(log®n), or eqivalently that

In this paper we consider the games Ry and R} in a probabilistic model
of communication complexity, and prove that the communication complexity
of Ry .opnectivity 15 Q(log® n) even in the probabilistic case. We also prove

that in every NC'1 circuit for s-t connectivity at least a constant fraction of
all input variables must be negated.

1 Introduction

In standard communication complexity, two players are trying to compute
a function of their respective inputs, i.e. have to solve a decision problem.
In [KW] (see also [K]), this model is extended to computing relations, i.e.
search problems. The main motivation for the new model is that for any
boolean function f, the deterministic communication complexity of a related
relation (called here boolean relation) is exactly the circuit depth complexity

of f.

OThis research was partially supported by the American-Isracli Binational Science
Foundation grant number 87-00082




Once a deterministic model exists, it is by now a reflex to compare it
with various probabilistic (and non-deterministic) analogues. in this paper
we indeed follow that reflex and discover some interesting results.

Every boolean relation has probabilistic communication complexity O(log n).
This may seem discouraging, as most functions have depth £(n), and so the
probabilistic model has nothing to do with circuit complexity ?!

In fact the real motivation is different. The new communication model
seemed like a very promising tool for many reasons:

e The lack of computation.

e The ability to understand circuits top-down, and see wires as carriers
of pairs of inputs, not of boolean values.

e The ability to define distributions on inputs that affect the communi-
cation complexity measure (but clearly not a rigid measure like circuit
depth), and reveal the information theoretic reasons for lower bounds.

e Karchmer’s thesis [K] gives many examples where both upper and lower
bounds become clearer and more elegant when viewed through the eyes
of the new model.

e It enables us to use powerful results in classical communication com-
plexity. The best example is the recent lower bound for the monotone
depth of the matching function [RW].

e It provided the intuition that enabled the proof of the ((logn)*) mono-
tone depth bound for st-connectivity.

This paper tries to supply a deeper understanding of the st-connectivity
monotone depth lower bound.The main result of this paper is an analogous
Q((logn)?) lower bound on the the probabilistic communication complexity
of the relation associated with monotone st-connectivity.

A second result is a strange lower bound on the depth of non-monotone
circuits for st-connectivity. In particular it will be proved that in every NC*!
circuit for st-connectivity at least a constant fraction of all input variables



must be negated. In general we will prove a trade-of between the depth and
the number of negated input variables.

The paper is organized as follow:

The first section, which is an introduction, review the definitions of deter-
ministic and probabilistic communication complexity, defines the probabilis-
tic communication complexity of boolean relation, survey some interesting
results about this subject and gives an introduction and notations for the
proofs in the other sections.

The second section proves some usefull lemmas on which the other sec-
tions are based.

The third section gives the proof of the main result of the work. In order
to make the proof clearer we left the proofs of some claims to the last section.

Section four gives the result about a non monotone circuit computing the
st-connectivity function.

1.1 Deterministic Communication Complexity

Let X, Y, Z be finite sets, and R C X x Y X Z be a relation.
Forz € X,y € Y, let Z(z,y) = {z|(x,y,2) € R}. The pairs (z,y) for which
Z(x,y) # ¢ will be called the edges of the relation R, and denoted E(R).

The communication problem for R is as follows. Two players, [ and 1
get inputs € X and y € Y respectively, with (z,y) € E(R). Their task is
to agree on z € Z(z,y). The communication complexity of R, denoted
C(R), is the minimum number of bits, exchanged by the best protocol on a
worst case input.

Ifg: X xY — Z is a function, then defining R C X x Y x Z by
Z(x,y) = {g(z,y)} gives us the standard, well-studied communication prob-
lem.

The study of relations (search problems) was initiated by [KW], who
showed that the circuit depth of a boolean function is exactly captured by
the communication complexity of a related relation.

Specifically, let f: {0,1}" — {0,1} be a boolean function, and define the



two relations

Ry, R C f(1) x f71(0) x [n] by

(z,y,1) € Ry iff 2 # yi, (x,y,0) € RF iff z; = 1,y; = 0. In words, [ gets an
input z € {0,1}" with f(z) =1, Il gets y € {0,1}" with f(y) = 0, and their
task in Ry (respectively RT) is to find a coordinate where their inputs differ
(respectively, a coordinate where = has 1 and y has 0).

Consider boolean circuits over the basis {A,V,=}, where {A,V}-gates
have fan-in 2 and —-gates are applied to inputs only. A circuit is monotone if
it contains no negations. Let d(f), (respectively, d”(f)) denote the minimum
depth of a circuit (respectivly monotone circuit) computing f. Then,

Theorem 1.1 (KW) :

1. For every boolean function f, d(f) = C(Ry)).

2. For every monotone boolean function f, d™(f) = C(R}).

The main result of [KW] was to use this equivalence to prove a lower
bound on the monotone depth of the function st-connectivity. This function,
ste : {0,1}" — {0,1} interprets the input as the edge set of an undirected

graph GG on vertex set V with s, € V, (n = ( |‘2/| )), and tests if s and ¢

are connected in G.

Theorem 1.2 (KW) d7. = C(RY,

stc Stc) = Q(log2 n)

We will remark that if the function f is monotone the comunnication
problem R7 is equivalent to a problem in which player [ has a minterm x of
[, player IT has a maxterm y of f and (z,y,7) € R} iff #; = 1,y; = 0. For
example in the si-connectivity problem R can be presented as a problem
in which player [ has a st-path , player Il has a st-coloring, and their goal is
to find a bi-colored edge in the path.



1.2 Probabilistic Communication Complexity

Let RC X xY x Z. A deterministic protocol P for R is a pair of algo-
rithms (one for each player), according to which each of them sends messages
(depending on its input and previous messages), whose final output is an el-
ement P(z,y) € Z. A protocol is correct if

V(z,y) € E(R), P(x,y) € Z(z,y). Let P(R) denote the set of correct deter-

ministic protocols for R.

A probabilistic protocol P allows the algorithms of the players to be
probabilistic, i.e. depend also on the tosses of random coins. The complexity
of a protocol P on input (z,y) € F(R) is the expected number (over the coin
flips) of bits sent, denoted cp(z,y). The complexity of P, denoted ¢(P) is

e

We distinguish between two probabilistic models, one called COMMON,
in which both players share a common random bit string, and one called

PRIVATE, in which each player has a private random string. The PRIVATE
model is clearly weaker and more realistic than COMMON.

Note that P(z,y) becomes a random variable, and we are interested in
the event P(z,y) € Z(z,y).

For 0 < e < 1/2 define,

P.AR) = {P € COMMON(z,y) € E(R), Pr[P(z,y) & Z(x,y)] < €},
P(R) = {P € PRIVATEN(z,y) € E(R), Pr[P(z,y) ¢ Z(z,y)] < ¢},
and the complexity of private and common protocols by

C(R)= min ¢(P),

PeP.(R)
C.(R)= mi P).
(R) ngfR)C( )
Also note that C(R) = min ¢(P).

PEeP(R)

Some obvious facts about the above measures are that for every relation

1. P.(R) C P.(R), and so C.(R) < C.(R).



2. For 6 < € < 1/2, C.(R) < Cs(R), C(R) < Cs(R).

3. Protocols in Po(R) always answer correctly (Las Vegas protocols), and
hence Py(R) consists precisely of convex combinations of protocols in

P(R), and in particular Co(R) < C(R).

A simple but fundemental observation of Newman allows us to deal with
the simple COMMON model only. It saies that COMMON is stronger than
PRIVATE by at most O(logn) bits.

Theorem 1.3 (IN) For every 6 > ¢ > 0 or 6 = ¢ =0 C’g(R) < C(R) +
O(log n) where n = log(|X||Y])

Proof: (sketch) A COMMON protocol for R is actually a set G of protocols.
The two players use their random string to choose a protocol from G and
apply this protocol on their input pair. For each input pair the probability
in (& for correct answer is at least 1 — e. By the Chernoff bound, there exists
a subset G C G of size O(log(]X||Y])) such that for each input pair the
probability in G for correct answer is at least 1 — 8. We can now define a new
PRIVATE protocol, in which player I chooses a protocol in G and tells his
choice to the second player (log G| bits), the two players apply this protocol
on their input pair, to get an answer which must be correct by probability
of at least 1 — §. We can choose G in such a way that the complexity will
not increase by much.

1.3 Probabilistic Communication Complexity of Boolean
Relations

We now return to relations of the form Ry of boolean functions
f:{0,1}" — {0,1}. We also consider two "universal” relations

UU™ C{0,1}" x {0,1}" x [n], defined by:
(z,y,0) € Uiff z; #y;
(x,y,¢) € U™ iff 2; = 1 and y; = 0.

The universal relation U (respectively U™) captures the simultaneous
computation of all (respectively all monotone) n-bit functions. In fact, a
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deterministic protocol for U (U™) yields a universal formula (e.g. see [W])
for all n-bit functions (monotone functions).

We call the relations Ry, RT,U,U™ boolean relations. For boolean
relations, bounded error protocols are not much stronger than Las Vegas
protocols.

Lemma 1.1 Let R be a boolean relation. Then

Co(R) < (Cc(R) + 2)(log, /. n + 1)

ColR) < (C.(R) +2)(logyyen + 1)

Proof: (sketch) The correctness of the answer a protocol gives is easily
verified by each player, at the cost of one additional bit. The players repeat
a bounded error protocol log, ;. n times. If all failed (an event of probability
< 1/n), the players exchange their inputs.

The following theorem, du to Hastad, shows that in both the COMMON
and PRIVATE models the universal relation U (and hence every relation Ry)
has small probabilistic complexity.

Theorem 1.4 (H) Co(U) = Co(U) = O(logn).

By theorem 1.3 it is enough to give a proof for the COMMON model. We
will describe here a proof of Karchmer.

Proof (K1) (sketch) Notice that (z,y) € E(U) simply means z # y. Think
of the common random string as log n boolean n-bit vectors {a'}. Player I
sends the sequence of bits {b' =< a',z >} ! to player II. With probability
>1—1/n, b #< a',y > for some i. Let S be the set of positions where a*
is 1. The players construct #,3 € {0,1}° by dropping the other coordinates
from their vectors. As & ,j have diffrent parities, an O(logn) protocol for
parity finds a position where # differs from 7. If ' =< a',y > for every 7 ,
the players exchange their inputs.

This theorem provides an exponential gap between probabilistic and de-
terministic communication complexity. It therefore shows that probabilistic
communication complexity is not directly related to non-monotone depth

< a, 3 > denotes the inner product mod 2
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complexity of functions, as most of them have depth Q(n). The next the-
orem provides an exponential gap between the probabilistic monotone and
non-monotone games.

Theorem 1.5 C.(U™) = Q(n).

Proof Note that if player I1 complements its input vector y, and both
players regard their inputs as subsets of [n] indexed by 1’s, then U™ C
2l x 2 x [n], with (S, T, 2) € U™ iff z € SNT. Moreover, (S,T) € E(U™)
iff SNT # ¢. Recall that the disjointness function, D C 2" x 2" x {0, 1} is
defined by (S,7,1) € D iff SNT # ¢. But since the answer of a protocol for
U™ can be easily verified, a trivial reduction from D to U™ gives C.(D) <
O(C.(U™)), and the remarkable lower bound of [KS], C.(D) = Q(n), gives
the result.

We conclude this sub-section remarking that [RW], using a more subtle
reduction to disjointness, were recently able to prove an exponential gap
between the probabilistic monotone and non-monotone games, for the specific
relation associated with the perfect matching function.

1.4 Probabilistic Protocols for s—¢-connectivity

As in [KW], we view the inputs of the players in R7. as an s—1 path for
player [, and s—t cut for player II. Let R”} .,  be the restriction of R];. when

ste(l)

the s—t path of player [ has length . In [KW] it was proved:
Theorem 1.6 (KW) For every [ < n'/1° C(R™ ) = Qlogn -logl).

stc

The main theorem of this work is an analogous result for probabilistic
computation.

Theorem 1.7 Ve < 1/2,1 < /1000, Ce(RYqy) = Qlogn - log 1).

Corollary 1.1 C.(R%.) = Q((logn)?).



The full proof of theorem 1.7 appears in third section. We just say a few
words about it here. We consider pairs (path,cut) of inputs to the players for
which the relation is a function, i.e. when the path crosses the cut exactly
once. Intuitively, theses are the difficult inputs, and we prove that no ”shal-
low” protocol can give the correct answer on most of them (this implies the
probabilistic lower bound).

At a very high level, we follow the lines of the inductive proof of [KW].
The main difficulties arise for two reasons. First, on top of the obvious
parameters, we have to bound the quality of the algorithm, i.e. the fraction
of errors. Second, the set of inputs we consider is not a cartesian product of
inputs to each player.

As the proof of [KW] is our starting point, familiarity with it will ease
understanding of this proof.

1.5 Notations

Let N be a set of vertices, |[N| = n. Let s,t be special vertices in N.
Define:
Apn = the set of all paths of length [ in N starting at s, and ending at ¢.
By = the set of all bi-partitions of N, for which s and ¢ are in different parts.
We will think of By’s elements also as colorings.
For a subset /' C N we will use the notations:
Ay = the set of all paths of length [ in U J{s,t} starting at s, and ending
at 1.
By = the set of all two-colorings of U by the colors: s and {.
Define:

% = {(a,b)|la € An,b € By. The i’th edge in the path a is the only edge
2-colorable according to the coloring b}

Oy = JOk-

FQI’ A é An, B C By define: '
O4p = {(a,b)la € A,b€ B,(a,b) € Oy}
Oap = UOZAB ={(a,b)la € A,b € B,(a,b) € Oy}

FQI’ ac ZAN,B C By define: ' '
Oy = {(a,b)[b € B.(a,b) € Oy} = Oy



OaB = UO;B = {(aab)|b € B7 (aab) € ON} = O{a}B

qu A CZ An,b € By define: ' '
Oy = {(av'b)m € A, (a,b) € Oy} = OZA{b}
Oap = UOZAb = {(avb)|a € A7 (avb) € ON} = OA{b}'

Let P :ZS — R be a probability distribution on a finite set S. Let H(P) be
the entropy of P, and I(P) = log, |S| — H(P) be the information of P.

In all following we will use asymptotic notation, and the claims will hold
for n sufficiently large.

2 Useful Lemmas

The first lemma shows that when the information is small, one gets good
bounds on the probability of events with known support.

Lemma 2.1 Let S be a finite set, |S| =s. Let P: S — R be a distribution
on S, where the information is known to be I(P) < 6. Let w < 1/100 and

46
assume | — < 1/10. Define
w

> P(z), where the sum is taken over the sw largest elements, and
> P(z), where the sum is taken over the sw smallest elements. Then

( /49) ( 49)
wll+y/—],az2wl|l—1/—].
w w

Proof: First, let us prove the claim for a. Let us redistribute P(z)’s mass
so that it will be equal on the sw largest elements, and also equal on all

a
a

=]}
(VAN

the others. This cannot change the value of a, but decreases I(P). Assume
therefore that

%(1 + A) for the ws largest elements
P(z) = l <1 — ﬂ) otherwise
S —w
and then:
Aw
0>1(P)=—wlog(l+A)— (1 —w)log (1 - 1—)
—w

Expanding log(1 + A) to its Taylor series, we get for small (¢, ¢2):
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0> —wA+ WTM + %wA3 + wA + Aw? + %wBAS. If we assume A < 1/10,

2(1—w)
|40
then |c1], |ca] < 2 and we get § > I(P) > wA?/4, which implies A < {/—,
w

i.e. a much stronger upper bound on A follows. This fact and the fact that
I(p) is monotone in A evident that the assumption A < 1/10 was correct.

The bound on a is proved similarly.
End of proof of lemma 2.1.

Lemma 2.2 states that the bipartite graph O is very regular in the sense
of Szemeredi [S], i.e. every subgraph that is not too small has, upto a very
small error, the expected number of edges.

Lemma 2.2 Let | < n/1%9, et

A C Ay be a sel for which |A| = a|Ax| > n=10| Ay, and let

B C By be a set for which |B| = B|By| > 27" |By|. Then for all i,
af|Ox|(1 = O(n11%)) < [O}p] < aBlOYI(1 + O(n=/19)).

Proof: The idea of the proof is to project 0%z on all small subsets of V.
On "most” of them the projection is "well behaved”, and we can use lemma
2.1 to bound |O% | by averaging over these projections.

For a set () C By define Py to be a probability measure on By which is

uniformly distributed on @) :
1/1Q] beqQ
Po(b) = 0/| | otherwise
For s,t € U C N, define Py,y; to be the projection of Py on By.
For 5,4 € U C N and for a subset L. C Ay , define L,y = L Ay, which is
the set of all paths in L that are contained in U.
Let us consider all the subsets U C N for which s,1 € U,
and |U| = n1/2-1/100
For every 7 define:
= IOZ;,U,BI i |O%B|.
Orymel T 10K |

Intuitively, v* = the fraction of pairs in O% which exist in our system, while
74, = the fraction of pairs in the system for which the path is contained in

U.
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In this notation, lemma 2.2 states:

aB(l = O(n~11%)) <7° < aB(1 + O(n~'/17%))

Note that [0} p | is fixed for all the U’s as |U] is fixed.

Therefore v° = %, where the bar denotes averaging over all possible U’s.
Let us bound this average.

104,05l = 2104 4l = 3 [BIPs ()0, o] = 1Bl S Pew(¥)|0}, 4.

beB ' b'eBy ' b'eBy '
0%, Byl = D 104,51 = Y IBN|Psyu(0)|04, w| =Byl D Pryo(6)|04, 4.
beEB N b'e€By b'eBy

Both of the last sums are subdivided into two sums according to the ham-
ming weight of the partition &', which we will denote by h(¥). We will say
that &' is "usual” if

|U|/2 — |UPP/* < h(¥) < |U|/2 + |UP/*, and otherwise we will call & "un-
usual”. We get:

0yl = 1B Y Poo(8)I0% ol + 1Bl Y Popp(¥)]0%, 4]

' b'usual ) b'unusual )
0%, 5| = BN D Poyyu(0)|00, w| + BNl Y2 Pryu(0)|04, pl-
b’ usual b'unusual

Claim 2.1 The "unusual” parl in both equations is o(n="/'°) of the "usual”
part in both formulas, and hence can be omitted.

The next claim states that for "usual” ¥, |Oi1U,b'| is almost independent

of b'.

Claim 2.2 For some K, depending only on n,l, 2, and for every "usual” b’

|OZU76/| = [{(1 —I‘ O(n_1/9)>.

Combine claims 2.1 and 2.2 to estimate ’ij (upto (1 + O(n_l/lo)))' %»’ -
P 4 02 ' ‘
E B/U( )| A/U7b| / , |OA/U,b’|
| ~3 > PB/U(b)T ‘

|O;4/U7B| ~ |B| b’ usual ~
|Oj4U7BN| |BN| Z PBN/U(b/)|Oj4U,b’ b'usual

b'usual

Let ay = |Ay|/|Av|, the density of paths in U. By summing over all

5[0, ]

possible b'’s, we get: = ~ | By|ay.

K
(= up to a factor of 1+ O(n_lg) )
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Looking at the expression for 7}, we see that all the Pg /(') are weighted
in the sum, and the sum of the weights ~ |By|ap. As all the weights are in
[0, 1], we notice:

B> Ppiu(b) <~ < B Pro(b),
Y1 Y2

( up to a factor of 1+ O(n‘%) )
where Y] are the ay|By| smallest elements of Pgji7(b'), and Y; are the ay| By|
largest elements of Pg,u(b).

The lemma’s claim is about ¢, where we know that +' = % Define a
new probability function: p(¥',U) = Pg/uy(b')/ Ny, defined for pairs
(U, € By), where Niy denotes the number of possible sets U. Then:

’%J S ﬁZPB/U(b/) § 52[’(5/7 U)7
where the first sum is taken over the ay | By| largest elements for each U, and
the second sum is taken over the a|By|Ny largest elements p(¥',U). This
bound on ~;; is correct as @y = a and p(¥',U) contains all the distribu-

tions Pp,y, and we allow taking more of the largest elements of one of the
distributions.

Similarly, we can prove a lower bound, and combining the two bounds we
have: o
B p(t,U) <~ < B p(¥,U), where the first sum is over the o|By|Ny

smallest elements and the second over the a|By| Ny largest elements.
Claim 2.3 The information I(Pg;y) < n~1/2,

As I(p(¥',U)) = I(Pgyr) < n~'/2 and using lemma 2.1 we have:

=172 - =172
aﬂ(l—O(n‘l/lo)) < af (1—\/4 - ) <Ay < ap (1—|—\l4 ” )

< af(1 + O(n~1/19))
End of proof of lemma 2.2.

The next corollary follows immediately after observing that |OY%| is inde-
pendent of 2.

Corollary 2.1 |0%g| is independent of i up to a factor of 1 + O(n='/19),

13



Lemma 2.3 states that if we start with a family of colorings B with high
enough density in By , and consider the subset of B that agrees with a
random coloring I of a small random set U , the density of this subset in
By_p 1s likely to be close to the one of B in By. A similar lemma was used

in [KW].

1/100

Lemma 2.3 Let B C By, where |B| = 3|Bn| > 277" " |Bn|.

Choose U C N — {s} — {t}, where |U| = n", randomly with uniform
probability on all such sets. Assume v = 1/2. Color U by a random coloring
I, and denote by By the set of colorings in B which agree with I on U. Then
with probability > 1 — O(n='%), we have
BIBn-v|(1 = n™1%) < [By;| < B|By-ul(l +n~'/17)

Proof: Let Ny be the number of sets U possible. On the probability space
P b
{(b,U)|b € By}, define a probability function p(b,U) = %()

Then we get
I(Pgju) < pY~99/100 — p—49/100  Therefore

](p(b, U)) — ](PB/U) < nY—99/100 _ ,, —49/100 def 0.

as before.

A coloring I will not be within the lemma’s bounds if:

] U 1 -1/10

( ) NU BU|( —I_ n )7 or
1

LU 1 —n~1/10),

pll,U) < Ny |BU|( )

Let A = n~'/1° 1, be the probability that the first condition holds for (1, ),
and wy the probability that the second condition holds for (/,U). Then, us-
ing the inequalities derived in lemma 2.1, we get

A< ,/ , A< ,/— and therefore
wi wa

Wy + wy < — 1~ 29/100 <n ~1/10.

End of proof of lemma 2.3.
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Lemma 2.4 generalizes lemma 2.3, and points to a key distinction between
this proof and the one of [KW]. Here lemma 2.3 does not suffice, as we shall
have to consider a different family of colorings per path.

Lemma 2.4 Let M be a set of vertices for which |M| = m. Let ¢ < m'/'%,
and FEy; be the set of all subsets of M with cardinality q. Let E C FEyp be
a sel with |E| = §| By, for some § > m™'/1% For every e € B, let C. be

a set of two-colorings on M — e (so C. C By—.). Assume thal for every e
def 1/100

Be = |Cel/|By—e| > 8>2777.

Choose randomly and uniformly a subset U C M with cardinality |U| =
m'?, and color it randomly and uniformly with a coloring I. Let U, U, be
the parts of U colored as s, respectively. Then with probability > 1/4, there
exists e € K satisfying:

1. eC Uy
2. Be|Bu-v|(1 — m—l/IO) < |Co1l < Bl Bur—w|(1 + m—1/10)_

(Cejr is the sel of colorings in C. which agree with I on U.)

Proof of lemma 2.4: The lemma seems very easy because with very high
probability there is e for which 1 hold, and for each e 2 hold with very high
probability (lemma 2.3). Unfortunately this is not enough (as some examples
show) the problem is the dependence between the choice of e and the event
2. We force independence by refining the probability space.

First choose U; as an ordered set, and then choose U, as an un-ordered
set. Let f be the order on U;. With exponentially high probability, |U;| >
1/4y/m. Divide the first \/m/4 (by f) points of U; into k = /m/4q sets of ¢
elements each, which will be named Vi, V3, ..., V. With exponentially high
probability there exists an ¢ for which V; € E, so we will assume such an ¢
exists, and let ig be the smallest such i. Let e =V, , and p; = Pr(i = o).

0?7

§ Let ¢’ be the smallest ¢ for which
Zpi = Pr(ip <1') > 1/2.
=1

To each triplet (Us, Uy, f) we match the pair (e, o), and for each (e,q)
we will define T'(e, 7o) to be the inverse image of (e,19) (e.g. all the triplets
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corresponding to (e,ig)). Clearly, if (e,7) was chosen, by definition e € F,
and condition (1) is satisfied.

Claim 2.4 If a pair (e,i) was obtained as above with 1 <, then e satisfies
condition (2) with probability > 1/2.

Using this claim and the fact that the pair (e, i) satisfies 79 < ¢’ with proba-
bility > 1/2 we see that the e we defined satisfies lemma 2.4 with probability
> 1/4.

End of proof of lemma 2.4.

3 Main Theorems and Corollaries

As in [KW], we gauge the parameters: N (number of vertices), [ (path
length), o (density of "existing” paths A), and 3 (densitity of existing color-
ings B). However, here the algorithm makes mistakes, and we keep another
parameter v,which is the density of correct answers for pairs in O 4p.

As in [KW], we show how to significantly increase the density a without
affecting 4 by much, after assigning random colors to a small subset of ver-
tices, and decreasing [. However, to harness the decrease in v and [, we have
to maintain bounds on 4'%/ and on a7.

In the proof of the theorem we are going to have two cases:
In the first case we will increase o to O(a’?®) without affecting 8 and +'%!

by mutch. In the second case we will increase «v'°°l without affecting o and
£ by mutch.

If case 1 hold we got an increase in a. Otherwise case 2 hold and we

increase v'%°1 again and again antil « is very big. When 7 is big enough case
1 must hold.

Theorem 3.1 Forl < n'/'% [et AC Ay, |A| = a|An| for some

a > n=/ and B C By, |B| = B|Bx| for some § > 27" Assume
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there exists a communication protocol which when given a € A,b € B, pro-
duces after 7 communication bits some edge in the graph which is a candidate
to be an edge in the path a which is 2-colored according to b. Define:

T = {(a,b)|(a,b) € Oup, and the algorithm is correct on (a,b)}.

Let v = |T'|/|Oag|, and assume that for some fived small €, v'°° > n=c. Then
on a set M with cardinality m = n— O(y/nlog(n)) and vertices s,t € M, for
some Z, we have A C Ay, B C By such that:

|A| = &|Aul, | B| = B|Bul|. And there exists a communication protocol which
when given @ € A,b € B, produces after 7 communication bits an edge which
is a candidate for being an edge in @ that is bi-colored according to b. And if
T = {(a, ?))|(C~L, ?)) € O 5, and the algorithm is correct on (CNL,?))}

and 4 = |T|/|0A,B|; then

1. & >nOK,/a.
2. B> Kgp.

3. 13190 > K 15190,

K., Kg, K, are some fived constants and 6(¢) satisfies lin(}(S(e) =0.

We will use the following notation: 7% =T OZB, v = |Ti|/|OAB|.
For "' C A, D C B, define:
Ttp = T'NOgp,

Yep = |Té’D|/|OZCD|7

Tep =TNOep,

vep = [Tenl/|Ocpl,

and for D C B,a € A define
T;D = Tiﬂ OéD;

Yap = [Tanl/O0anl;

TaD = TﬂOaD7

Yap = |Tan|/|Oun|

Proof of the theorem : First we split the path so as to roughly balance
the product 4%/ on each part. Look at the partitions of the path of length
[ into a left part of length /1, and a right part of length Iy (I = 1; 4 I5).
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b b ! . ! .
Define: 3 = |JT'/|[UO4pl. 2= U T/ U Oupl
=1 =1 z:zll+1 i=l1+1
(71,72 are the weighted averages of 4* on both parts of the path respectively).

Claim 3.1 There exists a choice for Iy, 1y salisfying

Loy,y2 2 (1/2 = o(1))y

21, 1"h > (1/2 = 1)1

From this point on [y, [; are fixed by this choice.

Next we observe the quality of the algorithm on colorings that correspond

to fixed paths on each part. Let
I

I '
A ={ac A |UTisl/IJOug,| > B7:/10}
=1

=1
l

!
Az={ae A:| J Til/l U Oip,| > B72/10}
i=l1+1 1=l +1
Intuitivly Aq,A; are the sets of paths in A in which there is high quality in

the left side or in the right side (respectively).
We will divide the proof into two parts:

CASE 1: |A,| > 3|A|/4, |As] > 3|A|/4.

This is the simpler case. Here, the algorithm is of high quality, in both
sides, on many paths. Asin [KW], paths in one of the parts are much denser,
and an application of lemma 2.4 performs the reduction.

Define A’ = A1 Az. Then |A'| > |A|/2. Let o/ = |A'|/|An]| (the density
of |A]). Let C be the set of all paths on N of length /; starting at the special
vertex s. Let D be the set of all paths of length /3 ending at {. Then every
path @ € Ay is combined of a path ¢ € €' and a path d € D. Let us use the
notations a = ¢ x d, Ay = C x D. Define
Ac={ceC:|{de D:exde A} > a'/4},
Ap={deD:|[{ceC:ecxde A}| > a'/4},
ac = |Ac|/|C|,ap = [Ap|/[D].

Then clearly either ax > y/a’/2 or ap > y/a'/2. Assume w.l.o.g that
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ac > y/a' /2. Consider subsets U C N for which |U] = y/n, and colorings T
of U.

Definition:

i) cNU=2¢

i) 3de D s.t. a—cxdEA’ dcC U,

I
|U B/I|/UOGBN U| >371/20
111) 2/3|BN U| > |B/[| > ﬁ|BN U|/2
Intuitively the set A, 177 1s the set of all the left paths ¢ for which c U = ¢
and the following restriction on U, I will be sucsesfull, that mean : there will

be a right path d C U, for which ¢ x d is a high quality path in A’, even when
we consider only partitions which are consistent with [ on U.

Acvr=14c€ Ac

Claim 3.2 there is U, I for which |A.u1]/|C] > ac/5

Let U, I be such that the conditions hold for them, Define: M = N —
Um=n—n?1=1,A= A, v (after adding t to the end of each path
in A.v), B = B/r (when Bj; are considered as colorings of M). Define a
communication protocol which uses 7 communication bits, and for which the
theorem holds, as follows:

Forall c € A there exists a d. which establishes condition ii) in the definition.
Given @ € A,b € B, the player holding the path will extend @ to ¢ x d. on
the set N = M| U, where ¢ is a after removing ¢ from its end. The player
holding b will extend it to b by adding the coloring I on the set U. Using
the algorithm given in the theorem, they will get an edge in @ which is a
candidate for being bi-colored in b.

By claim 3.2 & > ag/5 > va'/10 > \/a/20.
By condition iii) 3> (/2. By condition i) 4 > v /20.

Using claim 3.1, )
J100] — 1007, > 410079 s 3100] - [ 100
End of CASE 1.

CASE 2: Either |A;| < 3|A|/4 or |A,| < 3|A|/4.
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Assume w.l.o.g that |A;]| < 3|A|/4, and let oy = |A1]/|An].

In this case the algorithm’s quality (1) is high on relatively few paths
(a1) in the left part. However, there is a tradeoff between oy and 7. We
will show that after a random restriction their product, and hence «, will not
decrease too much. On the other hand, 7, and hence '/ will increase by a
constant factor. Repeating it enough times will force the conditions of Case
1 to hold, Without losing too much in path density.

Let f(a) & |U B|/|U0aBN

Intuitively f( ) is the quahty of the path a on the left side.

We will do a very strange thing and ommit all the paths a with a very high
quality. This is done only in order to simplifie the computations. Define:
A = {a € Alf(a) < 28)

We will show now that by restricting to A} we did not loste a lot of ”quality
volume”.

Claim 3.3 Y f(a) > 19—0(1 — o(1))BmlA|
a€ A}

As |A]| < 3|A|/4, the average of f(a) on A] is greater than 1.2(1 — o(1))371.
Let o, = |A}|/|An|, then o, f(a) > 2(1—0(1))B71a, where f(a) denotes the
average over Aj.

The next step is to pass to a subset A’ of A} in which every left path of one
path is a left path of a lot of paths. We will show that by passing to A" we
do not loste a lot of "quality volume”:

Define the sets C, D as in the Case 1 ( C is the set of all paths on N of
length [; starting at the special vertex s. D is the set of all paths of length
5 ending at t. Then every path a € Ay is combined of a path ¢ € €' and a
path d € D. we are using the notation a = ¢ x d )

Define:

Ac ={ce C:|{de D:ecxde Ay} > |D|yc}/1000},

A'={(ex d) e Al|c € Ac}.

Then o = |A'|/|An| > (1 — 41/1000)c

Asfor all @ € Al, f(a) < 25, we also have Z f

a€Al—

1000571 1| N|

From this and claim 3.3 follows:
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Claim 3.4 In A’ we have:

1. o'F(@) > 5(1 - o1))B1na

2. fla) > 1.2(1 —o(1))Bv1 (2 is following from 1 and the size of A’)

These two bounds (1 and 2) we are going to carry with us to the end of the
proof. We will use bound 2 which intuitively saies that the quality is bigger
than what we could expect (by a factor of at least 1.2).
For ¢ € A¢, define p(c) = |{d € D:ex d e A'}|/|D|,
fe)= S nlebf(ex /1D

cxdeA’
Intuitively p(c) is the measure of right-paths d that can be matched to the

left-path c. f(c¢) is the quality of the left-path c.
We want now to show that the two bounds 1 and 2 hold also for a subset

AN(jCAC

Claim 3.5 there exists Ac C Ac,|Ac|/|C| = o, in which the following
holds for the average f(c):

1. o' f(¢) > %(1 —o(1)) B«
2 T > 1201 — o(1))m

For c€ Ag,let D,={d € D|ex d e A, fec xd) > Zf(c)}.

25
To facilitate the use of lemma 2.4, we prove

Claim 3.6 We can assume that for every ¢ € Ag,|D.| > n=1/1%|D)|

Just as in Case 1, we get that for a random choice of U, I, for every ¢ € Ag,
there is a probability of at least 1/5 that:

1. eNU = ¢

! !
" L 115
2. 3d € D, d C UL || JTanil/1UOusy_ | > ﬁf(c)

3. B|By-u|(1 = O(n~'1%)) < |B);| < B|Bn-v|(1 + O(n=1/19))
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Forall U, I, let Ay, be theset of all ¢ € Ac for which the three conditions
hold for (U, I). The set Ay is the set of all the good left-paths according
to reduction by (U, ). Every c appears in at least a 1/5 of the Ay ), and
we will arbitrary remove it from some of the sets so it appears in exactly
1/5 of them. Let f,ry = > f(c). Intuitively fu,p) is the quality of the

c€Aw,1)

reduction by (U, ).

Claim 3.7 There exists a (U, I) for which ...

(a). fwn > 5550 [(c)|C]
(b). fwn/lAwvnl > L f(c), (where w is averaged over /ng)

11.5

Take (U, I) for which the claim holds. For each ¢ € A p), let d. be the d
for which condition (2) holds (the condition after claim 3.6). Define a new
algorithm exactly as in Case (1), where:
M=N-Um=n—-n'"21=10,A= A, (after adding ¢ to each path),
and B = Byr.

Combining second conditions of claims 3.7 and 3.5 and that § > L2 f(U, I)/B|Aw,n|
(by condition 2) , we get ¥ > 171, and therefore:

1. 3190 > 104]°01; > 4109
Combining first conditions of claims 3.7 and 3.5 and that & = |Aw,5)|/|C],
v > % (U, ])/5|A(U71)|, and that v, > %’y we get:

2. oy > zolmcw
As nothing changes # by much we also get:

3. 3> (1—0(n '),

End of CASE 2.

To finish the proof, notice that we can iterate the procedure described in
the second case, until the first case’s conditions hold. We will iterate at most
clogn as y'%[ increases at each iteration by 4 and cannot be larger than /
(because v < 1),and because at the beginning v'%° > n=°. When v is big
enough Case 1 must hold. During the iterations  decreases by (1 — o(1)),
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71907 increases, and a7y decreases by (53-)¢1°8" = n=%() at most. So for the

2000
—8(e)—e —

final a, which we denote by a,, we get: & > an‘é(ﬁ)%—y > an an=%),

Now we apply the Case 1, and finally
B> Kgp

&> K,n=/a

Z,~y100 > le,yloo

End of proof of theorem .

As in [KW], it is useful (and proves a stronger statement) to consider
structured protocols.

Definition 3.1 A siructured protocol works in stages. In each stage the
player holding the path sends ¢q logn bits, and the player holding the coloring
answers with n® bits. Here we assume ¢; < 1/10000.

Theorem 3.2 For [ < n!/100
tion protocol which when given a € A,b € B, produces an edge in the path a
which is candidate for being 2-colorable according to b. Define as before:

T = {(a,b)|(a,b) € Oup, the algorithm is correct on (a,b)},

v = |T|/|0asl,a = |A|/|An|, 8 = |B|/|Bn|, and assume 4% > n=¢ (e from
theorem 3.1), a > n=1/2000 3 > 2-n 2 Assume the algorithm has 7 steps.
Then there exists a set M of cardinality m = n — O(y/nlog(n)), and I, so
that

A C Au,|Al = 6] Aul

B C Bwm, |B| = B|Bul,

and there exists a structured communication algorithm of T — 1 stages. Such
that if

T = {(a, ?))|(C~L, ?)) € O, the algorithm is correct on(d,?))}, and

5 =1|T1/|0 45!, then the following holds:

& > p1/2000 3> K32~ (the K from theorem 3.1),

and 1310 > KA.

, assume there exists a structured communica-

Proof of theorem 3.2: Observe the first step of the algorithm. The
¢1logn bits sent by the first player induce a partition of A into k& = n®

parts Aq,..., A, and giving information about which part a belongs to. For
each 7 <k, let:
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a; = |A;|/|An|, and v; = |T4, B|/|O4,|, where Ty, p is defined as for theo-
rem 3.1 .

Claim 3.8 35 for which

1. ;> pn—1/1500

2, 7]100 2 ,}/100/2

Let us now look at A;, for which the claim holds, and look at the branch of
the algorithm from Aj, (i.e, assume a € Aj,).

Observe the partition of B into k = 2" parts By,..., By. Let 3; =
|B;|/|Bn|,vi = |Ta,,B,1/|04,,8B,|. As before, we get j; for which
B, = 277, 400 > 4100/2 > 4190/4 We got sets Aj, Bj, for which
aj, > n~H10 3> 32727 Continuing the algorithm for 7 — 1 more steps
produces an algorithm for which /1% is smaller than the original I7'% by a
factor of 4 at most. Applying theorem 3.1 on this algorithm concludes the
proof of this theorem.

Corollary 3.1 For [ < n'/'  there is no structured communication al-
gorithm of 7 = calogl stages (for some constant cy), which when given
a € An,b € By produces an edge in a which is a candidate for being 2-
colored according to b, and s right on half of the pairs of O4, B, -

Proof: Assume such an algorithm exists. By using theorem 3.2 repeat-
edly, we get a sequence of algorithms. For the last of them the following
holds:
a>n
~ c c 2c 2/10000
? 2 (2—2n11 ]{ﬁ)f — 2—2n11 co logl[(g Z 9-1 1 Z 2—n1/
l,~y100 > l(%)lOO(i)CQ log! > \/Z

(The condition about ' (4'%° > n~) holds in each iteration because in

—1/2000

every iteration 4'%° decreases by a constant (at most), and because ¢; is ar-
bitrary small.)

This algorithm is supposed to work in 0 steps, i.e. without passing any in-
formation, which is impossible as for the remaining A, B the conditions of
lemma 2.2 still hold, and 4 > n™° for a very small e.
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Corollary 3.2 For | < n'/1% there is no structured probabilistic commu-
nication algorithm of T = ¢1logl which gives for every pair (a,b) acorrect
answer with probability 1/2.

A simple argument [KW] shows that each stage of a structured protocol can
simulate Q(logn) bits of any protocol. hence we obtain our main result,
theorem 1.7 in:

Corollary 3.3 Ve < 1/2,1 < n'/1% we have C.(R™

stc(l)) = Q(longg l) In
particular, C.(R%.) = Q((logn)?).

4 The Number Of Negated Variables In S-T
Connectivity

This section is devoted to a trade-of between the depth and the number of
negated variables in a circuit computing the st -connectivity problem. The
proof we are going to give is based on the lower bound which was proved
in section 3. The result does not necessarily depend on this lower bound,
however the intuition came from it.

To state this lower bound, recall that we deal with circuits in which nega-
tions are applied only to input variables. Since s—t connectivity is monotone,
every input variable must occur positively, and if none occur negated, the
depth is Q((log n)?). Suppose there is a shallower non-monotone circuit. How
many inputs should be negated?

Theorem 4.1 Ja > 0, so that VI, every circuil for s-t connectivily with
depth < alognlogl has Q((n/1)?) negated input variables. (Here n is the

number of vertices, so there are inpul variables.)

n
2
Corollary 4.1 Fvery NC' circuit for stc has Q(n?) negated inputs.

In order to proove the theorem we will define a new problem:
The ST-connectivity problem, will be the one in which S, 7' C N with |S| =
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|T| = n/3 and the problem is to say wheter there is a path between S and
T.

Notice that a minterm in the new problem is a path between S and
T which use only vertices in N — (SUT). A maxterm is a st-coloring of
N — (SUT). The problems of st-connectivity and S7T-connectivity are re-
lated by two simple reductions: The first reduction from st-connectivity to
ST-connectivity shows that the same lower bounds which we have for the
depth of monotone st-connectivity and for the probabilistic communication
complexity of the related relation, are also good for the ST-connectivity
problem. The reduction is simply to create S and T from n new vertices
each, and to connect s to S and ¢ to T
The second reduction from ST-connectivity to st-connectivity shows that it is
enough to proove the promised trade-off for the problem of ST-connectivity.
The reduction is simply to add two new vertices : s and ¢ ,and to connect s
to all the vertices in S and ¢ to all the vertices in 7.

Proof of theorem 4.1:

Assume C'is a shallow circuit (of depth < alognlog ) for ST-connectivity
with O((n/l)*) negated variables. Let this set of variables be £ C ( [g] )
Now (' can be thought of as a protocol, such that given a graph (1, contain-

ing an S7T-path to player I, and G5 with no ST-path to player I/, returns
either an edge in Gy — (g, or an edge in (Gy — G1)N F.

We probabilistically reduce the monotone relation R% (the relation re-
lated to monotone ST'-connectivity) to C'. Player I gets an ST-path P, and
player /1 a cut ). They interpret the common random string as a permuta-
tion 7 : N — N in which #(7") =T and #(5) = S and respectively construct
G4 = edges in ©(P), Gy = (edges in 7(Q)) — E. Now they apply C, and
get a response in (G5 — (i3 (they do not get a response in (G — G1)NFE
because Gy £ is empty). Inspection shows that the response must be a

double-colored edge if #(P)N E = ¢.

A straightforward calculation shows that for small enough « the proba-
bility for #(P)N F # ¢ is half at most. Therefore, in such a probability we
got a double-colored edge ,but this contradicts theorem 1.7.
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5 Proofs of Claims

Proof of claim 2.1:

First we will show that the "unusual” part in the second equation is
negligible compared to the "usual” part:

By | | By

Brl 5 Pouul$)iOhul = (5 & 10l < g ¥ 0l=
|Bw||UT | |ByllU]Y ( U] )

|BU| b unusual |BU |U|/2 + |U|3/4

Using elementary approximations, we get:

25172
S s Z » » : :
( s)2 4§14 ) ~ 2 <e) . Hence the "unusual” summand in the previous
sum is < u? #27° /2, while the "usual” summand is > | N|25 1, and
| Bu | Bu

therefore their ratio is > 9—s'/? oy g—n!/t

As we have to prove that on average

|OQ/U7B| = |OQU7BN|aﬂ(1 + O(n‘l/lo)), and as |Oi1U,BN| is fixed for all U,

we have that a term which is multiplied by a factor of (1 + 0(2_”1/4)) is
insignificant, and therefore we can ignore the right hand term in |OilU,BN|'

Now we consider the equation on |OZA/U gl The "unusual” term in the

sum |Of4/U,B| is smaller than the one in [0 g |. Therefore as aff >

p1/1009-nt/100 o o 2_”1/4, we have that the "unusual” term is negligible
also in |Oj4/U,B|-

End of proof of claim 2.1.
Proof of Claim 2.2:

0yl = ( ;L(_b) ) ( \U| —ih(b) ) (I—1i)'i!, and therefore

i
(h(b) = (1 =) (U] = h(b) — i)" < |0}, pl < h(B) (U] = A())".
We write h(b) = |U|/2 + ¢|U|*/*, for some —1 < ¢ < 1, and then both the
upper and lower bound are equal to:
(U2 + UPH (U2 = UPHYY,

where —2 < ¢/, ¢ < 2, and the terms ¢, [— i, were included in ¢/, ¢”. Therefore
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the bounds are equal ltq: '

(|U/2) (1 + ﬁ) R (1 — #)Z. Put K = (|U|/2|)". Then the depen-
dency on ¥ is onl;l/_iin the term i

1= (1 + ﬁ) (1 — ﬁ) , but as |U]'* ~ n'/%, and as [ < n'/1%,
we have [ =1 + o(n_l/g).

End of proof of claim 2.2.

Proof of claim 2.3:

The entropy H(Pg) = log, |B| > |Bx| — n='/1%0 = — =1/100,
It is known from information theory that

—  _ H(Pg)|U
H(Pg) > w and therefore
n
H(P > U] — U]
( B/U) — | | n99/1007 or

](TB/U) < |U|n—99/100 ——3

End of proof of claim 2.3.

Proof of claim 2.4: T'(e,?) contains all triplets (Us, Uy, f) for which

l.e=V,

2. There is no jy <t for which V; € E.

P35y <, V; € E) = plipg <) < plipg < ¢') < 1/2, and therefore 2 occurs
with probability > 1/2, and T'(e, ) contains at least half of the triplets for
which e = V; ( because 1,2 are independed events ). Corresponding to each
triplet is also the projection pair (Us, U;) which is a different representation
of the pair (U, I). Consider the pairs (U, I) for which e C U;. Let such a pair
be called a "good” pair if

Be|Brv-u|(1 — m_l/lo) < |Cey1l < BelBu—uvl|(1 + m_l/lo), and otherwise call
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the pair "bad”. By lemma 2.3, the fraction of pairs which are "bad” is
< O(m~Y19), Returning to the corresponding triplets, we get that the frac-
tion of "bad” triplets (triplets whose projection is "bad”) is < O(m=/1°). As
T'(e, 1) contains more than half the triplets for which e = V;, the probability
of a triplet in T'(e,i) to be "bad” is < 20(m~'/1%) < 1/2. Therefore the
probability that e satisfies the lemma is > 1/2.

End of proof of claim 2.4.

Proof of claim 3.1
Part 1 of the claim follows easily from part 2, which we prove below.
From corollary 2.1, we have:

N = (iVi/Zl) (14 0(n=11%)), 72 = ( > Vi/lz) (14 0(n=119)),

1=l +1

V= (E’Y /Z) 1+ O(n=/'%)), and therefore
(1+0(n _1/10))71 = ’7111 + Yalo.

By ConveX1ty of z1%°, and because [ = I} + [, we get:
(1+0(n~ 10) 1001 < ,ﬁooll + 41007,

But for every ¢ 4' < 1 and therefore by the bound we have on '%°[ there
exists a choice for I1,l3 s.t. 4%, 3%l > (1/2 — o(1))y'°L.

End of proof of claim 3.1.

Proof of claim 3.2:

For ¢ € A¢ choose randomly and uniformly U, I. By lemma 2.4, with
probability > 1/4 there exists d € D for which condition ii) holds. This is
by using in lemma 2.4 M = N — 4, ¢ = l; < m'/'%_and the set
E ={d € D|lexde A'} , where a path corresponds to a subset containing
exactly the path’s vertices. Then by definition of A¢, |E|/|En| > o'/4 . For
each e € F the lemma’s set (. will be the set of colorings in B for which e
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is colored with color ¢, which does not agree with ¢ on a single edge, and the

algorithm is correct on the pair ((¢ X €), coloring) (i.e. C. is the set of right
I

components in UTng’B). Since ¢ X e € A" C Ay, and by A;’s definition, we
i=1
get in lemma 2.4:
1 1
| Bar—e|Be > 071ﬂ|U0aBN —715|BN—1| > —71ﬁ|BM—e|
So by the bounds we have on 3 v we know that B 1s big enough.

This means that for all ¢ € Ag, and for random choice of U, I, the sec-
ond condition in the definition holds with probability > 1/4. Condition i)
holds with probability 1 — o(1) as |U||c| < n*/*. Condition iii) holds with
probability of at least 1 — O(n~'/1°) by lemma 2.3. Therefore with proba-
bility of at least 1/5, all 3 conditions hold, and there exist U, [ for which
|AC7U7[|/|A0| > 1/5, or |AC7U7[7|/|C| > Ozc/5.

End of proof of claim 3.2.

Proof of claim 3.3:
In the set A— Ay, by definition of A; f(a) < Sy /10. |A— Aq| < |A], and

therefore:

Lo > fla) < BmlAl/10.

aEA—A1

The average of f(a) on the set A is B, up to a factor of (1+0(n=/10))
I

( This is true by definition of 41, by the fact that | UOiBN| is constant

=1

with a and because |0 5|/|0%5, | = B(1 + O(n~ 1)) ) therefore:

2. ) fla) = Al
a€A

LetZ—{a€A1|f( )>2ﬁ} For all a € Z
268 < fla) < |UO B|/UOaBN Summing on the elements of Z:
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JOY%s] > 2ﬁ|UOZANBN|%, and therefore 7 is too small for satis-
= =1 N

fying the conditions in lemma 2.2. So |Z| < n='/1%| Ay, and also

3. > fla) < 260" 1% Ay | (otherwise we will increase Z to a set of
a€”Z
cardinality n='/1%|Ay|, which would contradict lemma 2.2).

We have Ay = A1 —Z. > fla)= > fla)+ >_ f(a)+ > f(a), and by

a€A a€EA—Aq aeAg a€Z
(1),(2),(3):

> fla) > (1= O(n™19)) B[ A| = Bn|Al/10 — 2607 /1] Ay,

a€A]
As 7 |A] >> n71 /1% Ay, we have

> f(a) > 2-(1 —o(1))3m]Al

aEA'

End of proof of claim 3.3.

Proof of claim 3.5: By bound 1 of 3.4 o/ ) f(a) > g(1 o(1)) By alA'l.

10
ac A’
But Y f(a) =Y p(c)f(c)|D| (when ¢ & Ac, p(c) = f(c) = 0).
a€ A’ c€C
By definitions of o’ and p(c) we know that the sum of weights > pu(c) = o/|C]

ceC
. So taking A¢ to be the o/ |C| largest elements:

DI f(e) 2 (DI () fe) = Y f(a)

ceC agc A’

If f(¢) denotes the average over Ac, we have:

) = LI/ Acl = 2f(/ICla’ = XS (@)/ID|ICle’, and using claim

Ac Ac
34(1), o' (9 > (1 - o(1))fma.
(2) follows from (1) and the bound on o'/a.

End of proof of claim 3.5.
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Proof of claim 3.6: By the fact that f(c) is the average of f(c x d)
on A’ and by the fact that f(c x d) < 283 we get: [D.| > = f(c)u(c)|D]/28.
From Ac, discard all the ¢’s for which f(e) < n=1/19%034, we will be left with
a set AL, which satisfies the conditions of claim 3.5 up to small constants .
Therefore, assume Ag = /Nl’c, and substituting in the previous inequality:
fle) > n‘ﬁﬂ'yl, ple) > 10100'71a/1 (definition of A¢ ), we get |D.| >
Kn=110%0420/1D|. But, o' f(a) > 2(1+ o(1))Bne, fa) <28 and o} > o,
(the averaging is over A’) .Putting it all together, we get: of > K'y1a. So,
|D.| > Kn=1/19~30|D| = |D,| > n='/1%| D],

(c, 1 are big enough )

End of proof of claim 3.6.

Proof of claim 3.7:

Let x be the number of possible (U, I'). Define:
= {(c U, ])|c € A(UJ)}. Then

Ef = lOéf (¢)|Cx. Define:
W’ ={(c,U,I) € W]| (a) holds for(U, I)}. Then

1
Z f(c) < ——=a'f(¢)|C|x. Therefore on W',
= 500

1 —
Ef (¢) > g—%)af(c)m'b(, and as
W/

[W'| < [W| = +a/|C|x, we have that the average of f(c) on W’ is at least
F(e)(1 — <k). Therefore there is at least one (U, I) for which condition (a)

100
holds and for which the average of f(c) is at least f(c)(1 — %), which means

100
that condition (b) holds.

End of proof of claim 3.7.
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Proof of claim 3.8: Zaj = a. As Typ = UT4, B, we have

i=1

k
> 7il04, 8] = 7|04p|. Partition the sum into two sums : over the sets A;
=1

with cardinality a; > n='/15% and over the sets with smaller cardinality.
Now

Z ’7j|OA]B| S Z |OA],B| = |OA’B|7 where A’ = U Aj.
o <n—1/1500 aj<n—1/1500 o <n—1/1500

|0 45| < 2n71/1000004,310 4 5|, follows from lemma 2.2 because
|Al| < (n—1/1500n1/10000/a)a|AN| < n_1/100000a|AN|

, and if the inequality does not hold, we get a contradiction to lemma 2.2 by
increasing A’ until its cardinality is n=1/1909%0q| Ay |. Therefore:

Z '7j|OA]B| § Zn_1/100000a5|OANBN| § n_1/2000007|OAB|-
o, <n—1/1500
(This is true because by lemma 2.2 af3|O4,B,| = |Oag| , and because
v > n~1% for a very small ¢ )

By using lemma 2.2, if o; > n~700 then YilO4;8] = 7;a;Bl0ayBy|(1 +
k

O(n='/19)), and therefore by substituting in Z’Yj|OAJ,B| = ~|O4B|. we get
7=1
Yo oam=ay(l+ O(n~1/200000)y " By convexity of y = 2'%, and be-
o >n=1/1500
cause - a; ~ a (up to O(n~1/209000) we have
aj’y}oo > ay'(1 + O(n_1/200000)) > ay'%°/2. So, there exists a j

oy >n—1/1500

for which a; > n=1/15%0 and 1% > 41%0/2,

End of Proof of claim 3.8.
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