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1 Introduction

Let Zy be the set of residue classes mod N, identified with the set [N] =
{0,1,..., N — 1}. For sets A, S C [N] denote the discrepancy of A in S by

Ans| IS
D) = | a |—|N|.

Similarly we define D4(S) for the case when A is a multiset. Note that this
definition is not symmetric in A and S.
For a family F of subsets of Zy we denote

D4(F) = maxserDa(S5).

*The research was done while this author was visiting Department of Mathematics at
MIT partially supported by the Sloan foundation.



We shall be interested in the family Zy of all intervals of Zy. For € > 0 we
define A C Zy to be € -uniform (mod N) if for all z € Z%, D.a(Zn) < e,
where A = {xa|a € A} (with arithmetic mod N).!

A simple counting argument shows that for every N and € = ¢(N) there
exist sets A, y that are e-uniform mod N and satisty

[Acn] < (€ og N)OW.

The main result of this note is an explicit construction of such small
sets. Moreover, the sets A, we construct satisfy the following stronger
property: for every divisor M of N, the reduced multiset A,y (mod M)
is e-uniform mod M. Our construction is a variant of a construction in
[?]. The main result is stated and proved in Section 3. In Section 2 we
refer, somewhat informally, to related results of similar flavour that partly
motivated this work.

2 Related Work

2.1 Arithmetic Progressions

Let APy = {yl|y € Z},I € Iy} be the set of arithmetic progressions
mod N, with invertible difference. Since for every z € Z3 and A,S C Zy
we have D,4(S) = D(z71S), an equivalent definition of the e-uniformity of
Ais Dy(APy) < e. Thus the small sets A,y we construct are uniformly
distributed in all arithmetic progressions in AP, (which explains the title).

The classical interest within Number Theory and Discrepancy Theory
regarding arithmetic progressions is in the “dual” problem of how uniformly
can arithmetic progressions A € APy be distributed in sets S C [N]. Tight
bounds on min|sj=n/2maz acap, Da(S) were given by [?, 7].

2.2 Fourier Transforms

The discrete Fourier transform of (the characteristic function of) a set A C

Zy 1s the function 4
fA(t) _ Z e27r7,at/N

acA

IThe restriction to invertible z € Z% is natural since if e.g. z|N, > eN, the elements
of A take on less than 1/e values, and thus miss intervals of measure € for any set A.



defined for every ¢ € Zy. Clearly, f4(0) = |A|. The parameter A\(A) =
mazizo|fa(t)]/|A| gives some measure of the randomness of the set A; the
smaller it is, the more “random” A is. This parameter has a variety of
applications in Additive Number Theory (e.g. [?, ?]), Graph Theory (e.g.
[?7]) and Complexity Theory (e.g. [?, ?]).

The connection of this parameter with our problem stems from the fact
that there are many cancelations in the sum of unit vectors that are almost
uniformly distributed on the unit cycle. An easy calculation (which for com-
pleteness is given in the appendix) yields

Z eQﬂ'ia/N

acA

< O(|A|Da(Zn)).

From it we conclude that if A (mod M) is e-uniform mod M for every divisor
M of N, then A(A) <.

A simple use of the pigeonhole principle (which for completeness is also
given in the appendix) shows that every family of sets Ay satisfying A(Ay) <
1/2 must have size |Ay| > (log N). On the other hand, simple probabilistic
arguments achieve \(A. y) < €(N) with |[A. x| = (log N/e(N))°D where
e = ¢(N) is any function tending to zero as N grows to infinity (the best
current bounds on |A| in terms of N, e appear in [?]).

There are two known explicit constructions which for

1
N = llog o

achieve
|Ac n| = (log N)O(l).

One is in [?], and is based on deep results in number theory. The second
is in [?] and is completely elementary. Our construction is a variant of the
second. Note that, due to the remark above, the sets A, y we construct in
this paper also satisfy A\(A. ) <.

2.3 Higher dimensional discrepancy

A central problem in Discrepancy Theory (see [?] and the references within)
is to determine the smallest size of sets in [0, 1)¢ that have small discrepancy



with the family B of all aligned boxes (i.e. cartesian product of d intervals
in [0,1)). Defining the discrepancy D4(B) of a set A in the natural way, the
question is how many points A should have as a function of € and d so as to
achieve D4 (B) < e.

The classical results focus on constant d and obtain bounds which depend
well on €~! but are exponential in d. The recent paper [?] motivates studying
the case where e ! and d are polynomially related. It is not hard to prove
that almost all sets A of size (de=')°") would satisfy this discrepancy bound.
However, an explicit construction of such sets A will have strong applications
to derandomizing certain probabilistic algorithms. [?] obtain somewhat
weaker explicit bounds, and leave open the problem of explicitly constructing
a set whose size is polynomial in both parameters.

A possible connection to our construction is the following. As observed in
7], it will suffice to replace the universe [0, 1)¢ with (Z,,)¢, where m = 2/e.
Using the natural mapping from Z,,4 onto (Z,,)? (writing a number in base
m) we ask (but are not ready to conjecture) if the image of the sets we
construct (taking N = m¢) have small discrepancy with all boxes.

3 The Construction
Fix N and t < N. Set the parameters

my = (t*(logt)®log N)/?
my = (t°(logt)*/log N)'/*
€ = my/my = (logt(log N)2/t)'/?

and the sets S = [my], P = {p € [mq,2my]|p prime, (p,N) = 1}. Using
(z)n for z mod N we define multisets A; y by

At,N = {S(p_l)]v | S € S, P - P}
Our main result gives the discrepancy bound

Theorem 3.1 The multiset Ay is O(e)-uniform mod N. Moreover, for
every divisor M of N, Ayy mod M is O(e)-uniform mod M.



Before we start proving this, note that in the “interesting” range

3loglog N(log N)? < t
oglog N(log N)* < <310gN

we have s;(py')n # s2(py ')y mod N unless (sy,p1) = (s2,p2) that is our
multisets A; y are actually sets. Also, in this range they clearly have size
|A; x| < O(t) and are easy to compute in time (¢ log N)°®) by any reasonable
model of computation. Hence, taking Acy = Ayen)n for € = e(N) >

w (((log ]\7)4/N)1/9)7 where

1
t(e, N) = Ce?(log N)? (log — +loglog N)
€

(C' > 0 is a sufficiently large constant), we will get the sets A, y promised in
the introduction.

Proof of Theorem ?77: We prove only the first statement of unifor-
mity mod N. The second statement follows exactly the same proof with M
replacing N in appropriate places, and is therefore omitted.

Let s be a random member of S and p be a random member of P. Fix
an element x € Z3 and interval I € Zy. In probabilistic terms we need to
prove

Ples(p™)n € 1] = |1]/|N]| < O(e). (1)

We use the Chinese remainder theorem in the following form (assuming
p does not divide V)

plp )N+ N(N"'), =pN + 1.

Dividing by pN, using (a); to denote the fractional part (in [0,1)) of any
real number «, and noting that z < N we obtain

<ms<p—1>N xs(N—1>p> _m

N + D ma

This implies




where J_ C J; C[0,1) and |J4| —|J-| < 2e.
Hence, in order to prove (?7?) it suffices to prove

Pl(5),

for any interval J C [0, 1) (which will apply to J_, J;).
Fix J. To prove (??) we may clearly assume without loss of generality
(by enlarging J if necessary) that |J| > €. Let

[ (a)if 0< (a) < 1/2,
oy = { 1— () if 1/2 < (a), < 1.

— | < O(e) (2)

Say that p € P is bad if there exists a positive integer s < 1/e such that

zs(N71), 2
P L ompe?
Then it suffices to show that
P[p is bad] < O(e) (3)

and that for each fixed good p,

‘PK“%T”%ed-MWqu (4)

We first prove (?7?). If p is bad, then for some s < 1/¢ and some b with
bl < O(;2%) we have xs(N~1), = b (mod p), or equivalently p|(zs — ON).
But observe that as (z, N) = 1 and s+[b] < O(;2;) < N we have zs—bN # 0
and |zs — bN| < N2, so for each fixed choices of s and b we have at most
O(log N) bad p’s. Using the bounds on s and b we calculate that there are
at most O("ﬁzlliofgfv) bad p’s, which implies (?7).

Now consider a good p and prove (?7). By the pigeonhole principle,
there is a positive integer sy < 1/¢ for which

xso(Nfl)p

5 <e. (5)
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For this choice of sy denote the left hand side of (??) by 7. Since p is
good, we also have a lower bound of m2€2 on 7. Define m3 = m;/sq, and
observe that mgz > mye. We shall prove (?7) separately for each residue

class i < sg of s, i.e. taking r at random from [mg] we prove for each i

‘PKZB(TSO +i)(N‘1)p>1 cJ

p

= |J]

< O(e). (6)

But the lower bound on v guarantees that as we go through all possible
values of  we will go around the interval [0,1) at least 1/¢ times, and the
upper bound on 7y guarantees that in each such cycle we will visit J the
correct number of times (as |J| > €), which completes the proof. O

4 Appendix

Here we give, for completeness, the proofs of two statements made in Section
2.2. The propositions below imply these statements. We remark that both
propositions are folklore. We provide simple proofs, rather than try to obtain
the best constants.

Proposition 4.1 ’ZGGA eQma/N‘ < 2m|A|DA(Zy).

Proof: (Suggested by Alon and Sudakov). Set D = D(Zy), and let A =
{a1,as,...,ay}, with the a;’s sorted in increasing order. Note that for every
Jj € [m], |aj/N — j/m| < D, by considering the discrepancy of A on the
interval [0,a;]. Since |¢” — e™| < |z — y], this implies ‘eQmaj/N — e2ri/m| <
27D and thus ‘ZaeA e2mia/N s e%ij/m‘ < 2rmD. We are only left to
note that .72, e2™/™ = 0. O

Proposition 4.2 If \(A) < 1/2 then |A| > (log N)/3.

Proof: For contradiction assume |A| = m < (log N)/3. Define the map
X : Zy — {0,1,2,3,4,5}4 by letting, for every t € Zy and a € A, x(t), = J
iff at mod N € [jN/6,(j + 1)N/6). As 6™ < N, by the pigeonhole principle
there must be t,ty € Zy with x(t1) = x(t2). Set t = t; — to. Then for every
a€ A, at mod N € (—N/6,N/6). We get

7



[AINA) = fa(t) = | 3 ™| > |Alcos(n/3) = |Al/2.

a€A
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