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1 Introduction

The notion of a pseudorandom generator originally introduced by Yao [?]
has become by now one of the most important concepts in theoretical com-
puter science penetrating virtually all its subareas. In its simplest form it
says the following: a mapping Gn : {0, 1}n → {0, 1}m is (computationally)
secure w.r.t. some circuit class C if no “small” circuit C(y1, . . . , ym) ∈ C can
distinguish between the two probabilistic distributions Gn(x) and y in the
sense that |P[C(Gn(x)) = 1] − P[C(y) = 1]| is small (x is picked at random
from {0, 1}n, and y is picked at random from {0, 1}m).

Propositional proof complexity is an area of study that has seen a rapid
development over the last decade. It plays as important a role in the theory
of feasible proofs as the role played by the complexity of Boolean circuits in
the theory of efficient computations. Although the original motivations for
this study were in many cases different (and originated from proof-theoretical
questions about first-order theories), it turns out after all that the complexity
of propositional proofs revolves around the following basic question. What
can be proved (in the ordinary mathematical sense!) by a prover whose com-

putational abilities are limited to small circuits from some circuit class C (see
e.g. [?])? Thus, propositional proof complexity is in a sense complementary
to (non-uniform) computational complexity; moreover, there exist extremely
rich and productive relations between the two areas ([?, ?]).

Given the importance of pseudorandom generators for computational
complexity, it is natural to wonder which mappings Gn : {0, 1}n → {0, 1}m

should be considered hard from the perspective of proof complexity? In this
paper we propose the following paradigm: a generator Gn : {0, 1}n → {0, 1}m

is hard for some propositional proof system P if and only if for any string
b ∈ {0, 1}m there is no efficient P -proof of the (properly encoded) state-
ment G(x1, . . . , xn) 6= b (x1, . . . , xn are treated as propositional variables). A
similar suggestion is independently made in the recent preprint of Kraj́ıček
[?].

This definition is very natural: it simply says (to the extent allowed by
our framework) that P can not efficiently prove even the most basic thing
about the behavior of Gn, namely that it is not an onto mapping. In fact,
one a priori reasonable concern might be exactly if this exceedingly natural
requirement is not too strong, namely whether non-trivial generators (say,
with m ≥ n+1) can exist at all. This concern is best addressed by exhibiting
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how several known lower bound results fit into our framework; these examples
also explain some of our motivations for introducing this concept.

Example 1 (Tseitin tautologies) Let G = (V, E) be a connected undi-
rected graph. Consider the (F2-linear) mapping TG : {0, 1}E → {0, 1}V

given by TG(~x)v
def
= ⊕e3vxe, where ~x ∈ {0, 1}E is a {0, 1}-valued function on

edges. Then b ∈ {0, 1}V is not in im(G) if and only if ⊕v∈V bv = 1, and if we
properly encode this statement in propositional logic, we arrive exactly at the
tautologies introduced by Tseitin in his seminal paper [?]. These tautologies
turned out to be extremely useful in propositional proof complexity, and the
many strong lower bounds proved for them [?, ?, ?, ?, ?, ?, ?] never depend
on the particular choice of b ∈ {0, 1}V . This means that all of them can
be viewed as showing that the generators TG are hard for the corresponding
proof system, as long as the graph G itself has good expansion properties.

Tseitin generators TG : {0, 1}E → {0, 1}V make little sense from the
computational point of view since the size of the seed |E| is larger than the
size of the output |V |. Our next two examples are more satisfactory in this
respect.

Example 2 (Natural Proofs) Let Gn : {0, 1}nk → {0, 1}2n
be any pseu-

dorandom function generator that stretches nk random bits to a Boolean
function in n variables viewed as a string of length 2n in its truth-table rep-
resentation. Assume that Gn is hard w.r.t. 2O(n)-sized circuits. Razborov
and Rudich [?] proved that there is no “natural” (in the strict sense also
defined in that paper) proof of superpolynomial lower bounds for any com-
plexity class C that can efficiently compute Gn. Their argument shows in
fact that any natural circuit lower bound techniques fail to prove that a given
function fn does not belong to the image of Gn. Stating it equivalently, for
any function fn there is no natural proof of the fact fn 6∈ im(Gn). Although
in this result we are primarily interested in the case when fn is the restriction
of SAT (or any other NP-complete predicate) onto strings of length n, the
argument, like in Example ?? absolutely does not depend on the particular
choice of fn.

One might argue that Natural Proofs do not correspond to a propositional
proof system at all, and that their definition rather explicitly includes the
transition “the proof works for a single fn ⇒ it works for many fn”, which
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provides the link to the ordinary (randomized) definition of a pseudorandom
generator. Our next two examples illustrate that this drawback sometimes
can be circumvented.

First we show that a concrete complexity assumption (namely that ran-
domness helps in interactive proofs) implies that generator tautologies are
hard for every proof system.

Example 3 (NP-natural proofs) Razborov [?] has proposed studying the
set of tautologies ¬Circuitt(fn), expressing the fact that the function fn

cannot be computed by a circuit of size t. Alekhnovich noted that this
tautology is actually a generator tautology: the generator G simply sends (an
encoding of) a circuit of size t, to the truth table of the function computed
by it.

Now assume there is some proof system P , which efficiently proves that
some Boolean function fn is not in the image of G. This constitutes an NP-
cerftificate1 of hardness of fn. Using the derandomization machinary of the
NW -generator [?, ?, ?, ?] it follows that for e.g size t = 2εn (with arbitrary
ε > 0), such a certificate implies that MA = NP (and in particular also
BPP ⊆ NP2).

Put differently, assuming MA 6= NP we conclude that for the generator
G above with this choice of t, there are no efficient proofs that fn 6∈ im(G) for
any sequence of functions fn, in any propositional proof system whatsoever!
It should be stresed though, that some of the authors believe the conclusion
much more than the assumption. Nevertheless, the connection is illuminating
another relationship between computational and proof complexity, and the
importance of generators in both.

Back to assumptions on the hardness of computation (which are far more
believable), our final example provides us with proof complexity lower bounds
for tautologies based on computationally secure generators. However, these
holds only for the systems that posses efficient interpolation property.

Example 4 (Hardness in presence of Feasible Interpolation) Let Gn :
{0, 1}n → {0, 1}m be an arbitrary pseudorandom generator that is hard w.r.t.
poly-size (in m+n) circuits, and let n < m/2. Following Razborov [?], let us

1This fits the natural proof framework above and may be called NP-natural proof,
only it does not use the so called ”largeness condition” of Razborov and Rudich.

2Follows from BPP ⊆ MA of Goldreich and Zuckerman [?]
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take bitwise XOR of two independent copies of this generator G′
n : {0, 1}2n →

{0, 1}m; G′
n(x1, . . . , xn, x′

1, . . . , x
′
n)

def
= Gn(x1, . . . , xn) ⊕ Gn(x′

1, . . . , x
′
n). Then

G′
n is hard for any propositional proof system P which has the property of

feasible interpolation (for a definition see e.g. [?] or [?]).
Indeed, assume for the sake of contradiction that G′

n is easy for a proof
system that possesses feasible interpolation. This means that in this system
there exists a polynomial size proof of b 6∈ im(G′

n), for some string b ∈ {0, 1}m.
Let r be picked uniformly and at random from {0, 1}m, and consider the
propositional formula encoding the statement r 6∈ im(Gn) ∨ r 6∈ im(Gn ⊕ b).
The fact b 6∈ im(G′

n) implies that this is a tautology and thus, by feasible
interpolation, there exists a polynomial size circuit C that given r correctly
tells us whether r 6∈ im(Gn) or r 6∈ im(Gn ⊕ b). One of these answers occurs
with probability at least 1/2; thus, C can be used to break the generator G.

The study of such a keystone concept in computational complexity as
pseudorandom generators, but in the new framework of proof complexity,
should be interesting in its own right. As suggested by the examples above,
we also keep one quite pragmatic goal in mind: we believe that pseudoran-
domness is methodologically the right way to think of lower bounds in the
proof-theoretic setting for really strong proof systems. Whenever we have a
generator Gn : {0, 1}n → {0, 1}n+1 which is hard for a propositional proof
system P , we have lower bounds for P . If we manage to increase significantly
the number of output bits and construct a poly-time computable function
generator Gn : {0, 1}nk → {0, 1}2n

that is hard for P , we, similarly to [?, ?],
can conclude that in the framework proposed in [?] there are no efficient
P -proofs of NP 6⊆ P/poly. 3

In this paper we begin looking at a class of generators inspired by Nisan-
Wigderson generator [?] on the one hand, and by Example ?? on the other.
Let A be an (m×n) 0-1 matrix, g1(x1, . . . , xn), . . . , gm(x1, . . . , xn) be Boolean

functions such that gi essentially depends only on the variables Xi(A)
def
=

{xj | aij = 1}, and Gn : {0, 1}n → {0, 1}m be given by Gn(x1, . . . , xn)
def
=

(g1(x1, . . . , xn), . . . , gm(x1, . . . , xn)). Nisan and Wigderson [?] proved that if

3The general idea of this reduction is similar to the reduction in Example 2: the propo-
sitional system can not prove efficiently that an explicit NP-complete function does not
belong to the image of G. However, for every particular system the details of implemen-
tation are a little bit different, and one has to be extra careful for weak proof systems.
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A satisfies certain combinatorial conditions (namely, if it is a (k, s)-design for
suitable choice of parameters), and the functions gi are computationally hard,
then Gn is a good pseudorandom generator in the computational sense. In
this paper we study which combinatorial properties of the matrix A and which
hardness assumptions imposed on gi guarantee that the resulting generator
Gn is hard for such proof systems as Resolution or Polynomial Calculus.

The framework of proof complexity, however, adds also the third specific
dimension that determines hardness properties of Gn. Namely, in our exam-
ples the base functions gi are at least supposed to be hard for the circuit
class underlying the propositional proof system P . Thus, P can not even ex-
press the base functions, and we should encode them using certain extension
variables. Using these extension variables, our tautologies can be written
as 3-CNFs, and thus can be expressed in any proof system. The choice of
encoding makes an important part of the framework. We propose three dif-
ferent encodings - functional, circuit, and linear encodings, all natural from
both computational and proof complexity viewpoints.

Our results are strong lower bounds for each of these encodings (and ap-
propriate choices of base functions and combinatorial properties of the matrix
A) in such standard proof systems like Resolution, Polynomial Calculus, and
PCR (which combines the power of both). Naturally, the results get weaker
as the encoding strength increases.

We strongly believe that this set of tautologies can serve as hard examples
for much stronger systems, and specifically that the hardness of the base
functions in the generators should be a key ingredient in the proof. This
factor is evident in our modest results above, and if extended to stronger
systems, it may be viewed as a generalization of the feasible interpolation
results, reducing in a sense proof complexity to computational complexity.

The paper is organized as follows. In Section ?? we give necessary defini-
tions and describe precisely combinatorial properties of the matrix A, hard-
ness conditions imposed on the base functions gi and types of their encodings
needed for our purposes.

The next section ?? contains our hardness results for resolution width and
polynomial calculus degree that hold for the most general functional encoding
similar in spirit to the Functional Calculus from [?]. These can be considered
as far-reaching generalizations of lower bounds for Tseitin tautologies from
[?, ?]. We also state here size lower bounds directly implied by our results
via the known width/size and degree/size relations.
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Section ?? contains a stronger lower bound for the weaker linear encoding.
In Section ?? we consider the question of maximizing the number of output
bits m = m(n) in the generators constructed in the previous sections. For
that purpose we show that with high probability a random matrix A has
very good expansion properties. The paper is concluded in Sections ?? and
?? with a brief account of some recent developments and several remaining
open questions.

2 Preliminaries

Let x be a Boolean variable, i.e. a variable that ranges over the set {0, 1}.
A literal of x is either x (denoted sometimes as x1) or x̄ (denoted sometimes
as x0). A clause is a disjunction of literals.

For any Boolean function f : {0, 1}n → {0, 1}, V ars(f) will denote the
set of its essential variables. An assignment to f is a mapping α : V ars(f) →
{0, 1}. A restriction of f is a mapping ρ : V ars(f) → {0, 1, ?}. We denote

by |ρ| the number of assigned variables, |ρ| def
= |ρ−1({0, 1})|.

The restriction of f by ρ, denoted f |ρ, is the Boolean function obtained
from f by setting the value of each x ∈ ρ−1({0, 1}) to ρ(x), and leaving each
x ∈ ρ−1(?) as a variable.

We say that an assignment α satisfies f if f(α) = 1. For Boolean functions
f1, . . . , fk, g we say that f1, . . . , fk semantically imply g (denoted f1, . . . , fk |=
g), if every assignment to V

def
= V ars(f1)∪ . . .∪V ars(fk)∪V ars(g) satisfying

f1, . . . , fk, satisfies g as well (i.e. ∀α ∈ {0, 1}V (f1(α) = · · · = fk(α) = 1 ⇒
g(α) = 1)).

For n, a non-negative integer let [n]
def
= {1, 2, . . . , n}.

Let A be an (m × n) 0-1 matrix,

Ji(A)
def
= {j ∈ [n] | aij = 1} , (1)

Xi(A)
def
= {xj | j ∈ Ji(A)} and g1(x1, . . . , xn), . . . , gm(x1, . . . , xn) be Boolean

functions such that V ars(gi) ⊆ Xi(A). We will be interested in systems of
Boolean equations







g1(x1, . . . , xn) = 1
· · ·

gm(x1, . . . , xn) = 1.
(2)
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We want to state combinatorial properties of the matrix A and hardness
conditions of the base functions gi such that if we properly encode the system
(??) as a CNF τ(A,~g), then every refutation of this CNF in a propositional
proof system P must be long. This sentence has four ingredients, and the
necessary definitions for each of them are provided fairly independently.

2.1 Combinatorial properties of the matrix A

All hardness results proved in this paper will be based on the following com-
binatorial property generalizing the “edge-expansion” property for ordinary
graphs. It is similar to the expansion defined in [?].

Definition 2.1 For a set of rows I ⊆ [m] in the matrix A, we define its
boundary ∂A(I) as the set of all j ∈ [n] (called boundary elements) such that
{aij | i ∈ I } contains exactly one 1. We say that A is an (r, s, c)-expander if
|Ji(A)| ≤ s for all i ∈ [m] and ∀I ⊆ [m](|I| ≤ r ⇒ |∂A(I)| ≥ c · |I|).

Let us relate (r, s, c)-expanders to several other combinatorial properties
already known from the literature.

Example 5 For an ordinary graph G = (V, E), its edge-expansion coefficient

cE(G) is defined by

cE(G)
def
= min

|U |≤|V |/2

e(U, V − U)

|U | ,

where e(U, W ) is the number of edges between U and W (see e.g., [?] and
the literature cited therein). Let AG be the incidence matrix of a graph G

with m vertices and n edges (i.e., ave
def
= 1 if and only if v ∈ e), and let d be

the maximal degree of a vertex in G. Then AG is an (m/2, d, c)-expander if
and only if cE(G) ≥ c.

Example 6 Let us turn to the combinatorial property originally used in
[?, ?]. A matrix A is called (k, s)-design if |Ji(A)| = s for all i ∈ [m] and

|Ji1(A) ∩ Ji2(A)| ≤ k (3)

for all 1 ≤ i1 < i2 ≤ m. We have the following:
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Fact 1 Every (k, s)-design is also an (r, s, s−kr)-expander for any parameter

r.

Proof. Let I ⊆ [m] and |I| ≤ r. Then, due to the property (??), every
Ji(A) with i ∈ I has at most k · (r − 1) elements which are not in ∂A(I).
Hence it contains at least s − k · (r − 1) elements which are in ∂A(I).

2.2 Hardness conditions on the base functions

As explained in the Introduction, we are interested in the methods which,
given a mapping Gn : {0, 1}n → {0, 1}m, allow us to show that the fact
b 6∈ im(Gn) is hard to prove for any b ∈ {0, 1}m. This means that we want
our lower bounds on the refutation complexity to work uniformly not only
for the system (??) but also for all 2m shifted systems







g1(x1, . . . , xn) = b1

· · ·
gm(x1, . . . , xn) = bm,

b ∈ {0, 1}m. We will enforce this simply by requiring that the conditions
placed on the base functions g1, . . . , gm are symmetric, i.e., they are satisfied
by some f if and only if they are satisfied by (¬f).

Definition 2.2 A Boolean function f is `-robust if every restriction ρ such
that f |ρ = const, satisfies |ρ| ≥ `.

Clearly, this property is symmetric. The most important example of
robust functions are the PARITY functions x1⊕· · ·⊕xn⊕b, b ∈ {0, 1}, which
are n-robust. Our strongest hardness results for the polynomial calculus work
only for this specific function.

In fact, `-robust functions are already well familiar from the computa-
tional complexity literature. [?, ?, ?, ?] proved computational lower bounds
for `-robust functions (when ` is close to n = |V ars(f)|) w.r.t. bounded-
depth circuits. (1 − θ)n-robust functions (where θ is meant to be a small
positive constant) were recently used in [?] for obtaining strong lower bounds
for branching programs (property “P(θ)”). In this paper we will use `-robust
functions for constructing generators that are hard for propositional proof

systems. It is easy to see that most functions on n-bits are (say) 0.9n-robust.
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2.3 Encodings

Having constructed the system (??), we still should decide how to represent
it in propositional logic. This step is non-trivial since we are deliberately
interested in the case when the propositional system P can not directly speak
of the functions g1, . . . , gm. We consider three major possibilities: functional,
circuit and linear encodings: all of them lead to CNFs that in fact w.l.o.g.
can be further restricted to 3-CNFs (see the proof of Corollary ?? below).

2.3.1 Functional encoding

This is the strongest possible encoding which is also universal in the sense
that it obviously simulates any other conceivable encoding (in fact, it is a
“localized” variant of the Functional Calculus system considered in [?]).

Definition 2.3 Let A be an (m×n) 0-1 matrix. For every Boolean function
f with the property ∃i ∈ [m](V ars(f) ⊆ Xi(A)) we introduce a new exten-

sion variable yf . Let V ars(A) be the set of all these variables. For the sake of
convenience, single variables sometimes will be denoted as xi instead of yxi

.
For a clause C = yε1

f1
∨ . . .∨ yεw

fw
in the variables V ars(A), denote by ||C|| the

Boolean function in the variables x1, . . . , xn given by |C| def
= f ε1

1 ∨ . . . ∨ f εw
w .

Given Boolean functions ~g = (g1, . . . , gm) such that V ars(gi) ⊆ Xi(A),
we denote by τ(A,~g) the CNF in the variables V ars(A) that consists of all
the clauses C = yε1

f1
∨ . . . ∨ yεw

fw
for which there exists i ∈ [m] such that

V ars(f1) ∪ . . . ∪ V ars(fw) ⊆ Xi(A) (4)

and
gi |= ||C||. (5)

Fact 2 τ(A,~g) is satisfiable if and only if the system (??) is consistent.

Proof. If (a1, . . . , an) is a solution to (??), then the assignment which
assigns every yf to f(a1, . . . , an) is satisfying for τ(A,~g). For the other di-

rection, let ~b = (bf |yf ∈ V ars(A)) be a satisfying assignment for τ(A,~g).

Let aj
def
= bxj

; then, using those axioms yε1
f1
∨ . . .∨ yεw

fw
from τ(A,~g) for which

f ε1
1 ∨ . . . ∨ f εw

w ≡ 1, we can show by induction on the circuit size of f that
bf = f(a1, . . . , an) for every yf ∈ V ars(A). In particular, gi(a1, . . . , an) =
bgi

= 1 (since τ(A,~g) contains the axiom ygi
). Thus, the vector (a1, . . . , an)

is a solution to the system (??).
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2.3.2 Circuit encoding

This encoding is much more economical in terms of the number of variables
than the functional encoding. Also, it looks more natural and better con-
forming to the underlying idea of the Extended Frege proof system. The
tautologies under this encoding will be polynomial-size as long as all gi’s
have poly-size circuits, and thus are potentially hard for Frege (assuming
P/poly contains functions computationally hard for NC1/poly).

Definition 2.4 Let A be an (m × n) 0-1 matrix, and C1, . . . , Cm be single-
output Boolean circuits over an arbitrary fixed finite basis, Ci being a circuit
in the variables Xi(A). For every i ∈ [m] and every gate v of the circuit
Ci we introduce a special extension variable yv, and we identify extension
variables corresponding to input gates labeled by the same variable xj. Let
V ars ~C(A) be the set of all these extension variables.

By τ(A, ~C) we denote the CNF that consists of the following clauses:

1. yε̄1
v1
∨ . . .∨ yε̄d

vd
∨ y

π(ε1,...,εd)
v , whenever v := π(v1, . . . , vd) is an instruction

of one of the circuits C1, . . . , Cm and ε ∈ {0, 1}d is an arbitrary vector;

2. yvi
when vi is the output gate of Ci, for all i ∈ [m].

For a circuit C, let ||C|| be the Boolean function it computes.

Fact 3 τ(A, ~C) is satisfiable if and only if the system ||C1|| = . . . = ||Cm|| =
1 is consistent.

Proof. Similar to the proof of Fact ??.

Fact 4 There exists a substitution σ of variables from V ars ~C(A) by vari-

ables from V ars(A) such that σ(τ(A, ~C)) is a subset of the set of clauses

τ(A, || ~C||). In particular, every refutation of τ(A, ~C) in every “reasonable”

propositional proof system can be transformed (by applying σ) into a refuta-

tion of τ(A, || ~C||) in the same system which is simpler w.r.t. any “reason-

able” complexity measure.

Proof. Let σ(yv)
def
= y||v||, where ||v|| is the function computed by the gate

v.
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2.3.3 Linear encoding

This encoding makes sense only when the functions gi are F2-linear forms
(for historical reasons, this special case of NW-generators is often referred
to as Nisan generators). In some cases it is more economical than the func-
tional encoding in terms of the number of variables. Also, it is much better
structured, and we will take advantage of this in Section ??.

Definition 2.5 Let A be an (m × n) 0-1 matrix. For every J ⊆ [n] such
that ∃i ∈ [m](J ⊆ Ji(A)) we introduce a new extension variable yJ (with
the intended meaning yJ ∼ ⊕j∈Jxj). Let V ars⊕(A) be the set of all these
variables.

Given a Boolean vector b ∈ {0, 1}m, we denote by τ⊕(A, b) the CNF in
the variables V ars⊕(A) that consists of the following clauses:

1. yε1
J1
∨ . . . ∨ yεd

Jd
, whenever there exists i ∈ [m] such that J1 ∪ . . . ∪ Jd ⊆

Ji(A), the symmetric difference J14. . .4Jd is empty and ε̄1⊕. . .⊕ ε̄d =
1;

2. ybi

Ji(A), for all i ∈ [m].

Let us denote by Σi(A, bi) the Boolean function
⊕

j∈Ji(A) xj ⊕ b̄i.

Fact 5 τ⊕(A, b) is satisfiable if and only if the system Σ1(A, b1) = Σ2(A, b2) =
. . . = Σm(A, bm) = 1 of linear equations over F2 is consistent.

Proof. Follows from the observation that the conjunction of clauses yε1
J1

∨
. . . ∨ yεd

Jd
for all ε̄1 ⊕ . . . ⊕ ε̄d = 1 is semantically equivalent to the formula

⊕d
i=1 yJi

= 0.

Fact 6 There exists a substitution σ of variables from V ars⊕(A) by vari-

ables from V ars(A) such that σ(τ⊕(A, b)) is a subset of the set of clauses

τ(A, ~Σ(A, b))
def
= τ(A, Σ1(A, b1), Σ2(A, b2), . . . , Σm(A, bm)).

Proof. σ(yJ)
def
= yL

j∈Jxj
.

It might be instructive to look at the place occupied in our framework
by original Tseitin tautologies (cf. Examples ??,??). Let AG be the inci-
dence matrix of an undirected graph G. Then our framework provides three
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different ways4 to talk of Tseitin tautologies for graphs G of arbitrary de-
gree. All these possibilities are reasonable in the sense that although the
resulting CNF τ may have a huge size, it always possesses a sub-CNF of
polynomial size that is still unsatisfiable. The fourth (unreasonable!) encod-
ing is primitive: we allow no extension variables at all and simply represent
the functions Σi(A, bi) themselves as CNFs of exponential size. For graphs of
bounded degree (which is the only case researchers were interested in prior to
this paper), the subtle differences between the four encodings disappear, and
the whole rich spectrum of various possibilities collapses to ordinary Tseitin
tautologies.

In fact, the unreasonable primitive encoding can in principle be consid-
ered in the framework of our paper as well. Namely, as we will see in Section
5, good (r, s, c)-expanders exist even for large constants s (say, s = 10). And
for constant values of s results proved in any of our reasonable encodings
can be translated to the primitive encoding with only constant time increase
in the size of the tautology. The primitive encoding, however, is very coun-
terintuitive to the main idea that the base functions gi’s should be hard for
the circuit class underlying our propositional theory, and to the hope of us-
ing these tautologies for stronger proof systems. For this reason we do not
discuss in this paper neither the primitive encoding itself, nor the trade-off
between the tautology size and the bounds appearing in this encoding when
s → ∞.

2.4 Propositional proof systems

2.4.1 Resolution

Resolution is the simplest and probably the most widely studied proof sys-
tem. It operates with clauses and has one rule of inference called resolution

rule:
A ∨ x B ∨ x̄

A ∨ B
.

A resolution refutation of a CNF formula τ is a resolution proof of the empty
clause from the clauses appearing in τ .

The size of a resolution proof is the number of different clauses in it. The
width w(C) of a clause C is the number of literals in C. The width w(τ)

4For the circuit encoding we additionally have to fix some natural circuits computing
the functions Σi(A, bi).
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of a set of clauses τ (in particular, the width of a resolution proof) is the
maximal width of a clause appearing in this set.

The story of propositional proof complexity began some 35 years ago when
in the seminal paper [?] Tseitin proved super-polynomial lower bounds on
the size of any resolution refutation of (what was afterwards called) Tseitin
tautologies under one extra regularity assumption on the structure of refuta-
tion. Haken [?] was the first to remove this restriction and prove exponential
lower bounds for general resolution (for the pigeonhole principle). Urquhart
[?] proved exponential lower bounds on the size of general resolution refuta-
tions for Tseitin tautologies.

Ben-Sasson and Wigderson [?], strengthening a result from [?] (cf. Section
?? below) proved the following width-size relation:

Proposition 2.6 Let τ be an unsatisfiable CNF in n variables that has a

resolution refutation of size S. Then τ has a resolution refutation of width

at most w(τ) + O(
√

n log S).

[?] also established a linear lower bound on the width of resolution refutation
for Tseitin tautologies. In combination with Proposition ?? this gave an
alternate (and much simpler) proof of the size lower bound from [?].

2.4.2 Polynomial Calculus and Polynomial Calculus with Resolu-
tion

Polynomial Calculus, introduced by Clegg, Edmonds and Impagliazzo in [?]
is a proof system that models common algebraic reasoning. Despite its al-
gebraic nature, Polynomial Calculus (PC) turned out extremely useful for
studying “pure” propositional proof systems.

PC operates with polynomials P ∈ F [x1, . . . , xn] for some fixed field F ;
a polynomial P is interpreted as, and often identified with, the polynomial
equation P = 0. Polynomial Calculus has polynomials x2

i − xi (i ∈ [n]) as
default axioms and has two inference rules:

P1 P2

αP1 + βP2

; α, β ∈ F (Scalar Addition)

and
P

x · P (Variable Multiplication).
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A polynomial calculus refutation of a set of polynomials Γ is a polynomial
calculus proof of 1 from Γ. The degree of a PC proof is the maximal degree
of a polynomial appearing in it. The size of a PC proof is the total number
of monomials in the proof.

First non-trivial lower bounds on the degree of PC refutations were proved
by Razborov [?] (for the pigeonhole principle). Grigoriev [?] proved linear
lower bounds on the degree of Nullstellensatz refutations (which is a subsys-
tem of Polynomial Calculus) for Tseitin tautologies. Finally, Buss, Grigoriev,
Impagliazzo and Pitassi [?] extended the latter bound to arbitrary polynomial
calculus proofs. Following [?] and the research whose outcome is presented in
this paper, Ben-Sasson and Impagliazzo [?] further simplified this argument,
and derived linear degree lower bounds for random CNFs.

[?] proved that small size resolution proofs can be simulated by low degree
PC proofs (Proposition ?? is a later improvement of this result). [?] observed
that the same simulation works also for small size polynomial calculus proofs.

Motivated in part by this similarity, [?] proposed to consider the follow-
ing natural system PCR extending both Polynomial Calculus and Resolu-
tion. PCR operates with polynomials P ∈ F [x1, . . . , xn, x̄1, . . . , x̄n], where
x̄1, . . . , x̄n are treated as new formal variables. PCR has all default axioms
and inference rules of PC (including, of course, those that involve new vari-
ables x̄i), plus additional default axioms xi + x̄i = 1 (i ∈ [n]). The size

and degree of a PCR proof are defined in the same way as for Polynomial
Calculus. It should be noted that there is not much sense in giving a sepa-
rate definition for the degree of PCR proofs since the linear transformation
x̄i 7→ 1 − xi takes a PCR-proof to (essentially) PC-proof while preserving
degree. This system, however, becomes extremely convenient when it is the
number of clauses which matters (see [?]).

PCR is an extension of PC by definition. Also, PCR extends Res-
olution via the following translation. For a clause C, let C+ [(C−)] be
the set of positive [respectively, negative] literals appearing in it. Then a
CNF formula τ gets translated into the set of polynomials Γτ defined by

Γτ
def
=

{ (

∏

x̄∈C−
x · ∏x∈C+

x̄
)∣

∣

∣
C ∈ τ

}

. Clearly, τ is satisfiable if and only if

Γτ has a common root in F satisfying all default axioms

x2
i = xi; x̄2

i = x̄i; xi + x̄i = 1. (6)

Moreover, it is easy to see that every width w size S resolution refutation of
τ can be transformed into a degree (w + 1) size O(nS) PCR refutations of
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the associated set of polynomials Γτ (cf. [?, Section 5]). For ease of notation,
we will omit the translation and define a PCR refutation of a CNF τ as a
PCR refutation of Γτ . A PC refutation of τ is a PC refutation of the set of
polynomials

Γ′
τ

def
=











∏

x̄∈C−

x ·
∏

x∈C+

(1 − x)





∣

∣

∣

∣

∣

∣

C ∈ τ







(7)

obtained from Γτ by the linear transformation x̄i 7→ 1 − xi.
In fact all our lower bounds for PC hold also for PCR so we will usually

use the translation to PCR and prove PCR lower bounds which imply the
hardness for PC.

[?] observed that the two simulations from [?, ?] can be merged into one
as follows:

Proposition 2.7 Let Γ be a system of polynomials in the variables x1, . . . , xn,

x̄1, . . . , x̄n that have no common roots in F satisfying all default axioms (??),

and let d(Γ)
def
= max {deg(P ) | P ∈ Γ}. Then every size S PCR refutation

of Γ can be transformed into another PCR refutation of Γ that has degree at

most d(Γ) + O(
√

n log S).

3 Lower bounds on width and degree in the

functional encoding

In this section we establish strong lower bounds on the resolution width
and PC degree in the most general functional encoding, and derive from
them some size lower bounds. Our results in this section can be viewed as
a far-reaching generalization of the corresponding lower bounds for Tseitin
tautologies from [?, ?].

But first a word about important and less important parameters. The
parameters s, c, l of the defining tautologies will feature in most of the calcu-
lations (recall that s is the number of 1’s in each row of the matrix A, which
is also the number of arguments to each function gi, c is the expansion factor
of the matrix A, and ` will lower bound the robustness of the gi’s). We will
show in Section ?? that almost all matrices satisfy c > 0.9s. Similarly, most
functions satisfy ` > 0.9s. Assuming this, Theorem ?? and Theorem ??
provide Ω(r) lower bounds on the width of Resolution and degree of Polyno-
mial Calculus, respectively (recall that r is the key parameter defining what
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size sets expand, and can be taken to be essentially n/s; see Section ?? for
details). Our corollaries for the size lower bounds implied by the width and
degree lower bounds will be stated (for simplicity) only for this situation.

Theorem 3.1 Let A be an (r, s, c)-expander of size (m× n), and g1, . . . , gm

be `-robust functions with V ars(gi) ⊆ Xi(A), where c+` ≥ s+1. Then every

resolution refutation of τ(A,~g) must have width > r(c+`−s)
2`

.

Proof. The proof follows the ideology developed in [?]. We define a measure
µ with sub-additive growth on the clauses, we show that the measure of the
empty clause is large (µ(0) > r), hence there must be a clause with medium
size measure (r/2 < µ(C) ≤ r). We show that such a clause must have large
width.

Fix an (r, s, c)-expander A of size (m×n) and `-robust functions g1, . . . , gm

with V ars(gi) ⊆ Xi(A), where c + ` ≥ s + 1.

Definition 3.2 For C a clause in the variables V ars(A), define µ(C) to be

the minimal size of I ⊆ [m] such that the following pair of conditions hold:

∀yε
f ∈ C ∃i ∈ I (V ars(f) ⊆ Xi(A)); (8)

{gi | i ∈ I } |= |C|. (9)

Claim 3.3 1. For a clause C with r/2 < µ(C) ≤ r, w(C) ≥ r(c+`−s)
2`

.

2. µ(0) > r.

Proof. Part ??) Let I be a set of minimal size satisfying Definition ??.
Since |I| ≤ r, we get |∂A(I)| ≥ c · |I|. Let us partition I into I0, any minimal
subset satisfying (??), and I1 = I \ I0. Notice that by the minimality of I,
removing any row from I1 will ruin property (??).

We claim that for any i1 ∈ I1, Ji1(A) has small intersection with ∂A(I).
Namely,

|Ji1(A) ∩ ∂A(I)| ≤ s − `. (10)

Indeed, as we noticed above, {gi | i ∈ I \ {i1}} 6|= |C|. Let α be any
assignment such that gi(α) = 1 (i ∈ I \ {i1}) but |C|(α) = 0. Let ρ be the
restriction given by

ρ(xj)
def
=

{

α(xj) if j 6∈ ∂A(I) ∩ Ji1(A)
? if j ∈ ∂A(I) ∩ Ji1(A).
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Then, since ρ is totally defined on V ars(gi) for i 6= i1, and also on V ars(|C|)
(by (??) and i1 6∈ I0) we have gi|ρ ≡ 1 (i 6= i1) and C|ρ ≡ 0. Hence, using
(??), we conclude that gi1|ρ ≡ 0. Since gi1 is `-robust and |Ji1(A)| ≤ s, this
implies the desired inequality (??).

Now we may sum up:

c · |I| ≤ |∂A(I)|
≤ s · |I0| + (s − `)|I1|
= (s − `)|I| + ` · |I0|
≤ (s − `)|I| + ` · w(C),



































(11)

which implies w(C) ≥ |I|(c+`−s)
`

. Recalling that |I| > r/2, we get our bound.
Part ??) is proven.

Part ??) Suppose the contrary, that is µ(0) ≤ r. Then we can repeat the
first part of the above argument (since that part did not use the condition
|I| > r/2) and still get (??). But now I0 = ∅, hence (??) alone implies a
contradiction with the expansion property. This proves part ??).

Claim 3.4 Any resolution refutation of τ(A,~g) must include a clause C with

r/2 < µ(C) ≤ r.

Proof. µ is sub-additive, i.e. if C was derived from C0, C1 by a single
resolution step, then µ(C) ≤ µ(C0) + µ(C1). Additionally, for any axiom C,
µ(C) = 1. The statement now follows from Claim ??(??).

Theorem ?? is immediately implied by Claims ??, ??(??).

In order to see which size lower bounds are implied by Theorem ?? via
Proposition ??, we consider only the typical (and most important) case c +
` − s = Ω(s), for which our width lower bound is Ω(r).

Corollary 3.5 Let ε > 0 be an arbitrary fixed constant, A be an (r, s, εs)-
expander of size (m×n), and g1, . . . , gm be (1− ε/2)s-robust functions. Then

every resolution refutation of τ(A,~g) must have size exp
(

Ω
(

r2

m·22s

))

/2s.
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Proof. Fix a resolution refutation of τ(A,~g) that has size S. It is easy to
see that every axiom in τ(A,~g) contains a sub-clause of width ≤ 2s which is
also an axiom of τ(A,~g). Moreover, this latter clause can be easily inferred
in O(2s) steps from those axioms in τ(A,~g) that have width ≤ 3. This allows
us to replace the original refutation by a refutation that may have a slightly
bigger size O(S ·2s) but uses only those axioms from τ(A,~g) that have width
≤ 3. In this new refutation we infer all clauses of τ(A,~g) that were used in the
original refutation from width 3 clauses and then apply the original refuta-
tion itself. Hence, by Proposition ??, τ(A,~g) also has a resolution refutation

of width O
(

√

|V ars(A)| · log(S · 2s)
)

≤ O
(

√

m · 22s · log(S · 2s)
)

. Com-

paring this with the lower bound of Ω(r) that comes from Theorem ??, we
finish the proof of Corollary ??.

We can obtain much better size lower bounds (i.e., get rid of the disap-
pointing term 22s

in the denominator) for the circuit encoding. We further
confine ourselves to the optimal case when the circuits C1, . . . , Cm have size
O(s).

Corollary 3.6 Let ε > 0 be an arbitrary fixed constant, A be an (r, s, εs)-
expander of size (m × n), and C1, . . . , Cm be single-output Boolean circuits

over arbitrary fixed finite basis such that Ci is a circuit of size O(s) in the

variables Xi(A), and all functions ||Ci|| are (1 − ε/2)s-robust. Then every

resolution refutation of τ(A, ~C) must have size exp
(

Ω
(

r2

ms

))

.

Proof. By Fact ?? and Theorem ??, every resolution refutation of τ(A, ~C)
must have width Ω(r). Since |V ars ~C(A)| ≤ O(ms), the required bound
immediately follows from Proposition ??.

Our second major result in this section generalizes the bound from [?].
Unfortunately, it also inherits all the limitations of their technique: essen-
tially the only base functions g1, . . . , gm we can handle are F2-linear forms,
and for char(F ) = 2 our approach fails completely (cf. [?]). On the positive
side, note that although we do require the linearity of the base functions, the
bound itself still holds for the most general functional framework.

Theorem 3.7 Let A be an (r, s, c)-expander of size (m×n), and b1, . . . , bm ∈
{0, 1}. Then every PCR refutation of τ(A, ~Σ(A, b)) over an arbitrary field F
with char(F ) 6= 2 must have degree ≥ rc

4s
.
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Proof. As the first step toward proving Theorem ??, we show one simple
reduction to a lower bound problem about PC refutations in the original

variables x1, . . . , xn. This step is very general and does not depend on the
linearity of the base functions gi.

Definition 3.8 For a Boolean function f(x1, . . . , xn), Pf (x1, . . . , xn) is the
(unique) multi-linear polynomial such that

Pf (α) =

{

0 if f(α) = 1
1 if f(α) = 0

for all α ∈ {0, 1}n.

Lemma 3.9 For any (m × n) 0-1 matrix A and any functions g1, . . . , gm

with V ars(gi) ⊆ Xi(A), every degree d PCR refutation of τ(A,~g) can be

transformed into a PC refutation of the system

Pg1 = . . . = Pgm = 0 (12)

(in the original variables x1, . . . , xn) that has degree ≤ s · d.

Proof of Lemma ??. Let us consider some PCR refutation π of τ(A,~g).
Substitute in π the polynomial Pfε(x1, . . . , xn) for every variable yε

f . Since
deg(Pfε) ≤ s for any f(x1, . . . , xn) such that V ars(f) ⊆ Xi(A) for some
i ∈ [m], the degrees of all lines resulting from this substitution are at most s·d.
Moreover, any axiom from τ(A,~g), as well as default axioms, gets transformed
into a polynomial P such that for some i ∈ [m] P contains only variables from
Xi(A), and is a semantical corollary of Pgi

on {0, 1}Xi(A). Hence, it can be
inferred from Pgi

in degree ≤ s, using only variables from Xi(A). Appending
these auxiliary inferences to the beginning of the transformed refutation π, we
obtain the required PC refutation of the system (??). Lemma ?? is proved.

Thus, in order to complete the proof of Theorem ??, we should establish
the rc

4
lower bound on the degree of any PC refutation π of the system (??)

for gi = Σi(A, bi).
The proof is based on the elegant connection between PC-degree and

Gaussian width found in [?]. With this connection in hand, we may quote
here, word by word, Theorem 3.3 from [?], plugging in our current parame-
ters.
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Theorem 3.10 For A an (r, s, c) expander, {gi} linear equations mod 2, and

F a field of characteristic 6= 2, any PCR refutation of Pg1 = . . . = Pgm = 0
has degree ≥ rc

4
.

Theorem ?? follows.

Corollary 3.11 Let ε > 0 be an arbitrary fixed constant, A be an (r, s, εs)-
expander of size (m×n) and b1, . . . , bm ∈ {0, 1}. Then every PCR refutation

of τ(A, ~Σ(A, b)) over an arbitrary field F with char(F ) 6= 2 must have size

exp
(

Ω
(

r2

m·22s

))

/2s.

Proof. Identical to the proof of Corollary ??, using Proposition ??.

Corollary 3.12 Let ε > 0 be an arbitrary fixed constant, A be an (r, s, εs)-
expander of size (m×n), b1, . . . , bm ∈ {0, 1}, and C1, . . . , Cm be single-output

Boolean circuits over arbitrary fixed finite basis such that Ci is a circuit of

size O(s) in the variables Xi(A) that computes the function Σi(A, bi). Then

every PCR refutation of τ(A, ~C) over an arbitrary field F with char(F ) 6= 2

must have size exp
(

Ω
(

r2

ms

))

.

Proof. Identical to the proof of Corollary ??, using Proposition ??.

4 Size lower bounds for linear encoding

In this section we show better lower bounds (although our requirement on the
expansion rate is somewhat stronger) on the size of PCR refutation for the
more structured linear encoding than those provided by Corollaries ??, ??.
We will apply the random restriction method for killing large clauses rather
than directly refer to the general degree/size relation from Proposition ??.
In this sense our approach is similar in spirit to that of [?].

Theorem 4.1 Let A be an (r, s, 3
4
s)-expander of size (m×n), and let b1, . . . , bm ∈

{0, 1}. Then every PCR refutation of τ⊕(A,~b) over an arbitrary field F with

char(F ) 6= 2 must have size exp
(

Ω
(

r2

m

))

.
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Proof. As the first step toward proving Theorem ??, we show how to get rid
of the variables yJ for large (= of size > s/2) sets J . For technical reasons,
we also switch during this step from the linear encoding to the functional
one.

Definition 4.2 For an (m × n)-matrix A, the set of variables V ars⊕(A) ⊆
V ars(A) consists of those yf ∈ V ars(A) for which f has the form

⊕

j∈J xj.

Let also Ṽ ars⊕(A)
def
=

{

y(
L

j∈J xj) ∈ V ars⊕(A) | |J | ≤ s/2
}

.

τ⊕(A, b) [τ̃⊕(A, b)] is the set of those axioms in τ(A, ~Σ(A, b)) that contain

variables only from V ars⊕(A) [from Ṽ ars⊕(A), respectively].

It is worth noting that τ⊕(A, b) possesses the following clean algebraic de-
scription: if gi = Σi(a, bi), and f1, . . . , fw are F2-linear forms then (??) holds
if either the system of linear equations f1 = ε̄1, . . . , fw = ε̄w is inconsistent
or the vector space spanned by these equations contains ḡi.

Lemma 4.3 Suppose that A is an (2, s, 3
4
s)-expander. Then every PCR refu-

tation of τ⊕(A, b) can be transformed into a PCR refutation of τ̃⊕(A, b) that

has the same size.

Proof of Lemma ??. For every two distinct rows i1 and i2 we have
|∂A({i1, i2})| ≥ 3

2
s which implies |Ji1(A) ∩ Ji2(A)| ≤ s/2. Hence, for every

J ⊆ [n] with |J | > s/2 there can exist at most one row i ∈ [m] such that
J ⊆ Ji(A). Therefore, the following mapping:

yJ 7→
{

yL

{xj | j∈J } if |J | ≤ s/2
yL

{xj | j∈Ji(A)\J } ⊕ bi if |J | > s/2 and J ⊆ Ji(A)

is well-defined. It is easy to see that it takes every axiom from τ⊕(A, b) to
an axiom from τ̃⊕(A, b) which proves Lemma ??.

Now, for a monomial m = yε1
f1

. . . yεd
fd

in the variables Ṽ ars⊕(A), we define
its A-degree degA(m) as the minimal cardinality of a set of rows I with
the property V ars(f1) ∪ . . . ∪ V ars(fd) ⊆ ⋃

i∈I Xi(A). The A-degree of a

polynomial is the maximal A-degree of a monomial in it, and similarly the
A-degree of a PCR proof is the maximal A-degree of a polynomial in it. The
following lemma rephrases Theorem ?? for degA:
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Lemma 4.4 Let A be an (r, s, c)-expander of size (m× n), and b1, . . . , bm ∈
{0, 1}. Then every PCR refutation of τ(A, ~Σ(A, b)) over an arbitrary field F
with char(F ) 6= 2 must have A-degree ≥ rc

4s
.

Proof of Lemma ??.
The only difference from Theorem ?? is that we consider here A-degree

instead of ordinary one. It is easy to see by inspection that this change does
not affect the reduction in Lemma ??, and the same proof applies here as
well.

Lemmas ?? and ?? determine the strategy of the rest of the proof (cf. [?]).
We want to hit the prospective refutation of τ̃⊕(A, b) by a random restriction

ρ in such a way that ρ preserves the structure of τ(A, ~Σ(A, b)), and, if the
size of the original refutation is small, with a high probability also kills all

monomials in the variables Ṽ ars⊕(A) that have high A-degree.

Definition 4.5 For a set of rows I, let us denote by MI the set of all re-
strictions ρ such that ρ−1({0, 1}) =

⋃

i∈I Xi(A) and ρ satisfies all equations
Σi(A, bi) = 1 for all i ∈ I.

Note that if |I| ≤ r, then, since A is an (r, s, 3
4
s)-expander, the linear

forms
⊕ {xj | xj ∈ Xi(A)} = Σi(A, bi) ⊕ b̄i (i ∈ I) are linearly independent

(because every its subset has a form that contains a boundary variable) and
thus MI is a non-empty linear subspace.

Let A|I be the result of removing from the matrix A all rows i ∈ I and all
columns j ∈ ⋃

i∈I Ji(A). Any restriction ρ ∈ MI can be naturally extended

to the variables from V ars(A) by letting ρ(yf)
def
= yf |ρ. ρ takes variables

from V ars(A) to variables from V ars(A|I). Moreover, those yf for which
∃i ∈ I (V ars(f) ⊆ Xi(A)) are set to a constant. Finally, ρ always takes
axioms from τ(A,~g) to axioms from τ(A|I , ~g|ρ). The only remaining problem
is that A|I may not inherit good expansion properties: it is easy to get an
example showing that it may even contain an empty row! We circumvent
this difficulty by further removing all rows that have large intersection with
⋃

i∈I Ji(A), and show in the following lemma that this can always be done in
an efficient manner.

Lemma 4.6 Let A be an (r, s, c)-expander. Then every set of rows I with

|I| ≤ r/2 can be extended to a larger set of rows Î ⊇ I such that |Î| ≤ 2 · |I|
and A|Î is an (r, s, 3c − 2s)-expander.
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Proof of Lemma ??. Let us recursively add to I new rows (one row i0 at
a time) with the property

∣

∣Ji0(A) ∩
(
⋃

i∈I′ Ji(A)
)∣

∣ > 2(s− c), where I ′ is the
current value of I. We claim that this process will terminate (i.e., no new
row can be added) in less than |I| steps.

Suppose the contrary, and let Î be the set of cardinality 2·|I| reached after
|I| steps. Then every row i0 ∈ Î \ I contains less than |Ji0(A) − 2(s − c)| ≤
(2c−s) boundary elements from ∂A(Î). Hence, |∂A(Î)| < s·|I|+(2c−s)·|I| =
2c · |I|, a contradiction.

We choose as our Î the result of termination of this process. Let I0 be a
set of rows in A|Î (i.e., I0 ∩ Î = ∅) of cardinality at most r. Then ∂A|

Î
(I0) =

∂A(I0)\
⋃

i∈Î Ji(A). Since for every i ∈ I0,
∣

∣Ji0(A) ∩
(
⋃

i∈Î Ji(A)
)∣

∣ ≤ 2(s−c),
we have the bound

∣

∣∂A|
Î
(I0)

∣

∣ ≥ |∂A(I0)|−2(s−c)·|I0| ≥ c·|I0|−2(s−c)|I0| =
(3c − 2s) · |I0|. Lemma ?? is proved.

Now we are ready to finish the proof of Theorem ??. Fix a PCR refutation
π of τ̃⊕(A, b). Assume w.l.o.g. that 18 divides r, and pick at random a set of
rows I of cardinality r/3 (we are using boldface to stress that it is a random
variable). Choose arbitrarily Î ⊇ I according to Lemma ??, i.e., such that
|Î| ≤ 2r

3
and A|

Î
is an (r, s, s/4)-expander. Pick ρ ∈ M

Î
at random, and

apply this restriction to our PCR-refutation π. This will produce a PCR-
refutation ρ(π) of τ̃⊕(A|

Î
, ρ(~Σ(A, b))). By Lemma ?? (with c = s/4), ρ(π)

must contain a non-zero monomial ρ(m) of A|
Î
-degree > r/18. Thus, π

contains a monomial m that has A-degree > r/18 and is not killed by ρ. In
order to finish the proof, we only have to estimate from above the probability
P[ρ(m) 6= 0] for every individual monomial m with degA(m) > r/18.

Fix any such m = yε1
f1

. . . yεd
fd

, and recall that f1, . . . , fd are F2-linear forms
of weight ≤ s/2. W.l.o.g. assume that f1, . . . , ft form a linear basis of the
space Span(f1, . . . , fd). Then

⋃t
ν=1 V ars(fν) =

⋃d
ν=1 V ars(fν) and, there-

fore, degA(yε1
f1

. . . yεt
ft

) = degA(m) > r/18. Hence, w.l.o.g. we can assume
from the very beginning that f1, . . . , fd are linearly independent.

Let us now introduce one variation of the notion of A-degree. Namely, for
m = yε1

f1
. . . yεd

fd
, let deg′

A(m) be the minimal cardinality of a set of rows I such
that these rows “cover” m in the stronger sense ∀ν ∈ [d]∃i ∈ I(V ars(fν) ⊆
Xi(A)). Clearly, degA(m) ≤ deg′

A(m) (and ≤ deg(m)). Also, deg′
A is “con-

tinuous” in the sense that for every monomial m, and every variable yε
f ,

deg′
A(m) ≤ deg′

A(m ·yε
f ) ≤ deg′

A(m)+1. Therefore, we can gradually remove
variables from the monomial m, one variable at a time, until we find in it a
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sub-monomial m′ such that deg′
A(m′) is exactly equal to r/18. For ease of

notation, assume w.l.o.g. that deg′
A(m) = r/18 for the original monomial m.

Fix now any set of rows I0 with |I0| = r/18 and such that

∀ν ∈ [d]∃i ∈ I0(V ars(fν) ⊆ Xi(A)). (13)

We estimate the probability P[ρ(m) 6= 0] as follows:

P[ρ(m) 6= 0] ≤ P

[

|I0 ∩ I| <
r2

100m

]

+ max
|I|=r/3

|I0∩I|≥ r2
100m

P[ρ(m) 6= 0 | |I = I| ] .

Since |I0| = r/18 and |I| = r/3, we can estimate the first term by Chernoff
inequality as

P

[

|I0 ∩ I| <
r2

100m

]

≤ exp
(

−Ω
(

r2/m
))

. (14)

For estimating the second term, fix any individual I such that |I| = r/3
and |I0 ∩ I| ≥ r2

100m
, and let Î ⊇ I be a corresponding set of rows satisfying

the conclusion of Lemma ??. We want to estimate P[ρÎ(m) 6= 0], where ρÎ

is picked at random from MÎ (thus, ρÎ is a random variable that results from

ρ after revealing Î = Î).
Let I ′

0 = I0 ∩ Î , I ′
0 = {i1, . . . , i`}; ` ≥ r2/100m. Since I0 is minimal with

the property (??), for every ν ∈ [`] we can choose f ∈ {f1, . . . , fd} such that
V ars(f) ⊆ Xiν (A) but V ars(f) 6⊆ Xi(A) for any other i ∈ I0. Hence, we
can assume w.l.o.g. that V ars(fν) ⊆ Xiν (A) for ν = 1, . . . , `.

Now, let V0
def
= Span(f1, . . . , f`) be the F2-linear space generated by

the linear functions f1, . . . , f`, and let V̂
def
= Span

({

⊕

j∈Ji(A) xj

∣

∣

∣
i ∈ Î

})

.

P[ρÎ(m) 6= 0] ≤ P
[

ρÎ(y
ε1
f1

. . . yε`
f`

) 6= 0
]

, and the latter probability is less or

equal than 2−(V0:V0∩V̂ ) (here (V0 : V0 ∩ V̂ )
def
= dim(V0) − dim(V0 ∩ V̂ ) is the

standard co-dimension of linear spaces). To see this, note that ρÎ gives {0, 1}-
values to all variables of f1, ..., f`. Let k = (V0 : V0 ∩ V̂ ). We can choose k
linear forms fi1 , fi2 , ..., fik ∈ {f1, ..., f`} such that the family fi1 , ..., fik is

linearly independent modulo V̂ . Then the values ρÎ(fi1), ..., ρÎ(fik) are in-
dependent, each equal 0 with probability 1/2. Thus, the probability that no
yfi

is killed is less or equal 2−k.
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Clearly, 2−(V0:V0∩V̂ ) = 2dim(V0∩V̂ )−`. Hence, we only have to upper bound
dim(V0∩ V̂ ). Let us denote by Î+ the set of all rows i ∈ Î which appear with
coefficient αi 6= 0 in at least one sum of the form

⊕

i∈Î

αi ·





⊕

j∈Ji(A)

xj



 (15)

that happens to belong to V0, and let V̂ + def
= Span

({

⊕

j∈Ji(A) xj

∣

∣

∣
i ∈ Î+

})

.

Then V0 ∩ V̂ ⊆ V0 ∩ V̂ + by our choice of Î+, and dim(V0 ∩ V̂ ) ≤ dim(V̂ +) ≤
|Î+|.

In order to bound from above |Î+|, we apply the expansion property to
I ′
0 ∪ Î+ (its cardinality does not exceed r/18 + 2r/3 < r). We get |∂A(I ′

0 ∪
Î+)| ≥ 3

4
s · |I ′

0 ∪ Î+|. Note that rows from Î+ \ I ′
0 may not contain elements

from ∂A(I ′
0 ∪ Î+) at all; otherwise, the corresponding variable would not

cancel out in the sum (??), and this would prevent the latter from being in
V0 (note that for any form f ∈ V0, V ars(f) ⊆ ⋃

i∈I′0
Xi(A)).

The key observation is that every row iν from Î+ ∩ I ′
0 may also contain

only a relatively small number of boundary elements, namely, at most (s/2).
Indeed, |V ars(fν)| ≤ s/2 (see Definition ??). Therefore, if Jiν would have
contained > s/2 boundary elements, then at least one boundary variable
xj ∈ Xiν (A) would not belong to V ars(fν), and would once more prevent
the sum (??) from lying in V0 (since j belongs to the boundary, xj may not
occur in other forms appearing in this sum).

Summing up the above remarks, we have the upper bound |∂A(I ′
0∪ Î+)| ≤

s·|I ′
0\Î+|+ s

2
·|I ′

0∩Î+|. Comparing it with the lower bound given by expansion,
we get

3

4
s · |I ′

0 ∪ Î+| ≤ |∂A(I ′
0 ∪ Î+)| ≤ s · |I ′

0 \ Î+| + s

2
· |I ′

0 ∩ Î+|,

3

4
s
(

|Î+| + |I ′
0 \ Î+|

)

≤ s · |I ′
0 \ Î+| + s

2
· |I ′

0 ∩ Î+|

and
3

4
s|Î+| ≤ 1

4
s · |I ′

0 \ Î+| + s

2
· |I ′

0 ∩ Î+|,

which implies |Î+| ≤ 2
3
|I ′

0| = 2`
3
.
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Therefore, dim(V0∩V̂ ) ≤ 2`
3

and P[ρÎ(m) 6= 0] ≤ 2−`/3 ≤ exp (−Ω (r2/m)).
Together with (??) this implies P[ρ(m) 6= 0] ≤ exp (−Ω (r2/m)). Hence, π
must contain at least exp (Ω (r2/m)) monomials (of A-degree ≥ r/18) since
otherwise we could find a restriction ρ that kills all of them, contrary to
Lemma ??. The proof of Theorem ?? is complete.

5 Existence of strong expanders and hard gen-

erators

All our hardness results in the previous two sections are based upon the
notion of an (r, s, c)-expander. As we noticed in Introduction, one of our
eventual goals is to be able to stretch n seed bits to as many output bits m
as possible so that the resulting generator is hard for as strong propositional
proof systems P as possible. In this section we will see what I/O ratio can
we achieve with the results from the two previous sections.

All explicit constructions of (r, s, c)-expanders we know of are based upon
Examples ??, ?? from Section ??. Unfortunately, the resulting expanders
turn out to be virtually useless for our purposes since they can not even break
the barrier m = n. Let us turn instead to a simple probabilistic argument.
We note that in the context of proof complexity, there is not that much
advantage to having explicit constructions of hard tautologies over existence
proofs.

Theorem 5.1 For any parameters s, n there exists an
(

Ω(n/s) · n−O(1/s), s, 3
4
s
)

-

expander of size (n2 × n).

Proof. Let us construct a random (n2 × n) matrix A as follows. For every

i ∈ [n2], let Ji(A)
def
= {ji1, . . . , jis}, where all jiν (i ∈ [n2], ν ∈ [s]) are

picked from [n] independently and at random (in fact, we would also obtain
the same result by letting Ji(A) be uniformly and independently distributed
over all s-subsets of [n], but with our choice of Ji(A) calculations become
simpler). We wish to show that

P[A is not an (r, s, 3s/4)-expander] < 1,
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for some r ≥ Ω(n/s) · n−O(1/s). Let p` be the probability that any given `
rows of the matrix A violate the expansion property. Then, clearly,

P[A is not an (r, s, 3s/4)-expander] ≤
r

∑

`=1

n2`p`. (16)

Fix an arbitrary I of cardinality ` ≤ r. Since every column j ∈ ⋃

i∈I Ji(A)\
∂A(I) belongs to at least two sets Ji(A), we have the bound

∣

∣

⋃

i∈I Ji(A)
∣

∣ ≤
|∂A(I)|+ 1

2
·
(
∑

i∈I |Ji(A)| − |∂A(I)|
)

≤ 1
2
(s`+ |∂A(I)|). Hence ∂A(I) < 3

4
s`

implies also
∣

∣

⋃

i∈I Ji(A)
∣

∣ < 7
8
s`, and p` can be estimated by the union bound

as

p` ≤
(

n
7
8
s`

)

·
(

7s`

8n

)s`

≤ (O(s`/n))s`/8 ≤ (O(sr/n))s`/8.

Substituting this bound into (??), we obtain

P[A is not an (r, s, 3s/4)-expander] ≤
r

∑

`=1

n2` ·
(

O
(sr

n

))s`/8

. (17)

The sum in the right-hand side is the geometric progression with the base
n2 · (O(sr/n))Ω(s). Hence, if r = (εn/s) · n−1/sε for a sufficiently small ε > 0,
the right-hand side of (??) is less than (1/2) which completes the proof of
Theorem ??.

Corollary 5.2 There exists a family of (m×n) matrices A(m,n) such that for

every b = (b1, . . . , bm) ∈ {0, 1}m, any PCR-refutation of τ(A(m,n), ~Σ(A(m,n), b))

over an arbitrary field with char(F ) 6= 2 must have size exp
(

n2−O(1/ log log n)

m

)

.

Proof. Since for m ≥ n2 the bound becomes trivial, we can assume that
m ≤ n2. Apply Theorem ?? with s = 1

2
log2 log2 n, and cross out in the

resulting matrix all rows but (arbitrarily chosen) m. This will result in an
(r, s, 3

4
s)-expander A(m,n) of size (m × n), where r ≥ n1−O(1/ log log n). Now we

only have to apply Corollary ?? and notice that 22s
= 2

√
log n ≤ n1/ log log n.

Corollary ?? shows that in the functional encoding we can stretch n
random bits to n2−O(1/ log log n) bits so that this generator will be hard for
(polynomial size) PCR-proofs over an arbitrary field F with char(F ) 6= 2.
In particular, it is hard for Resolution.
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Corollary 5.3 There exists a family of (m × n) matrices A(m,n) such that
∣

∣Ji

(

A(m,n)
)∣

∣ ≤ log2 n for all i ∈ [m] and for every b = (b1, . . . , bm) ∈ {0, 1}m

we have the following bounds.

1. Let C1, . . . , Cm be single-output Boolean circuits over an arbitrary fixed

finite basis, where Ci is a circuit of size O(log n) in the variables Xi(A
(m,n))

that computes the function Σi(A
(m,n), bi). Then every PCR-refutation

of τ(A(m,n), ~C) over an arbitrary field with char(F ) 6= 2 must have size

exp
(

Ω
(

n2

m(log n)3

))

.

2. Every PCR-refutation of τ⊕(A(m,n), b) over an arbitrary field with char(F ) 6=
2 must have size exp

(

Ω
(

n2

m(log n)2

))

.

Proof. Same as the proof of Corollary ??, only this time we let s =
log2 n. Namely, Theorem ?? provides us with an (r, s, 3

4
s)-expander for r ≥

Ω(n/ log n). The proof now follows by Corollary ?? and Theorem ??.

Corollary ?? allows us to construct generators stretching n bits to m =
o(n2/(log n)4) bits in the circuit encoding, and to m = o(n2/(log n)3) bits in
the linear encoding which are hard for poly-size PCR-proofs in odd charac-
teristic.

6 Recent developments

Since the preliminary version of this paper (see Electronic Colloquium on
Computational Complexity, Report TR00-023 and Proceedings of the 41st
IEEE FOCS) was disseminated, many open problems asked there have been
solved, and many other related developments have occurred.

Alekhnovich and Razborov [?] extended our lower bounds for the PC
degree (Theorems ??, ??) to a large natural class of base functions g1, . . . , gm.
This class is defined by the requirement that the ideal spanned by every
individual gi does not contain any non-zero multi-linear polynomials of low
degree.

The principles expressing that Nisan-Wigderson generators are not onto
studied in this paper bear a striking similarity to the pigeonhole principle
PHP m

n (with the same meaning of the parameters m, n). At the moment
of writing this paper, one of the most interesting open problems, both for
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NW-generators and for PHP m
n , was to break through the quadratic barrier

m ≥ n2 for (at least) the resolution size. This has been solved in both
contexts.

The pigeonhole principle PHP m
n was the first to yield. Raz [?] proved

exponential lower bounds on the size of its resolution refutations when m �
n. Razborov [?] gave a simpler proof of a somewhat better bound that also
holds for the more general functional onto version of this principle.

The quadratic barrier for pseudorandom generators did not stand for
much longer. Razborov [?] constructed Nisan generators (that is, when the
base functions gi are F2-linear forms) that allow m ≥ nΩ(log n) output bits
and are exponentially hard not only for Resolution, but also for its extensions
Res(ε log n) (operating with (ε log n)-DNF instead of clauses) and PCR when
char(F ) 6= 2.

Another question asked in the earlier version of our paper was whether any
structural theory of pseudorandom generators is possible in the framework
of proof complexity. In particular, we asked if it is possible to formulate and
prove any reasonable statement that would say, possibly in a restricted way,
that the composition of hard generators is hard (for a given propositional
proof system). This was satisfactorily answered by Kraj́ıček [?] who showed
that this is indeed the case provided hardness is replaced by a stronger notion
of s-iterability (inspired by the so-called counter-example interpretation).

It was also conjectured in the earlier version that such a composition
result might provide an alternate approach to the quadratic barrier problem
(but for more complicated generators). This has indeed turned out to be
the case. Kraj́ıček [?] proved (independently of [?]) that our generator from
Section ?? can be iterated with itself once, which immediately allowed him
to get as many as m = n3−ε output bits. The Nisan generator from [?] turned
out to be particularly suitable for Kraj́ıček’s notion of s-iterability, and it can
be composed with itself exponentially many times while preserving hardness.
In this way [?] constructed a function generator with m = 2nε

outputs which
is hard for Res(ε log n) and for PCR with char(F ) 6= 2. Along the lines
outlined in the discussion after Example 3, this immediately implied that
neither of these systems possess efficient proofs of NP 6⊆ P/poly (the same
conclusion for Resolution had already followed from [?, ?]).

Finally, [?] took an important step toward constructing explicit expanders
(called there and in [?] “lossless”) with very good expansion properties (even
if not sufficient yet for many of our purposes).
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7 Open problems

As indicated in the previous section, the most intriguing open problems asked
by us in earlier versions have been solved. Some of them, however, still remain
open.

Can we reduce the devastating 22s
factor in our size lower bounds for the

functional framework (Corollaries ?? and ??)? One way to approach this
would be to look for generalizations of the basic Proposition ?? that would
take into account the structure of the variables yf (which can be originally
divided into m large groups).

Find explicit constructions of (r, s, c)-expanders with parameters that
would be sufficient for (at least, some of) the applications in the current
paper and in [?] (as we remarked above, one step in this direction was made
in [?]).

The bound from [?] on the PC degree mentioned in the previous section is
not entirely satisfactory since for this bound we need rather good expanders
with the expansion ratio c > 3s/4. Can we improve it in such a way that it
will work under less restrictive conditions, like similar bounds in Theorems
??, ??, ???

More open problems representing the next generation of tasks faced by
this theory can be found in [?].
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[Kra97] J. Kraj́ıček. Interpolation theorems, lower bounds for proof sys-
tems, and independence results for bounded arithmetic. Journal

of Symbolic Logic, 62(2): pp.457–486, 1997.

[Kra01] J. Kraj́ıček. On the weak pigeonhole principle. Fundamenta

Mathematicae, 170(1-3):123–140, 2001.
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