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1. INTRODUCTION

In this paper we show that the problem of con-
strucling a perfect matching in a graph is in the com-
plexity class Random NC: i.e.. the problem is solvable in
polylog time by a fandomized parallel algorithm using a
polynomial-bounded number of processors. We also

show that severs! related problems lie in Random NC. |

These include:

(4] Constructing a2 perfect makching of mazimum
weight in a graph whose edge weighty are given
in unary notation;
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()  Constructing a maximum-cardinality masching:

(iii) Constructing a maiching covering a set of ver
lices of maximum weight in a graph whose ver-
lex weighis are given in binary:

(iv)  Constructing a maximum s —¢ flow in a directed
graph whose edge weights are given in unacy.

" Qur results are based on a theorem of Tute {Tu]
showing that a graph has a perfect matching if and only
if the determinant of a certuin skew-symmetric matrix
with indelcrminales as clements is not identicolly zero.
Around 1979 Lovasz suggested thut Tutie's Theorem,
combined with a fundamental randomized lechnique for
testing whether & matrix with polynomial entries has a
nonzero determinani [Sc). provides s simple polynomial-
lime rundomized algorithm for testing whethet a graph
has a pericet matching. In 1982 Dorodin, von zur
Gathen and Hopcrof [BGII] obscrved thal, since the
problem of computing the detcrminant of a numerical
matrix lles in NC, a paralle] algorithm can be coa-
strucied buscd on Lovasz's approach. This algorithm
eswblishes that the problem of deciding whether a graph
conlaine a perfeet matching lics in the complexity class

~Random NC, but leaves open the question of whether a
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0 havo such & meiching. In 1984 Raln end Vazirnl
[RV}, using ciever sigebraic echniques related (0 Tutse’s
Theorem, gave as stiractive randomized polynomial-time
sequential sigosithm for conmmucing & maximum match-
ing. They also obsetved that if 2 graph has a unique
wﬁammmmofmuuu
NC. mmmamu-mmh
s interval graph was shown 0 be in Random-NC by

Kozen, Vazirani sod Vazirani [KVV]

The sdtitionsl ingredieni that aliowed us 10 obtain
8 Random-NC sansliel slgorithm for constructing a per-
mmhammwummﬂm
of & useful set function called Rank: Our resull is based
on a Random-NC reduction of the matching problem to
the probiles of computing the Rank function, and on a
Randont-NC sigorkhm for computing the Rank of sets

2 THE PERFECT MATCHING ALGORITHM
We preseat the perfoct maiching algorithm in

MM m-.mm‘.morm;
' mmwmmumaw

%1 of redundest edges in s graph that has a perfect
malching and is not very sparse. We suy that & 9t of
mmmmu.mmkm
mummammmmmm

‘il has a perfect moiching. We then show thet &

tandom-NC procedure 088 cOnRsnCt & large ot of
mmmm.mw
fanction, calied the rank, whith it defined over all sub-
scus of edges in the graph, is computable in random-NC.
mlymﬁwnmmmwmbfmwm
the rank function.

21. A HIGH LEVEL DESCRIPTION OF THE
ALGORITHM

Let /G = (1 JE) denote the input graph. The
procedure  Find_Perfoct_Matching  uses three main

10/ 7 0M

vatiables M. V and E.

The set varisbie A collecas the odges that the peo-
Mumummmu In contrest
with the clamical meiching algorithme, our procedure
never retreals from partsl solutions. Once an edge is
Mbﬂunﬂﬂt”h&mﬁlhm
mmunmamum

Throughout the execution of the procedure the
varisbie ¥ siores the st of vections the ass mot yet
covered by the maiching M. The st £ stores & sshest
of the sct of edges connecting vertices In V; ihese are
the odges that are atill cantidaces for inclusion I e
matching, :

Wo surt the procedus with i = @, V= 1V, .
wmd E =K. nmmﬁ&ﬁnm
maiching then with pestishiiey 1 - = 9(1) s Sillowing
Mwmumdum
cedure; ,

The graph G = (V£) huis & perfict masching
rrmmu«ummm-lu»
produce a perfoct matching 10 7G. On the other head, if
wmmmmmnn&uumup
rithm (o consider edges in the st £, since the aet M
together willi a perfact maiching in G is clearly a perfoct
malching in the loput graph /6.

procedure Find_Perfoct Muching(V £ M):
while || 20 &

it |z|<-}m then (G s spern]

find & 31 VM. Wulz%-lrl.or*&uhh
every perfect molching:
MeMUNM:
V = ¥ = ( venices covered by NM };
E « {(vu)|(vu)EE, v u €EV);
eite [G is not sparse]
Find_Redundani_Se(RE):

[with probebitiy 80, [RE| > a|E ]
E~K-As:

23
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ond.

The mais whils Joop of the procedure is exe-
cuted umil the set £ fs empty. Assuming thet the graph
(V .[E) always has perfoct matching, this impiles that the
set kam,,mumm-um.
perfect matching in IG.

Each iteration of the while loop tries w decrease
the size of the set £ by a constaat fictor. The execution
| Case & m<{-~m.(mmc =(V.E)is
sparse). Since G has & perfoct matching, the degrees of
all 48 verioes are of Jéast 1. However, tEl(%IVI.
m.zh-t-}:v; vériices have degres exacly 1. ITan
edge is iacklent 4 & veriex with dogroe 1 this edge is
included In sny patfect maiching in this graph. Thus we
m.;mum%m edges that can be added L0

the soL M sad the remaining graph (V'.E°). defined by
the vestions in ¥ thet are not covered Dy the now atch-

e siEl - v S 3HE), md o compun

tion can be dote In O(1) seps using O({ £ |) processors.
Case ¥ |£] z{-m. This cave, which i the
zovel patt of the sigorithm. is solved by the probabilietic

procedure  Fiad Relusdsat_Set . With probabitisy -

l—dﬁ)mmm:uum
MMM(VJfRE)M;mm With
probebiiity 850 [RE| DalE| for some a > 0. Thus
with probubility 85 0 the procedure redoces the size of
our problem by a constant ficioc.

The snolysis of the number of ilerations of the
while loop required 10 creaie a perfect matching requires
s fact from probability theory.

FACT 1 [AV] Let X be a random variabie disict-
buted 23 the number of successes in & independent Ber

10/7/0M .

noulll trials with probability of success p. If O Ca (1

b P{X SO - O w]<up(- atm)

24

LEMMA 2.1: If thers are consianis o > O such
that with probabillty at ieast 8 & calf o the procediire
Find_Redundant_Set identffes af Jeaxt a fruction a of the
edges in E as redundans, then. uniformiy for all problam
instances. the expected aumber of iterations of the whils

- loop wichin this procedure is OQog £ and, moresves; for

some ¢ >0 and 4 >0 the nunber of lerations of the
while loop is bounded above by d Yoy £ mm
—0(5"1
MW:MWMW#m
umus 3 Cﬂa%ﬂh“ﬁff&

cess if it dipmd‘nhut!; os, i by Goser-
mmmbhmmmmd .
wmmmmwmt Tha
every iteration in McuuuahM.
mummmmnmn
sccen with probabitily ot ek B. (e g = (-},
The number of succeeses requived (0 fedduce the number
of edges 10 1, siarting from an isitisl edgs a0t £, b ot
most i0g, | £ |. and heace the sumber of sucowss

" required (0 complete the cntire compuiation is st most
1+ logy | £]. Since esch iseration has probebiliey of

succen st losst 5. indopendenly of the ouicomes of et
previous lorations; the expectod number of: Rerations
st mont B~ Qt + log, | £ 1% Moreover, the number of
succenses in the S 28~ log, | £ | esmions s & rae-
dom variable that siochastically dominmes the mumber of
successes in 28- " log, | € | independent Béroculi trish
with probubllity of succom 8. Applying Mact 1, we fnd
that the probubility of huving logg | £ | or fower
successes in the irm 28 ! log, | £ | iterations is st most

exp(— L log 1ED = |E |-, whete

c-ﬁl-im. Hence, wilh probability 1 — | B |*

procedure  Find_Perfect_Matching lerminates  within
28 'log, | E | uerations.
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MI& IVlsn. {Z] =m, and Q-2
muMuuansamum
flom ‘(he i—ciement subsets of £, and for an odge
Rank(SU{e)) = Renk(S) + L.

We can think of a random sst $ a8 being com-
sruciod by & sequencs of { raidom chokss (without
 repatiion) from the git E. Rank(S) s then cqual 10
hmﬁtd“h“uh«uﬁﬁua
wm*ﬂnﬂdbtﬁlms Thus,

R Pmsisn = oy

7 ;mm&umnwmemum

. mm oo (e range 1, ..

o6d by our gedcedure. The size £ of the st S s
%n When a

: MQsﬂﬁlEhmmMMn '

6y /)

m*¢€£~83m»mun b
l-g, MaM&ﬁﬂ:ﬁ*ﬁl-‘S

2om = KURE() = S /Prob{iRE|=/D S

pm(Prob{ | RE [<um)) + m(Prod{{RE | 2pm)),

| 10//7°0M

26

which inpls that
2um < pm + mProd{IRE | 2pm),

o
etizsl 2 hm2d

LEMMA 24 If Rmk(S) &5 compuinbie &
SKIE 1) sreps ustng A{LE ) processors, where [ and by
are.  mondtone  nondecressing  functions  then
Find_Rosuntant_Set & congpuiadie in £1(1B]) + oQ)
sieps wing | E | MK E}) processers

Prool The simulmecs computation  of
Rank (S) a0d of Rank (S U{eD forat ¢ 1n & - §
mftUEl)”*if)h(}‘tf’m‘
sors. The determinasion of R oste thus: Rank cowr
putstions have boén done requirss OC1) Meps using
O0(] £ ) ) processorn.

23. COMPUTING THE RANK FUNCTION
mmo{mﬁuﬁnmﬁv |

lion for the case where ihe inpat giigh s Mparths. - We.

mmmmmmhm

Lt G = (UV.E) desone s Dipaniis: Japh vk
nmzunmuu&g& -
valswg...na}hmwate!mmﬂ‘r-
¥ = {7.930). he vern st of the other pWL
mmuup{n.mammz..

 gad tot 8 = (5) bs w & X a maurix of indeterminetes

defined by the Motigwing rele:

€

h=lo if{my)EE
MNMMMOMIW

mutching if and only if der(#)30. This is trve bocwue

each of (he a! mhm-ma:u(c)mmn

product of a entries is B (hat correspond (0 the edges
of ons of the a! perfect malchings in the complele
bipartite graph. If il the edges of a perfect matching
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SO mﬂmwhhmm
m,,,.& kiwumﬁﬁ“mu
cancel oach eht n 0 m and therefore
kﬂ)tﬂ’mwréhamm

romum«.mnsun

 pefins this srpummnt. Mckhﬂkmla[ﬂls

.. 4:, \j’
yxg W {w, 5} €S

“‘ .2 ”(&o']}“"'s
10 if{l..\v,}&

umumhumnwm
 thet eoiveeponid 10 odget in S with & now vark

gﬁr“ﬁ_ﬁr of dee(PISD b squsi © that of

el i s ks dagre 8 7, Wk

men sunbec of vt flom
' ;‘”ﬁG.u.-

test directly whether 0,. which is 2 polynomial in up 10
|51 indeterminsien. is identicolly 2070, Inticnd, we wee
& well-known probebilistic method.

THEOREM 21: (Schwariz) [Sq) Les §, denowe
the walue of the polynemist Q, when each. indeterminste
in Q, is replaced by a rendom integer in the ronge

L....J. I QN0 then Prod{Q, = 0} 51-51-.

g oo in der(E) B 0L

27
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Lot BiS] deaths e manix B(S] sher oll i
mwxmmwnm
integems. To ‘computs the 3% we have 10 compute
awmmmﬁwwr

THEOREM 2 (Berodia, Cook. Pippeager)
(BCY]. The desemiliio: of an & X & masrtx of polynons-
els with « consant nunder o varisblies ond the dogroe of
sach meotx eleneit Doisiiled by n_ can be computed &
OOQ’A)”WMM

w.umwawum
fng the Rank function in e bipeedis'

geocedure Rank(S)

begha v

mﬂmm-%

mnmannmnh
duwl. ..{.18%_'. |

THEOREM 13 (Teia) [Te] Lot G = (V.E
- donote ¢ genersi gaph wok versex sut V = (12_x,
8t e she srw-ypmart: masrts B = (] = M

2 M (S}ER od 1)
by ={ -2 I {J}EE od D3]
o wines

Then G has @ perfect muiching {f end only
du(B) B 0.

Tutie's theorem can be exiended 10 yield an alge
tihm for computing the Resk function in genes
grophs.
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yxy i {tJ} €S and K/
~yxy ¥ UJ}ES ond D)
x U {J)EE-S ad I
| =xy o (1)} €EE~S o 1)
1 o i {}eEs

=

u Thon Rank(S) s agial 10 holf of the degree n y of

Mul' &'ﬁuualdlpm“cal

M**wﬁmbm 10 39m0; 14,
u@*wn bty = 0. We dhall pustiion G

sleing 584 cycles i pein. such that

. 65 in-dach palr make & net cowtribu-
ﬁno!muﬁl,, sermisent. Lot @ Dv & permutation
mnummm Let 1 e the louit ole~
mem of {1.2....a} occurring ia wn odd cycle of 0. and
jet C be the 0dd cycle containing . Then o is paired
with 3 permutation ¥ which is the same a3 @ excopt that
the cycle C & reversed. Thus & is defined s Rollows: if
JEC tea F(Nmo(y f JEC then
() = 0~1 (). It is cnsy 10 verify that this rule peru-
tions OP into peim, and that cach pair makes a neL con-

107474 0OM

wibution of 2610 1 the duecminest,

Call an ordersd palr <1./> an $=pair it {1/}
an odge in S. Than e S~—pels Girsegpond 10 the
munmmﬁmum&;
Associated with esch peiiution o in EP s e vem
m(a)ﬂ'm mm'h:wmﬂh

thevad-u-{xo}-&: Dafiss the 7 ~degres of 0 8
mmd:hﬁ"‘“’ milsl. Thee Gis y~dogres
dchmhuﬁcaswhmum*
of S —pairs <1oUP.

Wo shall show that, B¢ overy perwtation

o CEBP Muﬁa“!tﬁﬂ&b
I-chtvhaurua“ahy-ﬁl
of o Tomt.“fﬁm‘
<, €UD, { = L1.n 1000 000 oom, palled Bl yabe
ummmhﬂ:wu” Wphe
wwnumt«mm : u-ut

.t ao-meup-iui c“iﬁﬁs

28

S—peins = dom te wt of sven i b 0. H s
y~dogectohd, sen the sal of o6 palts SH e

o § S -piims Now defins 7 by te Rilowing ndet
WG eUD b m o put ten v() = o) ad

m-i MOﬁhl aad the y~deges of v

ping 1 G, and O y~
mmmwmmsuamw
ing. 1mmmmmhmum
graph. the maximum y—degree of any permuistion is
just wice the rank of S. To show that the degres of y
in det (B[SD Is twice the rank of S, we need 10 show
that (he permulstions of maximwm y —degres make &
noazero not comtridbution to det (B{SD. Dul this is chest,
since there exists a permutation in A/ among those of

WIit7?2-741 727007 -?71-480
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mmummam
and the sigocithe of Boeodin, Cook xnd Pippeager, we
have & Randon-NC sigoriten K computing the rank of

. LEMMALS

- oseIED e itk probablny 1 -

0ol /A8

—unmn*»m

The probablitty that the procedure Rask fails ®
" compuse the comect vale of Rank(S) ts beunded

by OCITE|~"), ond skis event do not depond on

che dgut. ‘

.,~-‘Vm0(!l"l") mﬂ Serminases within
- |
ot ome eﬁ.

2 mmuwmn-m
a@ pecfect mutching wien agpiiedl 19 ¢ groph that

poescses one & benmid ¥y T

3 mm”., -
ﬁrmmmmhm“w

work flows We bugit by givieg sueh an sigorihm for
finding a perfect muiching of maximvm weighi in an

edge-weighted graph G = (J/V JE W), when the edge-
weights «({1.7}) ate given In upany.

Delinition 3.1: Let MW denote the sut of perfact
maichings of maxtmum weight in the weighied groph
G = (V.Ew). Porany s SCE define

M(S)-‘ ,rsmn.

O | intl1080M

mum mam 2125 we

:lbtlln

In words Reske{S) s an inseger gheing the max-
tmum number of eldget Som S thet purticipate in & per-
mm&mwhc

It Is etay 0 verify that sunning the procedure
Wﬂﬂmnﬁ function com-

. putes U desired purfect maiching in e expected

number of kumtions of geder log | B |. The oaly
difficuy is 0 thow Out the sew Renky Smction is
mumm Tiw Tollowing theotom, in
mmmnmu&

mmm:.;: ma-»(r.s.dss‘.l ol

r'x N E&Rff ﬂ'uﬁwﬁ-v
”"“V i'(h’}‘gh W s
t'w ¥ Wt@-—&fﬂ. nd. Wil JPow
o {17} €E-S. D], ond WSS
0 g (XY 3 ‘

) =

Le am'-zﬁa' - =
L = Meft|Qwo). j |
L mamu&nmmu
Guk
w,m.u-wn-mndo..
e ool st.
mmama&ww»u-

"'::emu. P 4 s hown that the pormwiations

eﬁqﬁuﬁu;ﬂmemn

dnt (PISD. mmnm»n tentof

29

Mwammwwum
m»u(m ‘Lot L_be the Mgiuat daphes
10 which 2 occurs in the monomisl ssociated with such
a permutation, and let 4 be the highest degree of y that
occurs in a moaomial thet S of degree L in 2. It B
shown that, among the permutstions whoss monomisle
are of degree L in z snd of degree d in y, Qere b ot
leasi one whose cycies sre alf of length 2. Such a per
mstotion is shown W correspond 10 & metching of weight
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mammuamm
of edges fiom S. Fiually, & is shown sl the momomi-
als of dugres L h:aﬁth;mﬂmm
tatons in EP make 3 noRsero met comtsfoution 1o
S (B{SD. 0 e the polysomist det (BSD ' of
mz.n.aaummaum
ﬂi!ﬂ‘"ll}

o mumm

7| im Tn this reduction 0" is the
’fﬁi'”ﬁmu ¥; edge {17} of tie com-
,ﬁﬁ i ".*&e..lrttl}'..’.1"..‘

wam

Gibing grobiem  in Resdom NC oven
“:‘,ﬂgfnmm“hﬁ-n“

m. hﬁw'nﬂﬁutﬁam
: wnrhnﬁb“‘w»mam
weight w(v). Ws wek smetdhing that covers » sot of
vertices of mazimum total welght,

This problem can by approsched with the help of
mauoid theoty. The resulis from matroid theory thet we
require can be found in the comprehcnsive refyrence
[We] Call a sot of vertices S independens if there is a
maiching that covers ofl the vertices ia S; thea our goal

L'} 1474--0M

is 1O construct axi-idependiek v of »

Let 7 bo the iy of sl indeplssbest o

wre (V1) is & metrold. In il metanid. e mank of &
sct of vertices S is jast the sindvern sember of vertions
from S thet are covered by 4 tatchisg. A thesisme-
weight independent ot T i s matwid cas be
sructed by e follovieg. ric Jet the slemests Ve
Vi PamYiyy in Order of dexteming weight; then, Bor
fm12.,V]n s 8 T f od oy ¥
Rank (('x."sm\\})) Mﬁn,,wﬁ), mr.

Th'lﬂ."‘rilﬁli‘ﬂ’“‘l'"'.lﬂlg.“'.1.‘" ]r
*“J}“““‘.‘“M“w*

cﬂimuuc.wh*‘aﬁ.
IS TY{s ) Coaty, e oy
foct meachiog il‘r‘llii “-t of 5. 11..k‘.y.."

3 Netwerk ow: Firt, coiider the problem of
congiructing & mexiebum £ — ¢ flow i sdirectod graph in
rochuction of Uk problem 10 the problem of constrectieg
3 maximum maiching in » bipentite graph, as follows.
sink ¢, We may ssume that 3 hes ia-degree 0 ond ¢ hee
out-degree 0. The reduction cosstructs a bipertice graph

. H with bipanition (V3 V3. Each past of the bipertition
.hamdmw-totc.m
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fontes ":ﬁ’ﬁ.ﬁn Wte €5). e

adf n%ﬂ “f“"l“*)mlm“‘
mﬁﬂﬁn:mg,“ghud’m
ﬁmﬂufn Then o s b b 1 sioe o
“Gﬂbtb&}gaws("”hm
‘*“W&%‘“"G‘I.ua,ng
mached with soifé venax (7,1), whers ¢ # /. The

| pedeetion et ghwen eniends eastly 1 the cess in which
;““mhmmww”w

Ov)  Conmriceing @ mashrumt s=¢ flow bn « directed
@reph whose aige weights are given in unary.
Our reswit sbout natwork flows stands in intereet-
ing contrant 1o the Rallowing result due o .
Shew and Staples {GSS]: the problem of consinucting o
paximum s—¢ flow in g direcied flow network with
e givea In binary is complews ts P with

J 1 /721 A 190/4°0N

mm“““m d

the member of proceins ssed.io bewaled by
nmﬂvvm “*“!ﬁih

""‘m:“ MWM&
m-mmwu*m“
problem, wiich s s “desl™ of tho cuaichi
uwmummﬂuw"“""
our slgorithme 1o yicld clgorithms for the perfect match
ia'p"ﬂ*ﬁa.udqh.“‘“humn ol
roa in polylog expected Ume and slways give (he comect
tesit: L, Las Vegas sigorihns rather then Momte
Curio sigodtums. |

i
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cutling gocatel sigor
m.mm;mmuhmm (KUw] nu.mzu;uumwm-
mmwum ﬂyw STOC 1985,
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“ W uma 58 13 99 pp.

a.m:.mwmmxmp» ™
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