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Abstract

The ability of many processors to simultaneously read
from the same cell of shared memory can give addi-
tional power to a parallel random access machine. In
this paper, we describe s natural Boolean function
of n variables and show that the expected running
time of any probabilistic EROW PRAM computing
this function is in Q(v/Togn), although it can be com-
puted by a CROW PRAM in O(loglogn) stepe.

1 Introduction

In [S], Snir proved that the following range search
problem has time complexity ©(v/logn) on an EREW
PRAM:

given distinct inputs z,, ..., 2., and y, with
7y < -+ < 2, determine the maximum in.
dex i such thatz; < .

This problem can be solved in a constant number
of steps on 8 CREW PRAM. Thus, in certain situa-
tions, CREW PRAMs are more powerful than EREW
PRAMSs.

But this result doesn’t tell us everything we would

like to know. For example, consider the relationship
between the CROW and CREW PRAMSs. The OR of
n Boolean values, at most one of which is 1, can be
determined in a constant number of steps on a CREW
PRAM, but log; n steps are required on a CROW
PRAM [CDR]. In contrast, Nisan [N] proved that any
Boolean function f : {0,1}" — {0,1} has, to within
a small constant factor, the same time complexity on
CREW and CROW PRAMs.
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‘Two features of Snir’s result are important in this
regard. The first is that, like the restricted version
of OR in the previous paragraph, the domain of his
range search problem is not complete. (A complete
domain is one of the form D" for some set D.) Such a
situation can be viewed as having information about
the inputs built into the program. This information
can be used by the the algorithm to ensure that no
conflict arises during a potentially concurrent read or
write. In particulas, it enables the range search prob-
lem to be solved quickly on a CREW PRAM. Gafni,
Naor, and Ragde (GNR] recently improved Snit’s re-
sult by exhibiting a function with a complete domain
that is easy to solve on a CROW PRAM and still
difficult to solve on an EREW PRAM.

Another feature of these results is that the proofs of
the lower bounds depend on the domains of the func-
tions being very large. The eseential idea is to show
that, using Ramsey theory, there is a large subset of
the domain for which the states of all proceseors and
the contents of all shared memory cells at each point
in the computation depend only on the relative order
of the input values, not on their values.

It remains open whether all Boolean functions can
be computed as quickly by an EREW PRAM as by
» CREW PRAM. We make progress towards solving
this problem by defining a natural Boolean function
that can be computed quickly on a CROW PRAM
and we prove that it requires a long time to solve on
an EROW PRAM, even if the algorithm is allowed
to make probabilistic choices. A new probabilistic
technique is used to obtain this lower bound. We
also give evidence that this function is hard to solve
on an EREW PRAM. Finally, we explain where the
difficulties arise when attempting to extend the lower
bound to the EREW PRAM.
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2 Models

In this paper, we consider nonuniform parallel ran-
dom access machines (PRAMs) with an infinite num-
ber of processors and shared memory cells that can
contain arbitrarily large values. The n input values
initially appear in the first n cells of shared mem-
ory and the answer is the contents of the first shared
memory cell at the end of the computation. The pro-
cessors work together synchronously to solve a prob-
lem. At each step, a processor may read from one cell
of shared memory, then perform an arbitrary amount
of local computatior, and finally write to one cell of
shared memory.

In the concurrent read, exclusive write (CREW)
PRAM, multiple processors may not write to the
same memory cell at the same step of a computs-
tion, although any number of processors may simul-
tancously read from a single cell. The exclusive read,
exclusive write (EREW) PRAM does not allow si-
multaneous access to a shared memory cell for either
reading or writing.

Complete networks of processors are also interest-
ing models of parallel computation. Again we assume
that there are an infinite number of processors and
they work synchronously. At each step, a proces-
sor reads the message posted by onc processor of its
choice, performs an srbitrary amount of local com-
putation, and then posts a new message. The input
to a problem is initially distributed among the first
n processors and, at the end of the computation, the
first processor has determined the suswer.

This model is equivalent to a restricted version of
the CREW PRAM in which there is a one to one cor-
respondence between processors and shared memory
¢ells and only the processor corresponding to 3 par-
ticular memory cell may write to it. Many algorithms
designed for CREW PRAMs avoid write conflicts in
this way. Dymond and Russo, who introduced this
model in [DR], call it the concurrent read, owner write
(CROW) PRAM.

If we further restrict the CROW PRAM 20 that, at
cach step, at most one processor can read from each
shared memory cell, we obtain the exclusive read,
owner write (EROW) PRAM. This corresponds to a
complete network in which each posted message can
be read by at most one processor at a time. (Notice
that a processor is not requizred to know which pro-
cessor, if any, is reading its message at a given step.)

In many respects, these models are more powerful
than any realistic parallel machine. However, this
does not affect the significance of the lower bounds we
obtain. On the other hand, the algorithms presented
in this paper are quite simple and easily implemented
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on less powerful models.

For our lower bound proof, it is necessary to intro-
duce the concept of a CROW PRAM processor know-
ing certain input bits. The processors’ knowledge is
defined inductively for each step of the computation.
Initially, each of the first n processors knows the in-
put bit it has been given (i.e. the ith processor knows
the ith input bit). No processor knows any other bit
of the input. The input bits known by a processor af-
ter it reads the message posted by another processor
is the union of the bits known by the two processors
before the read occurred. Changing the value of any
input bits that a processor doesn’t know at any given
point in time cannot change the state of the processor
at that time. -

The following two lemmas describe properties of
knowledge that are important for our lower bound
proof. ‘

Lemma 1 {Cook, Dwork, and Reischuk [CDR])
FPor ¢ CROW PRAM, on any iapxi, every processor
knows ot most 2' input bits immediately after step t.

Lemma 2 (Beame [B]) For an EROW PRAM, on

any input, cack input bit is known by at most 2* pro-
cessors immediately efier step t.

3 The Boolean Decision Tree
Evaluation Problem

Suppose we are given a decision tree, each node of
which is labelled by a Boolean variable (calied 2
query). Suppose we are also given an outcome for
each query. Consider the path that starts at the root,
goes left whenever the query st the current node has
outcome O and goes right whenever the query has out-
come 1. The decision tree evaluation problem is to
determine the outcome of the query labelling the leaf
reached by this path.

For example, given the decision tree in Figure 1 and
the. outcomes 2o = 1, 3 = 1, za = 1, and z3 = 0, the
second leaf from the left is reached and, hence, the
decision tree has value 1.

Let Dmp : {0,1)7@ =143 o {01} be a
Boolean function representing a Boolean decision tree
evaluation problem for a complete binary tree of
height h in which every node is labelled by one of
9™ queries. This can be done by dividing the first
m(2+! — 1) input bits into 2**! — 1 blocks of length
m. The value y; of the ith block denotes the index of
the query labelling the ith node in the tree. The last
2™ bits, 2o, ..., ZTa~-1, denote the outcomes of the
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Figure 1: A decision tree.

queries. For example, D 2(111001000110101110) =
1. (See Figure 1.)

Clearly, the Boolean function Dpp can be com-
puted by a (sequential) random access machine in
(m + 1)h steps, following the path through the tree,
alternately reading the label of the next node and
then the outcome of the query labelling it.

An O(logm <+ log h) upper bound for this problem
can be obtained on the CROW PRAM as follows.
One processor is assigned to each node of the deci-
sion tree. Each of these processors begins by resding
the label of its node (in O(logm) steps with the help
of O(m/logm) additional processors). In the next
step, the processor reads the outcome of the appro-
priate query. This defines a pointer from the node
to one of its two children. Using pointer jumping
(KR], the unique path from the root to a leaf can
be determined in O(logh) steps, even by an EROW
PRAM. Notice that in this solution, there are poten-
tially many processors that may read the outcome of
the same query at the same time.

The following CROW PRAM algorithm, although
less efficient, is more easily converted into an algo-
rithm that uses only exclusive reads. For each of the
22" possible outcomes for the queries, a group of 2*
processors is allocated. In one step, each group of
processors makes a copy of the decision tree. Using
pointer jumping, as in the previous algorithm, the
processors in each group determine the answer that
would be obtained assuming the query outcomes as-
sociated with their group. (The actual query out-
comes have not been read at this point in the algo-
rithm.) This creates the table of values for the func-
tion. In O(m) steps, the correct group can be deter-
mined from the actual outcomes of the 2™ queries.
Then the answer can be determined by reading from
the appropriate place in the table. The total time
taken by this algorithm is O(m + logh).

Only the first step of this algorithm uses concur-
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rent read. With exclusive read, the 22" copies of the
decision tree can be constructed in 2™ steps. This
gives rise to an O(2™ + logh) upper bound on the
EROW PRAM.

4 The Lower Bound

Theorem 3 The ezpected number of steps performed
by a probabdilistic EROW PRAM io solve the Boolean
decision tree evaluation prodlem form = 3T and h =
672 is more than T/2.

Proof: Let Xo,...,Xam_3; be random variables
whose values are independently and uniformly chosen
from the range {0, 1}. The sequence of random vari-
ables X = (X,,..., Xza-x) is used to denote the out-
comes of the queries. Let V3,..., Yaaea.; be random
variables with range {0,...,2™ — 1}. The sequence
Y= (Y!,...,Ygu-x-l) is used to denote a labelling of
the nodes in the decision tree. The label of the root
(i.e. the value of the random variable corzesponding
to the root) is chosen using a uniform distribution.
Once all ancestors of a node have been labelled, the
label of the node is chosen uniformly among those
queries not labelling any of its ancestors. This gives
us a uniformly chosen labelling of the decision tree
with the property that all nodes along any path from
the root to a leaf are labelled by different queries. It
suffices to show [Y) that the average number of steps
(with respect to this input distribution) performed by
any deterministic EROW PRAM solving this problem
is more than 72,

Imagine the decision tree sliced horizontally into
T pieces, each of height k = 6T. Fort=0,...,7,
the node at depth kt on the path determined by the
query outcomes X in the decision tree labelled by
Y is denoted by R((Y,X) and the subtree rooted
at Ry(Y, X) is denoted by S$(Y, X). In particular,
So(Y, X) is the entire decision tree, Ro(Y, X) is its
toot, and Ry(Y, X) is the leaf that is reached. This
is illustrated in Figure 2. Finally, let U;(Y, X) denote
the set of queries that do not label any proper ances-
tor of Ri(Y, X). Then Up(Y, X) is the set of all 2™
queries, Up(Y, X) 2 Ur(Y; X) 2 +-- 2 Ur(Y, X), and
(Y, X)| = 2™ = kt.

Claim The probability there is & processor that, at
the end of step ¢, knows both the cutcome of & query
in Us(Y, X) and (any bit of) the label of a node in the
subtree Si(Y, X) is at most £213-7,

In particular, from the claim, the probability is at
most T72!2-T thst processor Py (which is supposed to
determine the answer) knows both the outcome of a
query in Ur(Y, X) and (a bit of) the label of R2(Y, X)
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Figure 2: A decision tree sliced into pieces,
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within T steps. We will show that the probability
processor P, has the correct answer is only slightly
more than £. '
LethenotetheeVentthatpmeuorP; has de.
termined the correct answer within T steps, let B de-
note the event that Py knows the label of R (Y, X)
within T steps, and let A denote the event that the
label of R2(Y, X) is & query whose outcome is known

by P, within T steps. If the label of R7(Y,X) is & -

query whose outcome is not known by A, then chang-
ing only the outcome of this query does not change
Py’s state; although, for the algorithm to be correct,
it should. Since the outcome of the query labelling
Rr(Y, X) is equally Likely to be 0 or 1, it follows that

PriCIA)s 3.

If P; does not know the label of Rz(Y, X), changing
the label of Ry (Y, X) to anything else in Ur(Y, X)
doesn’t change Py’s state. Because the label of
Rr(Y, X) is equally likely to be any query in
Ur(Y, X) and, by Lemma 1, P, knows the outcomes
of at most 27 queries,

2T -
pr{AlB] < Ty X = a7 S 23-IT

Thus pr{C] = pr{C|AA B) - pr{A A B)
+pr(C|A} - pr{4]
+pr{CIAA B]. pr{A A B]
Spr{AABl+pr|C l«gf pr{AlB]
< &4+ TR-T 4 92-2F
A correct algorithm always performs at least one
step. If the correct answer has not been determined

€181 °d
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within T steps, the algorithm must perform at Jeast
one more step. Therefors, the expected number of
steps performed by a correct algorithm is at least
priCl-1+prlC) - (T+1) = 1+ T(1 - pr[C]) >
14 T/2=-T2213°T 19237 5 Ty2 for T > 21.

Proof of claim: Let Q;(Y, X) denote the set of pro-
cessors that know the outcome of a query in U(Y, X)
immediately after step ¢. (Since there are 2™ queries
and, by Lemma 2, the outcome of no query is known
by more than 2° processors immediately after step
t, it follows that |Q(Y, X)| < 2™+) Similarly, let
L(Y; X) denote the set of processors that know the
label of some node in Si(Y, X) immediately after step
t. We prove by induction on ¢ that

QY. X)n L,(Y, X) # ¢] < a13-T,

Before the first step, each processor knows at most
one input bit. Hence the claim is true for ¢ = (. Now
wumetheclaimistrue'fort, where 0 <t < 7. Then

PriQe11(Y, X) N Loy (Y, X) # 4]
SelQu(Y. X) N L(Y. X) £ ¢)
Qe (Y, X) N Leys (Y. X) 6 6 |
QY X)NL(Y, X) = ¢).

By the induction hypothesis,

PriQu(Y, X) N L(Y, X) # ¢] < 1212-7.
Therefore, we suppose QY, X)NL(Y, X) = ¢.
I Qear(Y, X) N Ley1(Y, X) # ¢ then cither

1. there is a processor (in L,(¥, X)) that knows the
label of 3 node in Si41(Y, X) at the end of step
t aud, at step £ 4 1, reads from a processor in
Ot(xx)s or

2. there is a proceseor in Q,(Y, X) that, at step t+1,
reads from a processor (in L¢(Y, X)) that knows
the label of a node in Sy, (Y, X) at the end of
step t.

We bandle these two cases one at a time.

First, consider the set of processors in LY, X)
that, at step ¢+ 1, read from processors in Qu(Y, X).
Each processor in Q«(Y, X) can have its message read
by at most one processor at step t+ 1, so there are at
most |Q¢(Y, X)| < 2™+ such processors. Let N be
the set of nodes in 5;(Y; X) whose labels are known
at the end of step t by at least one of these proces-
sors. By Lemma 1, each processor knows the Jabel
of at most 2° nodes; therefore [N} < 2™+%*, Since
no processors in Le(Y; X) are in Q,(Y, X), they do

not know the outcome of any query in U(Y, X), s0
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changing the outcomes of some of these queries can-
not change the set N.

When the outcome of the queries in Uy(Y, X) are
allowed to vary, the node R:41(Y, X) is equally likely
to be any one of the 2* nodes of depth k in S,(Y, X).
This is because no label is repeated along any path
and the labels of the nodes in S(Y, X) are cho-
sen independently of the outcomes of the queries in
Uy(Y, X). At most [N| of the subtrees of S(Y; X)
rooted ot these 2* nodes can contain elements of N.
Thus the probability that S;41(Y, X) contains some
node in N is at most [N|27% g 2m+2t=k ¢ 2-T
Hence 2-7 is an upper bound on the probability that
there is a processor (in L((Y, X)) that knows the la-
bel of a node in S;41(Y, X) at the end of step ¢ and,
at step t+ 1, reads from a processor in Q(Y, X)

Next, we show the probability is also small that
there is a processor in Q.(Y, X) which, at step t+1,
reads from a processor (in L(Y, X)) that knows the
label of a pode in S¢q.1 (Y, X) at the end of step 2.

For any processor P, let Np(Y, X)) be the set of
nodes in S;41(Y, X) whose labels are known by P
immediately after step t. If P € Ly(Y, X), then
Np(Y, X) = ¢. Furthermore, it follows from Lemma
1 that [Np(Y,X)| < 2. Let @ € Q¢(Y, X) and let
Pg be the processor that Q reads from at step ¢+ 1.
Note that, since Q¢(Y, X) N Li(Y, X) = ¢, processor
Q does not know the label of any node in Si(Y, X),
so changing the label of any node in S(Y, X) doesn’t
change Q's state and, hence, which processor Q reads
from at step £+ 1.

We prove that, with probability less than 2-7 +
211=T the subtree Si41(Y; X) contains a node whose
label is known by some processor in L(Y, X) that
was read by a processor in Qy(Y, X). Since there are
no more than 2™ < processors in Qy(Y, X),
it suffices to prove that for an arbitrary processor
Q € Q«(Y, X), the probability Si43(Y, X) contains a
node whose label is known by processor Py is lese
than 257 + U1=5T

On input (Y, X), the state of processor Q is deter-
mined by the outcomes of at most 2° queries. For
any other input in which these queries have the same
outcomes, processor § will aleo be in the same state.
Thus we may partition the set of possible outcomes
for the queries into those that give rise to the same
state of Q. Since we may assume, without loes of
generality, that processors do not forget information,
each class of the partition can be specified by a set Z
of at most 2t queries and outcomes z for those queries.
Then priNpy (Y, X)NSi41 (Y, X) b é] =

S 2N (Y, X)NSear (Y, X) # 912 = slpr(Z = 3],
(2,2)

£r-11°d
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where the sum is taken over pairs (Z, =), one for each
class of the partition. Now Z priZ=:z]=1s0it

(Z.)
suffices to show that

PT[NPQ (}’. X)nst+1 (Y, X) # $Z = 2} < 2-ST+2“_5T

for any pair (Z, z) that specifies a class of the parti-
tion. : -

We will show that for most labellings y of the de-
cision tree, the nodes whose labels are known by pro-
cessor Pg are unlikely to be contained in Si41 (v, X),
where the probability is taken over all inputs that sat-
isfy Z = 2. Note that the set of nodes whose labels
are known by processor Py may be a function of the
labels of the nodes in the decision tree.

A path in 5¢(Y, X) from R(Y,X) to a mode at
depth k is said to be comsirained if it contains at
least 11 nodes labelled by variables in Z. Let E
be the event that no path of length k, starting from
Ry(Y, X), is constrained. Then

priNe (Y, X) NS (Y, X) # 412 = 2]

= pr{Npo(Y, X) N Siaa(Y, X) # ¢|2 = z A Elpr[£]
+77{Npo (¥, X) 1 5141(Y, X) # $12 = 2 A Elpri{E)

< priB)+ pr{Npy (Y, X) N Spua (Y, X) # 812 = 2 A E).
The labels of the nodes on a path can be viewed

as being selected without replacement from the set

Uy(Y, X). Thus the probability that a particular path

is constraiued is at most

klzl 11

k lzl )ll (

(n) (iv' X -k <\IGEX-F
and the probability pr{E] that some path in the tree
is constrained is less than

&l Z|

* (oar=s) T

11
ot _..__....)
(2"- my 7))
< 27T, for T>5.

Now consider any labelling y of the decision tree
that agrees with Y from the root to Re(Y, X) and
in which no path of length & from R(Y, X) is con-
strained. The probability that Re.1(y, X) is any par-
ticular node at level k of Si(y, X) is at most 223~
Thus the probability that S.;1(y, X), the subtree of
Si(y, X) rooted at Reyy(y, X), contains a node in
Npo (3, X) is at most

211-—&,N,q (y, X)' S 211-—&-&-! S 221—81"

Bence, pr(Npo (4, X) N Stia(v, X) #9012 =2 AE] <
21157 and pr{Np (Y, X)NSi3a (Y. X) £ 4I1Z = 5] £
25T 4 212-5T  ag desired.

Combining the information about both cases, we
get that

<
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Qe (Y. X)NLia(Y, X) £ ¢ |
QY, X) N Ly(Y, X) = ¢]

< 2-1' + 2-1' + 211—1‘ < 212—1‘

and pr(Qes1(Y, X) N Loy (Y, X) # ¢)
S Pr(Qu(Y, X) N Ly(Y, X) # ¢)
+pr{Quna (Y, X)NLlisi (Y, X) #£ ¢ |

Q(Y, X)n Lt}Y»X) = ¢}

< 121957 4 2137 o (¢4 1)203-7,

Thus the claim is true.

5 Conclusions

This paper shows that there is a Boolean function of n
variables which can be computed by a CROW PRAM
in O(loglogn) steps, but any EROW PRAM that
computes it has expected running time in Q(+/Togn).
We think that there is a similar separation between
CROW PRAMs and EREW PRAMs. Note that, for
computing Boolean functions, CROW PRAMs are as
powerful as CREW PRAMS (to within a constant fac-
tor) and, hence, are at least as powerful as EREW
PRAMs. However, this is not necessarily the case if
the domain is not complete. (For example, consider
the OR of n Boolean values, at most one of which is
1.)

There is a very close correspondence between
CROW PRAMs and decision trees [FR]. If a func-
tion (over any domain) can be computed by s CROW
PRAM in time T, then it can be computed by a
decision tree of height 27. (In particular, this im-
plies that any function computable in constant time
on a CROW PRAM is also computable in constant
titne on a PRAM with only one processor.) Con-
versely, if a function can be computed by a decision
tree of height A, then it can be computed by a CROW
PRAM in time [log, A] + 1. Thus the Boolean deci-
sion tree evaluation problem is complete for CROW
PRAM computation in the following sense. If a func-
tion f : {0,1}" — R can be computed by a CROW
PRAM in time t(n). then f can be computed by an
EREW PRAM (or any other model of computation)
using no more time than it takes to compute D, y¢(n)-

We conjecture that, on the EREW PRAM, a
(logn)®(*) lower bound can be obtained for the
Boolean decision tree evalvation problem for appro-
priate choices of m and A. Unfortunately, the proof
of Theorem 3 does not appear to generalize in a
straightforward way. The essential problem is that,
on CREW and EREW PRAMs, information about
some input bits can be transmitted to a memory
cell by virtue of the fact that no value was written
there during a particular step of a computation. (See

£1c1°d
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[CDR] for details.) The definition of knowledge has
to be modified to take this into account.

For theitr CREW PRAM lower bound, Cook,
Dwork, and Reischuk [CDR] used the following defi-
nition to capture certain properties of knowledge. A
processor or memory cell is said to be affected by a
particular input bit at time ¢ on input z if the state
of the processor or the contents of the memory cell
immediately after step t of the computation is dif-
ferent for 2 than for the input obtained from z by
changing the value of the specified input bit. This
definition supports lemmas analogous to Lemmas 1
Ind %, provided the input domain is assumed to be

0,1}»,

| Lemma 4 (Cook, Dwork, and Reischuk [CDR])

For ¢ CREW PRAM, on any inpul, every processor

and memory cell is affected by at most (3(5+I1))!
input bits immediately afier step 2.

Lemma 5 (Beame [B]) For an EREW PRAM, on
eny input, each input bit affects st most (2 + V3)*
processors and memory cells immediately afier step
t. .

There is another fact about knowledge used in the
proof of Theorem $ that, unfortunately, is not shared
by the affects relation. If a processor or memory cell
does not know certein input bits, then changing all of
their values does not change the state of the processor
or the contents of the memory cell. Moreover, the set
of input bits that the processor or memory cell know
remain unchanged.

This motivates the following definition. A set of in-
put bits is & depeadency set for a processor or memory
cell at time ¢ on input z if the state of the processor
or the contents of the memoxy cell immediately after
step ¢ of the computation is the same for z as it is for
the inputs obtazined from z by changing the values
of any set of bits not in the dependency set. Fur-
thermote, there is another version of Lemma 1 that
holds for the CREW PRAM with the complete input
domain {0,1}".

Lemma 6 (Nisan [N]) For ¢ CREW PRAM, on
any inpul, every processor and memory cell has ¢ de-
pendency set containing ot most (3(5+V21))>* input
bits immediately after step 1.

Notice, this lemma does not imply that, after a
small number of steps, all (minimal) dependency sets
are small. For example, consider the contents of the
output cell at the end of the computation of D :
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{0,2)™*3" — {0,1}. Recall that for y € {0,1}™ and
2o,...,Z2=-3 € {0,1}, ,

Dma(y,20,...,23m) = 2,

and that this function can be computed in O(logm)
steps. On input 0™+2™, the last 2™ bits comprise a
minimal dependency set.

Evea if we could somehow associate a small depen-
dency set with each processor and memory cell, the
corresponding version of Lemma 2 would also be false.
Suppose, for example, that during the first O(1) steps
of a computation, a processor accumaulates the values
of 2' imput bits and then writes a special value to
the memory indexed by this 2*-tuple. Each of the 2%’
memory cells in which the special value can appear
must have at least one of these 2° input bits in its as-
sociated dependency set. Hence, at least one of these
input bits must be a member of the dependency sets
associated with at least 22 =t different shared mem-
ory cells, .

The notions of affects and dependency set do not
suffice to extend the proof of Theorem 3. However,
understanding these and other rejated definitions will
provide us with additional insight into the nature
of exclusive read. We also believe that a definition
of knowledge can be obtained to show the Boolean
decision tree evalustion problem is hard on EREW
PRAMs.

The CROW PRAM model can be extended by al-
lowing each processor to own many different shared
memory cells, instead of just one. At each time step, a
processor could write to any one of the memory cells
it owns, However, each memory cell would still be
owned by only one processor. This new model is no
more powerful than the CROW PRAM because-each
CROW PRAM processor could use its single shared
memory cell to record the entire sequence of values
that would have been written and the Jocations they
would have been written to. All interested processors
could then read this information.

The EROW PRAM model can be extended in the
same way. But it is not clear whether the resulting
model is more powerful than the EROW PRAM and
whether it is less powerful than the EREW or CROW
PRAMs. One approach to obtaining our desired sep-
aration between EREW and CROW PRAMs is to
first attempt to prove that the Boolean decision tree
evaluation problem is hard on this model.
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