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LOWER BOUNDS FOR PARALLEL
RANDOM-ACCESS MACHINES WITH
UNBOUNDED SHARED MEMORY

Faith E. Fich, Friedhelm Meyer auf der Heide and
Avi Wigderson

ABSTRACT

A parallel random-sccess machine (PRAM) consists of n synchronized pro-
cessors and a shared memory. In this paper, we allow an infinite number of
memory celis. The processors have arbitrary computational power and read
and write access to the shared memory. In the literature, conflicts arising when
several processors want to write into the same cell are resolved by various
rules. We consider two such rules. In the COMMON PRAM, these processors
have to write the same value and, in the PRIORITY PRAM, the processor
with the smallest index succeeds. No lower bounds were previously known
for these models. In this paper we prove two lower bounds.
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First, we show that the COMMON PRAM requires 0(log log log(n)) steps-
to solve the element distinctness problem on n integers. As this can be done -
in constant time by a PRIORITY PRAM, this fower bound implies a separation
between these two models. - . :

Second, the PRIORITY PRAM is shown to require N(log log(n)) steps to .

compute the maximum of n integers, matching an upper bound dueto Shiloach
and Vishkin. This is the first tight result for this model. The lower bound

generalizes a similar lower bound, obtained by Valiant, for paratiel comparison
trees with n processors.

Our proof technique uses Ramsey theoretic arguments. For this reason, we
need the input integers to be large (29(nlosos(*) bits). Both probiems remain
open for small inputs (e.g., O(log(n)) bits).

1. INTRODUCTION

The parallel random-access machine (PRAM) is an important and widely
used model of parallel computation. A PRAM consists of n synchronized
processors Py, ..., Py which have read and write access to a shared memory.
In this paper we assume that there are an infinite number of shared memory
cells, all initially containing the value 0. Every time step consists of three
successive phases. In the compute phase, each processor may perform some
local computation of arbitrary complexity. In the write phase, each processor
iay write a value to an arbitrary shared memory cell. In the read phase,
each processor may read from an arbitrary shared memory cell.

A concurrent-write PRAM is one which allows several processors to write
simultaneously into the same memory cell. In this case, we must adopt 8
convention to resolve the conflict; namely, we must define the value in the
cell after this write phase. Two popular methods of conflict resolution used
in the literature are the following. The COMMON PRAM ([10] requires
that all processors which simultaneously access the same cell have to write
the same value. For example, the parallel algorithms described in [5], [9],
and [13] use this model. In the PRIORITY PRAM [6], the value in a cell
will be the one written by the processor with the lowest index among those
which write to this cell. This model is used in [14) and .

Let N denote the set of positive integers. At the beginning of a PRAM
computation, each processor P; contains an input variable x,. We shall say
that the PRAM computes a function f: N* > N if, after the computation
ends, the value f(x,, ..., X,) is stored in some fixed shared memory cell.

Until now, all lower bounds on these models were obtained under one
of the following two restrictions: restricted communication width [3,16),
where it is assumed that the size of the shared memory is bounded, or
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restricted computational power {4, 11], where it is assumed that, at each step,

ecach processor can only perform one operation from a small set of arithmetic
operations.

In this paper we do not impose either of these restrictions. We allow

_an infinite number of shared memory cells. We also allow each proces-

sor to compute, in one step, any function of the information in its local

memory.

:  Lower bounds for these strong models relate purely to the amount of

" interprocessor communication required to compute a given function. In this

context, the question of whether PRIORITY and COMMON PRAMs are

equivalent is particularly interesting, as it pertains to the power of com-

municating using different write conflict resolution mechanisms. Intuitively,

in the PRIORITY PRAM, the hardware itself resolves write conflicts by

: picking the processor with lowest index to succeed. In the COMMON

PRAM, the program has to ensure that two different values are never '

simultaneously written into the same cell. . _
Our first lower bound provides a separation between these two models.

¥ “For this purpose, we consider the element distinctness problem. We show
- that a COMMON PRAM requires {}(loglog log(n)) steps to solve this

problem, whereas a PRIORITY PRAM can do it in constant time. The

reason for this difference in power is that indirect addressing can be used

‘in a very powerful way by a PRIORITY PRAM, but only in a much weaker

- way by a COMMON PRAM. The same separation can be obtained between

the COMMON PRAM and two other models, the ARBITRARY PRAM

" and the COLLISION PRAM [3). These models have weaker write conflict

resolution schemes than the PRIORITY PRAM, but they are still strong
enough to solve the element distinctness problem in constant time.

_Surprisingly, a simplified version of the proof technique used for the

[ sbove result can be applied to obtain a lower bound for PRIORITY PRAMs.

;- A PRIORITY PRAM needs O(log log(n)) steps to compute the maximum

£ of n integers. This result matches an upper bound by Shiloach and Vishkin

% [13], making our result the first tight lower bound in this model. A previous
- lower bound for this problem is due to Valiant {15). He considered parallel

-

: comparison trees with n processors and obtained the same bound. Our

[ result shows that the computation of this function cannot be sped up by

" either the ability to indirectly access the memory or the ability to compute

".f\‘. arbitrary functions (instead of simply comparing inputs).

E. " An essential part of our proof is simplifying the structure of the computa-

- tion using Ramsey theoretic arguments, by successively restricting the input

W

i

k:. domain. Therefore our proofs require that the inputs are taken from a large

;" enough domain (e.g;, each input integer can have 20(*ostos(™) bits). The

5

" complexity of the two problems for a small input domain remains open.




i e — e

T -

v oo —y o~
T

4 F.E. FICH, F. MEYER AUF DER HEIDE and A. WIGDERSON
2. UPPER BOUNDS

The element distinctness problem on n variables is to compute the function
5.:N" > {0, 1}, where 8,(x,,...,X,) =0 if and only if x, = x for some
i # k. Initially, each of the n processors P, has one integer x;. The processors
have to determine whether all of these integers are distinct or whether two
of them are the same.

We first show how to compute 8, in constant time on a PRIORITY

"PRAM. In fact, this algorithm also works on an ARBITRARY or

COLLISION PRAM. We assume that the output appears in a special
shared memory cell called answer.

Algorithm 1

Processor P, writes 1 into answer. )

For all i, processor P, writes { into memory cell x,. '

For all i, processor P, reads memory cell x;.-

For all i, if processor P; does not read the value i, then it writes O into answer.

This algorithm uses three steps to compute &,. :

To determine that 8,(x;,..., %) = 1, an algorithm must verify that all
the inequalities x, ¥ x, are true. We now ‘consider two algorithms for
computing 8, on a COMMON PRAM that collect this information in
different ways. In the lower-bound proof in the next section, we show that
these are essentially the only ways this information can be collected. Both
algorithms require O(log(n)).steps. For simplicity, it is assumed that n is
a power of 2 in the description of the algorithms.

The idea of Algorithm 2 is that the processors can communicate the
vatues of their input variables to a single processor, which then does all of
the neccessary comparisons locally. The pattern of communication among
processors is a binary tree.

Algorithm 2

Processor P, accumulates the values of the variables xy, ..., x, a8 follows:
If n> 1, then
in parallel,
processor P, ), recursively accumulates the values of the variables
Xygeor9Xn/2 and
processor P, recursively accumulates the values of the variables
x(nl’)#h cars Xy
processor P,/ writes an encoding of the values of the variables
X(n/2)+1s -+ + » Xo iNtO 8 memory cell
processor P, reads from that memory ceil.
Processor P, computes 8,(x,, ..., X,) and writes it into answer.
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The computational power of the processors allows each processor to

. compute an encoding in one step. Once it has accumulated all inputs, a

processor can compute the output in one step. Algorithm 2 uses O(log(n))

steps and can be performed on an exclusive-read-exclusive-write PRAM.

" In fact, this algorithm shows that every function J:N" = N can be computed

. “ in O(log(n)) steps. A straightforward analysis shows that, during the rth

time step, n2°"? new inequalities are verified. Notice that this number

increases as the computation progresses.

The next algorithm does not use any of the computational power of the

processors, but it uses the concurrent-write ability of COMMON PRAMs

7' in a fundamental way. Essentially, we divide the variables into two groups,

check that the groups have no element in common, and recursively check
element distinctness for these two groups in parallel.

- Algorithm 3

Processor P, writes 1 into answer.
If n> 1, then
for 1 s i < n/2, processor P, writes 1 into memory cell x,
for n/2 < i = n, processor P, reads cell x; and; if its value is 1, writes 0
into answer
for 1 < i = n, processor P; reads answer
if answer # 0, then, in parallel,
processors P,,..., P.;; compute 8,/2(xy,..., X,/2) and
Processors Pia/zye1s - - » Po cOMPUtE 5,/2(Xns2)41s - « - s Xa)-

- This algorithm also uses O(log(n)) steps. But, in this case, the number of
[ new inequalities verified in one step decreases as the computation proceeds;
in step 1, n?/2"*" inequalities are verified.
; In the lower-bound proof presented in the next section, we distinguish
§. . between information received via direct storage access (as in Algorithm 2)
B and via indirect storage access (as in Algorithm 3).

7

« g

3. A LOWER BOUND FOR THE COMMON PRAM

4 _In this section we prove the following result:

" Tueorem 1. A COMMON PRAM requires Q(log log log(n)) steps to
. compute 8,.

Together with Algorithm 1, this implies an £1(log log log(n)) separation
: between COMMON and PRIORITY PRAMs. .

i

-
-
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In order to prove this theorem, we first introduce a variant of the
COMMON PRAM which we call the m-read COMMON PRAM. These
models differ in two respects. Firstly, no processor may write into a cell
where any processor has already written. This restriction is essential for our
lower-bound proof. In compensation, in the read phase of each step of an
m-read COMMON PRAM, each processor is allowed to read up to m
memory cells in parallel, instead of just one. This will guarantee that, for
large enough m, an m-read COMMON PRAM is not weaker than a
COMMON PRAM.

LemMA 1. T steps of a COMMON PRAM can be simulated by an
m-read COMMON PRAM in T steps, if m=T.

PROOF. Let M be a COMMON PRAM executing T steps. We modify
M to obtain a T-read COMMON PRAM M* as follows. We subdivide the
infinite shared memory of M into T infinite parts. If a processor of M
writes to cell w at step , then, at step ¢, the corresponding processor of M*
writes to the wth cell of the rth part of memory. This ensures that no
processor writes into a previously accessed cell. When a processor of M
reads cell 7, the corresponding processor M* reads the rth cell of each part
of the shared memory. Because each processor of M* reads (among other
things) the value read by the correspondmg processor of M, we have shown
that M* simulates M. O

Theorem 1 now follows dlrectly from the next Iemma, taking m to be
log log(n)..

LeMMA 2. An m-read COMMON PRAM needs 0(logloglog(n) —
log log(m)) steps to compute 8,,.

Proor. This proof is an adversary argument. As the computation
proceeds, the adversary fixes the value of certain variables and maintains
a set of allowed inputs such that, after each step, each processor only knows
one live variable (i.c., a variable whose valuc has not been fixed). The
precise meaning of the statement “processor P, only knows x; after step ™
is that for every possible value a of x;, the configuration of P; after step ¢
is the same for all allowed inputs (b,,..., b,) with b = a. a

Consider the situation arranged by the adversary after step ¢ of some
,n} to denote the set of indices of live
variables and [V,J to denote the set of all unordered pairs of ‘elements
from V,. The set E, < [ V,]’ describes those pairs of live variables which the
adversary has declared to be distinct. The graph G, = (V,, E,) with vertex
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:'f " set V, and edge set E, is called the distinctness graph. Live variables are
. restricted, by the adversary, to take values from an infinite subset S, ¢ N.
v+ The indexed set F, ={a,i€{l,...,n}— V), describes the adversary's

;} assignment of values to the fixed variables. These values are distinct elements
L. A of N-8§,.
b ) The set I(V,, E,S,, F,) of allowed inputs consists of all n-tuples
b

(by,..., b,) satisfying the following properties:

1. by=a,forallie{l,...,n}-V,
2. beS forallieV,.
3. b b forall ije V, with {i,j) € E,.

For two disjoint sets A and B, let K(A, B) denote the complete bipartite
. graph on A and B. Let G =(V, E) be a simple graph. A family C =

{(A, B)lI=1,...,r} with A;~ B, = @ is a bipartite cover of G if every
edge {i,j} € E belongs to some graph K(A,, B;). The size s(C) of C is
T (Al + |B,|) The bipartite complexity of G is defined to be B(G) =
min{s(C)|C is a bipartite cover of G}. An upper bound of qflog(q)] is
easy to obtain for the bipartite complexity of K,, the complete graph on ¢
vertices. The following lower bound is due to Hansel [8] and Pippenger {12].

" Tueorem 2. B(K,) = q log(q).

.- We shall measure the “complexity” of a set of allowable inputs in terms
of the number of live variables and the bipartite complexity of the distinct- -
ness graph.’

MAin LEMMA.  Consider an m-read COMMON PRAM. Assume that,
- before step t, the set of allowed inputs is I(V,_,, E,_,,S,.,, F,-;) and each
8¢ - processor P, only knows one variable x, with j, € V,_,. Then, the adversary

.. can define a new set of allowed inputs I(V,E,S,F)s
8. I(Vi_y, E,—y, Siy, Fi—y) such that, after step 1, the following properties are
- satisfied:

Vi € Vi and |V| = |V,_ ]}/ (V.| + 2nm).

Each processor P, knows exactly one variable with index in V,,

S: € S, and 8, is infinite.

E,2E.n [V,]2 and B(G,) = B(G,_\) + n(t+ m), where G, =
(V., E,).

5. FLcsFeN-S,.

bl ol ol o

We now complete the proof of Lemma 2. Before the computation starts
J (i e.,afterstep0), Vo = {1,..., n}, Eo = @, S, = N, and j, = i together satisfy
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the conditions of the Main Lemma. Suppose that the computation terminates
after T steps. Then Gy = Kjv,|, the complete graph on Vr; otherwise. there
would be two allowed inputs, one in which all the elements are dns.tinct
and another containing two equal elements, between which the algorithm
could not distinguish, although they‘haTe di(l|ietel;|t images under 8,. Thus,
by Theorem 2, (G‘r) b ﬁ(K vi) = Vr '0‘ Vi)

yFtom oondigon 4, we g|e{| that B(Gr)=nX,., (1+m)+B(Go) =
aT(T + m). Since |V._.| = n, it follows from condition 1 that

Wl Vel
Vil +20m = 3nm

vil=

By induction, this implics

vl 3
|V,-]Z-L9'Lr-z(—37”%r.

Bam)* !

Combining these inequalities, we get

LI [ 3n ]
nT(T+ m) - (sm)zr 08 (3'")21' .
Thus T = O(log log log(n) — log log(m)). 0O

To prove the Main Lemma, we first state three results: two “Ramsey-like”
and one graph-theoretical. They will be extensively used in the proof.

LemMMA 3. Let f: W - D be any function defined on an infinite domain
W, Then there exists an infinite subset W’ < W such that f|y- is either constant
or \-1. In particular, if D is finite, then Sflw~ is constant.

Lemma 4. Letf, g: W - D be two functions defined on an infinite domain
W. Then there exists an infinite subset W' < W such that f|w- and glw- are
either identical or have disjoint ranges.

PrRoOF. Suppose that there is no infinite subset of W on which f .and
g are identical. Let W' W be an infinite subset of elements on which I
and g disagree. By Lemma 3, we may assume that f jw-and gl‘y- are constant
or 1-1. If either function is constant, then they must have disjoint ranges.
Therefore, suppose that both functions are 1-1. Consider the graph (W', E),
where {w,, w,} € E if and only if Sf(wy) = g(wy) or g(wy) = f(w,). Because
f and g are 1-1, each vertex has degree at most 2. Hence, there isa3l
coloring of the graph. Let W* be an infinite monochromatic subset of W".
Then, by construction, f|w- and g|w- have disjoint ranges. a

"3 -'.'é g N

PYRIETE
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LEMMA 5. Let H(U, L) be a finite graph, and let a(H) denote the size
of a maximum independent set in H. Then a(H) = |UP*/(JU| + 2|L)). :

The proofs of Lemmas 3 and 5 can be found in [7, p. 112] and (2, p. 282),
respectively.

PROOF OF THE MAIN LEMMA.  Consider the sequence of writes perfor-
med by some processor P, up to and including step . Instep p= o, P,
decides whether or not to write according to some predicate d7. If it writes,
it writes a value vl to a cell wi. Now consider the m reads P, executes in
step . It reads from cells r,,,..., 7. Since P, only knows x,, it follows
that d?, vf, w!, and r,, are functions of only this one variable. Thus
d?: S,_ - {0, 1} and v}, w}, r,): S,_, = N. Note that the reads are executed
in parailel. Therefore, no processor can use the information obtained in
one read to determine the other read functions it uses in the same step. O

Our adversary simplifies this structure by restricting the sct of allowed
inputs.

Cramm 1. Without loss of generality, at every step p < 1, each processor
either writes for all allowed inputs or does not write for any allowed input.

ProoF. Apply Lemma 3 successively to d} for i=1,...,n and

_p=1,...,t to obtain an infinite subset §'< S,_,. The claim follows

when the adversary restricts the set of allowed inputs to be
I( vl—19 El-l9 s" E-l)‘ O .

We use the term address function to denote any read function r,, used

B at step f or any write function w} used at step p < 1.

CrLam 2. Without loss of generality, every address function is either
constant or 1-1.

ProoF. Apply Lemma 3 successively to all address functions. The result

¥ isaninfinite subset S” < S’ on which every address function is either constant
f: or 1-1. The adversary restricts the set of allowed inputs to be
¢ 1(Viey, By, S Fioy). O

iy, CrLam 3. Without loss of generality, if P, and P, access the same cell
. then they use the same address function.

‘ Proor. Apply Lemma 4 successively to every pair of address functions.
- The result is an infinite subset S™ < S§” such that every pair of address
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functions (which we now consider to be functions on S" ) are either identical
or have disjoint ranges. The adversary therefore restricts the set of aliowed
inputs to be I(V,_,, E,,5",F-). O

The next observation depends on the the fact that we are using an m-read
COMMON PRAM. It is the only part of the proof of the Main Lemma
which does so.

CLaiM 4. Without loss of generality, if P, and P, know the same variable
(that is, j; = js), then w} » r,, for st p=1,...,1 and h=1,...,m In
particular, w} ¥ £\,

ProOF. We may assume that every processor has copies of the programs
of all other processors. Then P, can compute wi(x,), the address P, wptes
to in step p, and vi(x,), the value P, writes at that step. By the definition
of an m-read COMMON PRAM, all processors writing into this cell at
time p must write the same value and thereafter that value is never c.han.ged.
Thus cell w](x,) will still contain the value v](x,) when P, reads it. Since
P, can compute this value, it does not have to read celt wi(x,)). O

Notice that if processors P; and P, know different variables, then P, may
learn information by reading a cell P, has written into. Fu:thenqore, as
shown in Algorithm 1, the argument given in the proof of Claim 4 is
completely fallacious for the PRIORITY PRAM. .

Equipped with these claims, our adversary is ready to continue. First,
the 1-1 address functions are handled by determining a graph of low l.nparti_te
complexity and adding its edges to the distinctness graph. Fol!owmg this,
the adversary deals with the constant address functions by fixing some of
the live variables.

1-1 Address Functions

Suppose that gy, ..., g: S” - N are the 1-1 address functions. For each
g, define

At“{qﬁvn-llxq=x;. and wi=g
forsome ie{l,...,n} and p=t}
and
Bi={ge Vi lx,=x, and ra=g
forsome ie{l,...,n} and hefl,..
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Intuitively, g € A, if a processor that knows x, uses g, as a write function

in some step p = ¢ Similarly, ¢ € B, if some processor that knows x, uses
& as one of its read functions in step .
The next result is a corollary to Claim 4.

CamMS. AANnB=0.

Since every processor can contribute at most ¢ times to the A’s and at
most m times to the B's, 3_, (IA]+ |B]) = n(1 + m). Let G' = (V,_,, E")
be the graph with E’ = {_J;_, K(A,, B;) and let G" = (V,_,, E") be the graph
with E* = E,_; u E’. Then B(G’) = n(t + m). This implies the following

result.
CLamm 6. B(G") s B(G) + n(t + m).

CrLamm 7. For inputs in I(V,_,, E", S, F,,), we may assume, without
loss of generality, that no processor uses a 1-1 read function in step ¢

ProoF. Suppose processor P, uses a 1-1 read function, that is, n, = g
forsome he{l,....,m}and le{l,...,r}. If the same cell was written into
by some processor P, at time p = ¢ then wi(x;) = r,,(x, ). Claim 3 implies
that w! = r,,, = 8. Now j; € A,, ji € B, and {j, ji} € E' < E". It follows
from the definition of I(V,_,, E, S", F,_,) that x; # x;,. This contradicts
the fact that g, is 1-1. Thus, every processor that uses a 1-1 read function
reads the initial contents of the cell, namely 0. Since the read imparts no
information about any input known to be in I(V,_,, E”, S”, F,_,), we may
assume, without loss of generality, that the read was not performed. O

S I W D g ¥
[PORT Oy LTIy
d ) ) .

Constant Address Functions

- From this point on, we assume that the set of allowed inputs is
I(Vl-IOE"'sni E-l)’

Cramm 8. If w is accessed by a constant address function, then the
k- contents of cell w after step ¢t depends on at most one variable from V,_,.

. Proor. To prove this claim, we do not need any of the properties of
g the m-read COMMON PRAM. In fact, for cells which are written via
s constant address functions, the PRIORITY write conflict resolution scheme
K’ can be used. We can also allow these cells to be written into more than
Ik ‘once. Consider the last step p = ¢ in which cell w was accessed for writing
i on an allowed input. Let P, be the processor with lowest index writing into
s cell w at step p on an allowed input. By Claim 1, P, always writes to cell
- w at step p. Therefore, the contents of cell w can only depend on x,. (]
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Consider the graph H(V,_,, L), where {i, k} € Lif some processor know-
ing x, uses a constant read function to access cell w in step ¢, and the
contents of cell w depends on x,. Thus, after step ¢, this processor “knows"
both x, and x,. Note that |L| s mn, the maximum number of reads that can
be performed in step t. Apply Lemma 5'to this graph to obtain an indepen-
dent set of vertices V, € Vi, such that |V, = |V._s[//(|Vi-i| + 2nm). The
adversary restricts the set of allowable inputs to be I(V,, E*, ™, F,-,) and
we get the following result.

CLAIM . After step f, every processor knows at most one variable in V,.

We now complete the proof of the Main Lemma. Those processors which
do not know any variable in V, can be assigned an arbitrary one. The
adversary fixes the variables x, with i € V,_, - V, and assigns them distinct
values a, € S”. These values are added to F,_, to obtain F, and are removed
from S to obtain S,. Finally, let G, = (V,, E,) be the subgraph of G”
induced by V,. Then 8(G)<g8(G"). O

4+ A LOWER BOUND FOR THE PRIORITY PRAM

In this section, we apply a simplified version of the proof method from the
last section to obtain a lower bound for PRIORITY PRAMs.

Tueorem 3. A PRIORITY PRAM requires 0(log log(n)) steps to com-
pute the maximum of n numbers.

Proor. In contrast to solving the element distinctness problem, comput-
ing the maximum of n numbers does not become easier if these numbers
are known to be distinct. Therefore, we will assume that they are distinct,
because this will considerably simplify the treatment of 1-1 address func-
tions. Essentially, in the context of the previous lower bound proof, such
functions are always uscless.

More formally, let M be a PRIORITY PRAM which finds the maximum
of n numbers. Let V,, S,, and F, be defined as in the previous section.
However, the adversary’s set of allowed inputs is now defined to be
J(V,, S, F)= IV, [V.}, S, F,). Specifically, all input values are required
to be distinct. The following lemma plays the same role as the Main Lemma
in the previous section. O

LEMMA 6. Assume that, before step t, the set of allowed inputs is
J(Vi_1, S:-1, F.-y) and that each processor only knows one variable with index
in V,_,. Then the adversary can define a new set of allowed inputs J (V.. S, F)

Parallel Random-Access Machines 13

such that after step t the following properties are satisfied:

L. V,e Vi and [V 2 |Vi,[/(Vi-sl + 2n).

2. Each processor knows only one variable with index in V,.
3. S, <8, and S, is infinite.

4 F_ s FcN-S8S,.

If M requires T steps then | Vy| = 1; otherwise no processor can determine

the output. From Lemma 6 and the fact that |Vl = n, we can derive
T = f1(log log(n)). This concludes the proof of Theorem 3.

Proor of LEMMA 6.  Consider the proof of the Main Lemma form = 1.
It is sufficient to show that, for J(V,, S,, F,), the analogue of Claim-7 (which
takes care of 1-1 address functions) and the analogue of Claim 9 (which
takes care of constant address functions) hold.

The proof of Claim 9 does not use the properties of the m-read COMMON

' " PRAM. Since J(V,, S, F) < I(V,, E,, S,, F,), the analogous result for the

PRIORITY PRAM holds. Similarly, Claim 3, used in the proof of Claim
7, is true.

However, the proof of Claim 7 also depends on Claim 4, which is not
true for the PRIORITY PRAM. Fortunately, the rest of the proof of the
analogue of Claim 7 can be derived from the fact that all input variables
are assumed to have distinct values. Specifically, since g; is 1-1, the values
x;, and x,, are equal, and hence j; = ji. Thus processor Py either reads the
initial cell contents, 0, or reads a value written by a processor that knows
the same variable. Because P, can compute the cell contents for any input
known to bein J(V,_,, 8™, F._,), it does not have to perform the read. (W]

s. LOWER BOUNDS ON FINITE INPUT DOMAINS

E:  1n the previous sections, we proved Theorems 1 and 3 under the assumption

k. that the input integers can be arbitrarily large. An explicit bound on the
i gize of the input domain required can be obtained with slightly modified
g . versions of Lemmas 3 and 4. These result are easy to prove using the
X" pigeonhole principle.

9 LEMMA 3. Let f: W - D be any function defined on a finite domain W.
- Then there exists a subset W' of W with [W'| = |W|"/* such that f |w- is either
-'b_comtam or 1-1. :

g j LeMMA 4. Let f, g: W - D be any constant or 1-1 functions defined on
" a finite domain. W. Then there exists a subset W' of W with jwl={wl/4
" such that f|w- and glw- are either identical or have disjoint ranges.
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Now observe that, in the proofs of Theorems 1 and 3, Lemma 3 is applied
todland wl,fori=1,...,mand p=1,..., T, and, for each time step, it
is applied to r,,, fori=1,...,nand h=1,..., m. But from Lemma 1, all
the functions 7, for h =1,..., m behave in the same way. Therefore,
Lemma 3' only has to be applied a total of O(nT) times. Since T =
O(log log(n)), we can conclude that both theorems hold even when the
inputs are restricted to be integers with at most 201*'#'¢” bits. For much
smaller input domains, our method fails and the complexity of the two
functions is an open question.

.
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