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Abstract

We prove a new lower bound on the randomized decision tree com-
plexity of monotone graph properties. For a monotone property A of
graphs on n vertices, let p = p(A) denote the threshold probability
of A, namely the value of p for which a random graph from G(n,p)
has property A with probability 1/2. Then the expected number of
queries made by any decision tree for A on such a random graph is at
least 2(n?/ max{pn,logn}).

Our lower bound holds in the subcube partition model, which gen-
eralizes the decision tree model. The proof combines a simple combi-
natorial lemma on subcube partitions (which may be of independent
interest) with simple graph packing arguments. Our approach moti-
vates the study of packing of “typical” graphs, which may yield better
lower bounds.

1 Introduction

A decision tree is the most basic computational device. It has unlimited
power, and attempts to compute a function of an input string by successively
(and adaptively) querying its values in different coordinates. The complexity
of such an algorithm is the maximum number of queries used for a worst case
input.

A basic problem studied for this model is the complexity of monotone
graph properties. Here the input is a graph (on n vertices), and the function
is the indicator of a monotone (i.e. upward closed) family of such graphs



A. A fundamental result of Rivest and Vuillemin [RV76] is that every such
function requires Q(n?) queries. In other words, the trivial algorithm of
querying the whole input is not worse than the best algorithm by more than
a constant factor. (We assume throughout that properties A are nontrivial,
meaning 4 contains some, but not all graphs.) Moreover, further results
[KSS84, CKS02] show that for some values of n every such function is evasive,
namely the trivial algorithm is best possible—mno algorithm can save even one
query.

When randomization enters, the story becomes more interesting. A ran-
domized decision tree for a given function is simply a probability distribution
over (deterministic) decision trees for that function. Thus, we deal here only
with errorless algorithms. The complexity of such an algorithm is the maxi-
mum over inputs of the expectation (with respect to the given distribution)
of the number of queries. Randomized decision trees can be much more ef-
ficient than their deterministic counterparts. The largest gap known is for
a function on N bits, which is evasive (hence its deterministic complexity
is exactly N), while its randomized complexity is ©(N-73-). Moreover, this
function is transitive (that is, invariant under some group acting transitively
on the coordinates).

The question of the randomized complexity of monotone graph properties
was raised by several people, and a conjecture attributed to Karp is that
for these functions randomization does not help—mnamely that every such
property of graphs on n vertices has randomized complexity (n?). For
some properties, e.g. that of having an isolated vertex, it is easy to see that
the randomized complexity is about n?/4, roughly half the trivial bound, but
no better upper bound (even for algorithms that are allowed to make a small
error) is known for any property. For some specific properties a quadratic
lower bound is known.

The first nontrivial lower bounds on the randomized complexity of gen-
eral graph properties—(n(log n)'/*2)—were given by Yao [Y87]. The basic
methods introduced by Yao were significantly improved by [K88, HI91, CKO01]
to yield the current best lower bound Q(n*/3(logn)'/?), still a far cry from
the (conjectured tight) upper bound. A slightly better bound of (n*/?) has
been proved for the class of all properties defined by a single minterm (that
is, the property holds iff the input graph contains a (copy of a) specified
graph as a subgraph) [G92].

In this paper we give a lower bound that depends on the threshold prob-



ability of the property. Let A be a graph property, and let p be such that
Pr[G(n,p) € Al =1/2,

where G(n,p) is the usual random graph on n vertices with edge probabil-
ity p. Then our lower bound is Q(min{n?/logn, n/p}). Note that this is
nearly quadratic for many known properties (e.g. connectivity, Hamiltonic-
ity, absence of isolated vertices, containing a triangle), and improves the
best bounds above as long as p << n~'/3. On the other hand, we get no
improvement for general properties.

The above bound is actually stronger than stated in two senses. One is
that it holds not just in the worst case, but on average for G(n, p) (this is typ-
ical of almost all lower bounds). The other, more interesting aspect, is that
our lower bound holds in a seemingly stronger model. Note that a decision
tree for any function f partitions the inputs into subcubes (determined by
its paths), each of which contain inputs with a constant f value. Our model
allows any such partition, not just one derived from a decision tree. The
complexity on a given input is simply the co-dimension of the subcube con-
taining that input (corresponding to the number of positions “read” by the
algorithm, or equivalently, to the path length in a decision tree). Then our
lower bound on the expected complexity (of an input drawn from G(n,p))
holds for any partition as above.

The result is obtained using a simple lemma about such partitions. Given
any partition of the Boolean cube {0, 1} to subcubes, pick an input at ran-
dom using the product distribution assigning a 1 to each coordinate indepen-
dently with probability p. Then the ratio of the expected number of positions
“read” containing 1, and the expected number of those containing 0, is ex-
actly p/(1—p). Like the packing lemmas typically used in such lower bounds,
this lemma is used to show (roughly) that if the minterms of the function are
small, then the maxterms are large. However, here this trade-off improves
as p shrinks. Combining this lemma with standard packing arguments gives
our lower bound.

Before going into the proof we wish to raise a natural question, which is
probably not relevant to improving the present bounds, but is nonetheless
of some theoretical interest. We would like to know whether the random
subcube partition model we present is essentially different than the random
decision tree model.

Question 1.1 Are there graph properties, or properties of other families of



sets, for which the random decision tree complexity has a different asymp-
totic behavior then the random subcube partition complezity (called RAND(f)
below). Are there any "natural” examples of this phenomenon?

The paper is organized as follows. In section 2 we present the subcube par-
tition model, define basic notions and prove the basic combinatorial theorem
for it mentioned above. In section 3 we derive the lower bound on computing
graph properties in this model. In section 4 we propose some questions and
conjectures on packing “typical” graphs, which seem potentially relevant to
improving the current bounds, and also of independent interest.

2 Preliminaries

Consider the Boolean cube C' = {0,1}". Let C' = |JC; be a partition of C
into subcubes. Every such subcube C; can be associated with a characteristic
vector in {0,1,*}. The 0’s and 1’s are the coordinates that are fixed in C;
and the *’s are the free coordinates. For every such C; let X;(C;) be the
number of 1’s in the corresponding vector, and X(C;) the number of 0’s.
We also set X(C;) = Xo(C;) + X1(C;), the co-dimension of the subcube C;.

The deterministic complexity of a partition is simply the maximum value
of X(C;). We will say that a partition of C' computes a function f if f
is constant on each C;. Let DET(f) denote the minimum deterministic
complexity over all partitions that compute f. Note that this is a lower
bound on the deterministic decision tree complexity of f.

The distributional complexity over some probability distribution D on C'
is defined as follows. Let x € C' be a point chosen at random according to
D. Let i(z) be the index of the subcube containing z, i.e. x € Cj,). Define
the random variables

X1 = X1(Ciwy), Xo = Xo(Ci)), X = Xo+ X1.

Now the distributional complexity for this partition is the expectation of
X. The distributional complexity of a function f, denoted DIST(f, D), is
the minimum of this value over all partitions computing f. Again, this is a
lower bound on the distributional complexity of a decision tree for f on D.

Finally, a randomized partition is a distribution on partitions, and we
may consider the expectation of X over such a distribution, for a worst case
input z. We let RAND(f) be the minimum of this value over distributions
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supported on partitions which compute f. Again, this is a lower bound on
the randomized decision tree complexity of f.

As observed by Yao for decision trees, the von-Neumann MiniMax theo-
rem [vN28] applies in this context, giving, for every f,

RAND(f) = max DIST(, D).

As is common, we will choose a particular D to prove a lower bound on
RAND(f). We consider only product distributions D = pu, = u given by by
p(z) = p=rigN=2% where (here and throughout the paper) we set ¢ = 1—p.

Our approach is based on the following simple observation.

Lemma 2.1 For any partition {C;} of C' and z drawn from p,, % = g.

We give two proofs of this simple fact.

First proof. It is tempting to try to prove this easy lemma by induction
on the number of subcubes. However this does not work, since not every
partition into subcubes can be achieved from a coarser one by splitting one
of the cubes involved into two; indeed this is what makes the partition model
stronger than the decision tree model, in which such a coarser partition
always exists—simply merge two maximal paths which diverge only at the
last query).

Instead, we will work our way up by reverse induction, starting with
the partition into 2" subcubes and showing that merging two neighboring
subcubes does not change ggé;

To begin notice that the lemma is trivial in the case when there are 2"
subcubes (=points). In this case X is the number of 1’s in a point chosen
at random, E(X;) = np and E(Xj) = ng so the lemma holds.

Now assume the lemma holds for a given partition: Let E(X;)/E(Xy) =
p/q. Let Cy and Cy be two neighboring subcubes, i.e. their characteristic
vectors are identical except for one coordinate where the C-vector has a 1
and the Cy-vector has a 0. Merging the two subcubes into one results in a
subcube whose characteristic vector is the same as the two aforementioned
vectors except for a * replacing the 1 and the 0 at the coordinate where
they disagreed. Note that u(Cy)/u(Cy) = p/q. Let X{ and X{, be the new
random variables corresponding to the new partition. It is easy to see that
E(X]) = E(X;) — p(C;) for 1 =1,2 so that

BIX)  B(X) - p(C) _p
q

E(Xé) a E(Xo) — p(co) B




O

Second proof. For b € {0,1} and j € [N] let X] be 1 if the jth coordinate
of the characteristic vector of Cj(y) is b and 0 otherwise (it is 1 —b or *). Note

that X, = > €[] X7, so by additivity of expectation, all we have to prove

is that for every j, F(X])/E(X]) = p/q. But in fact this holds even if we
condition on an arbitrary setting of all coordinates other than z;: either this
setting determines the subcube containing our input, in which case there is
no contribution to either numerator or denominator; or it does not, in which
case the subcube containing the input is determined by the jth bit, and there
is a contribution of p to the numerator and ¢ to the denominator.

3 Graph properties

A graph is associated with its characteristic vector of 1’s (edges) and 0’s
(non-edges). Graphs on n vertices are thus represented by binary vectors of
length N = (g)

Let A be a (nontrivial) monotone graph property of graphs on n vertices.
“Graph property” means that as a Boolean function on C' = {0,1}", A
is invariant under the action induced on edges of the symmetric group .S,
(acting on the vertices). Slightly abusing notation, we use A to denote the set
of graphs that have the property, and also the corresponding characteristic
function: A(G) is 1 or 0 depending on whether or not G' € A.

The product measure f1, on C' now becomes the standard measure defining
G(n,p), the random graph on n vertices with edge probability p.

Let p = p(A) be the threshold probability for A; that is,

Pr[G(n,p) € A] =1/2.

Note that there exists a (unique) such p because p4(p) = Pr[G(n,p) € Al is a
continuous, strictly increasing function of p € [0, 1] with p4(0) = 0, pa(1) =
1. By replacing A by its dual (the family of graphs whose complements are
not in A) if necessary, we may assume that p(A) < 1/2. We will in fact
assume in what follows that p(A) = o(1), since for constant p our result is
much weaker than known bounds.



Let C be partitioned into subcubes that compute A (recall this means
that the graphs represented by the vectors in each subcube either all belong
to A or all do not). Let X7, Xy and X be defined as before with respect to
the given partition and the product measure u, with p = p(A).
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Theorem 3.1 max{E(X), E(X1)} = (1 — o(1)) min{ g5, 357071

Let M IN; denote the number of edges in a smallest graph with property
A (i.e. the size of a smallest minterm of the function A). Let M 1N, denote
the number of edges in the complement of the largest graph not in A4 (size
of a smallest maxterm of A).

Observation 3.2 E(X,) > MIN,/2

Proof: Note first that if A(G) = 0 for (all) G € C; then Xy(C;) > MIN,.
Consequently, F(Xo|lz ¢ A) > MIN,. The result now follows since Pr(z ¢

A) =1/2)

O
Proof of Theorem 3.1: If E(X;) > g then by Lemma 2.1 E(Xo) > ¢
and we are done. So let us assume E(X;) < gr. Writing A for maximum
degree, let

B={G:A(G) <np++/4nplogn }.
According to the Chernoff bound, the probability of a given vertex of G(n, p)
having degree more than np + v/4nplogn is O(1/n?); hence p,(B) = 1 —
O(1/n). Let C = BN A. Then p,(C) =1/2 — O(1/n), so that

E(Xi|z €C) < (1/2—O(1/n) ' E(X,) < (1 + 0(1)):2

In particular, this implies the existence of a graph G* € A on n vertices with

at most (1 +o(1))z5 edges and A(G*) < np + /4nplogn.
Graphs G and H on vertex set [ﬁ] are said to pack if there is some per-
mutation o € S, for which o(H) C G.

Lemma 3.3 Let G and H be n-vertex gmphs with |G| < (1 + o(1))n/32,
A(G) < np+ +A4nplogn, and |H| < 16(np+\/m) Then G and H pack.



Corollary 3.4 If E(X;) < g; then

n2
(a) M]NO 2 16(np++/4nplogn)’

(b) MINy > (min{, g }), and

2

(0) B(Xo) = (min{gs. s5digr}) -

Of course this gives Theorem 3.1.

Proof of corollary. Since G* € A, no maxterm H of A can pack with G;
so Lemma 3.3 gives (a), which immediately gives (b); and (c¢) then follows
from Observation 3.2.

O

Proof of Lemma 3.3. We will use the following packing lemma due to
Catlin [C74] and Sauer and Spencer [SS78].

Lemma 3.5 For n-vertex graphs G and H ,if
A(H)A(G) < n/2,
then H and G pack.

Now let G, H be as in Lemma 3.3. Notice that since G has at most (1+o0(1)) 5
edges it has at most (1 + o(1)){s nonisolated vertices. It thus suffices to
pack (say) some (n/2)-vertex subgraph G’ of G containing all nonisolated
vertices of (G, with any spanned subgraph of H on n/2 vertices. Let H’
be the subgraph of H spanned by the (some) n/2 vertices of lowest degree.

n

Since the average degree in H is at most SopTvimhe We have A(H') <

n
4(np++/4nplogn)* Thus

n/2

AH)A(G) < nfa ===,

and by Lemma 3.5 G’ and H' do indeed pack.



4 Packing Families of Random Graphs

The approach we follow in this paper gives rise to a line of questions that
seems to be of great theoretical interest, both since it is essential for exploiting
this technique further, and because it is a natural extension of the much-
studied topic of graph packing.

As the reader may have noticed, at the end of the previous section we
guaranteed the packing of two graphs G* and H, using the fact that G*
was something like a subgraph of a random graph. The canonical examples
showing that the classical graph packing theorems are tight use examples
such as the impossibility of packing a complete matching with a star of
degree n — 1. But in our setting—involving graphs that have a reasonable
chance of showing up in a random graph—one does not find such high degree
vertices, and average degree becomes a more relevant parameter.

Let us begin with a rather bold conjecture that, using the technique in this
paper, would immediately imply, up to log factors, the Q(n?) lower bound
for randomized decision tree complexity.

Let A be a monotone graph property, and G a graph. We wish to find a
small witness to the fact that G € A or G € A. Let

min{|H|: HCG He A} if Ge A

Witness(G,.A) = { min{|H|: HCG.Hg A} if G ¢ A

Recall that p(.A) is that (threshold) probability p for which

Pr(G(n,p) € A) =1/2.

Our conjecture is that at the threshold for A, in the random graph G =
G(n, p) typically either a smallest witness for membership in A uses €2(1/log(n))
of the edges of G or a smallest witness for non-membership uses €(1/log(n))
of the edges of G (or both):

Conjecture 4.1 Let A be a monotone graph property of graphs on n vertices
and p = p(A). Then for G = G(n,p) either

E[Witness(G, A)|G € A] = Q(n*p/ log(n))

or

E[Witness(G, A)|G ¢ Al = Q(n*(1 — p)/log(n)).



As a start, this conjecture seems quite fascinating even for balanced graph
properties, those for which p(A) = 1/2. In fact in this case we believe the
log(n) factor may be unnecessary, as, for example, we can show to be true
when A is the property of containing a clique of size k (= 2logy(n)). In this
case each minimal witness for membership in A has size of order log?(n),
but it turns out that a typical witness for non-membership is of size Q(n?);
namely we can prove that with high probability every subgraph H of G of
size less than n?/100 edges packs with a clique of size k. This illustrates
the difference between packing arbitrary graphs and packing subgraphs of
random graphs. We know there is a Turan-type graph of size O(n?/logn)
that does not pack with a clique of size k; but such a graph almost never
occurs as a subgraph of G.

Though packing remains in some sense the heart of the matter, real
progress (on randomized complexity) probably cannot be based on new pack-
ing theorems for pairs of random-like graphs; rather, we need to understand
something about packing two families of graphs.

Definition 4.2 Let A, B be families of graphs. We say A and B pack if
there exist A € A and B € B such that A and B pack.

The relevance of this notion derives from the fact that a family A and its dual
cannot pack. For example Conjecture 4.1 implies the following statement,
which seems to be of independent interest. (Apply the conjecture to the
property obtained from A by adding all graphs with at least n?/4 edges
whose complements are not in B.)

Conjecture 4.3 Let A and B be monotone graph properties on n vertices
generated by minterms of size o(n?/logn), and for which p(A), p(B) > Q(1).
Then A and B pack.

We close with one more question in a similar vein, though now just for pairs
of graphs. For a graph G on n vertices, set u(G) = Pr(G C G(n,1/2)) (where
the containment is up to isomorphism). It is easy to see that if each of u(G),
w(H) is more than 1/2, then G and H pack; but we expect more is true:

Conjecture 4.4 For each o > 0, if n is sufficiently large and G, H are
n-vertex graphs with u(G), uw(H) > «, then G and H pack.

(And of course one may ask how quickly @ = a(n) can go to zero without
falsifying the conjecture.)

Though we have given only a small sample, we hope it is enough to
indicate the wealth of possibilities suggested by the present point of view.
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