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Abstract

This paper contains two main results. The first is an explicit construction of bipartite
graphs which do not contain certain complete bipartite subgraphs and have maximal
density, up to a constant factor, under this constraint. This construction represents the
first significant progress in three decades on this old problem in extremal graph theory.
The construction beats the previously known probabilistic lower bound on density. The
proof uses the elements of commutative algebra and algebraic geometry (theory of
ideals, integral extensions, valuation rings).

The second result concerns monotone span programs. We obtain the first
superpolynomial lower bounds for explicit functions in this model. The best previous
lower bound was $\Omega(n™{5/2})$ by Beimel, Gal, Paterson (FOCS’95); our analysis
exploits a general combinatorial lower bound criterion from that paper. We give two
proofs of superpolynomial lower bounds; one based on an analysis of Paley-type
bipartitie graphs via Weil's character sum estimates.

A third result demonstrates the power of monotone span programs by exhibiting a
function computable in this model in linear size while requiring superpolynomial size
monotone circuits and exponential size monotone formulae.
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