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Abstract

We study a new method for proving lower bounds for subclasses of arithmetic circuits. Roughly
speaking, the lower bound is proved by bounding the correlation between the coefficients’ vector
of a polynomial and the coefficients’ vector of any product of two polynomials with disjoint sets of
variables. We prove lower bounds for several old and new subclasses of circuits.

Monotone Circuits: We prove a tight 2% lower bound for the size of monotone arithmetic
circuits. The highest previous lower bound was 28:vn),

Orthogonal Formulas: We prove a tight 22 lower bound for the size of orthogonal multilinear
formulas (defined, motivated, and studied by Aaronson). Previously, nontrivial lower bounds
were only known for subclasses of orthogonal multilinear formulas.

Non-Cancelling Formulas: We define and study the new model of non-cancelling multilinear
formulas. Roughly speaking, in this model one is not allowed to sum two polynomials that
almost cancel each other. The non-cancelling multilinear model is a generalization of both the
monotone model and the orthogonal model. We prove lower bounds of nf* M) for the depth of
non-cancelling multilinear formulas.

*Faculty  of  Mathematics and Computer Science, Weizmann  Institute, Rehovot, Israel.
Email: ran.raz@weizmann.ac.il. Research supported by grants from the Binational Science Foundation (BSF),
the Israel Science Foundation (ISF), and the Minerva Foundation.

tFaculty of Mathematics and Computer Science, Weizmann Institute, Rehovot, Israel.
Email: amir.yehudayoff@weizmann.ac.il. Research supported by grants from the Binational Science Foundation
(BSF), the Israel Science Foundation (ISF), the Minerva Foundation, and the Israel Ministry of Science (IMOS) - Eshkol
Fellowship.



Noise-Resistant Formulas: We define and study the new model of noise-resistant multilinear
formulas. Roughly speaking, noise-resistant formulas are formulas that compute the required
polynomial even in the presence of noise. We prove lower bounds of n*(!) for the depth of
noise-resistant multilinear formulas.

One ingredient of our proof is an explicit map f : {0,1}" — {0,1} that has exponentially small
discrepancy for every partition of {1,...,n} into two sets of roughly the same size. We give two
additional applications of this property to extractors construction and to communication complexity.

Mixed-Source Extractors: A mixed-2-source is a source of randomness whose bits arrive from
two independent sources (of size n/2 each), but they arrive in a fixed but unknown order. We
are able to extract a linear number of almost perfect random bits from such sources.

Communication Complexity: We prove a tight (n) lower bound for the randomized best-

partition communication complexity of f. The best lower bound previously known for this
model is Q(y/n).

1 Introduction

Arithmetic circuits are the standard model for computing polynomials. Proving super-polynomial lower
bounds for the size of arithmetic circuits and formulas is an outstanding open problem. Here we study a
new method for proving lower bounds for several subclasses of circuits. Roughly speaking, this method
is based on bounding the correlation between the coefficients’ vector of a polynomial and the coefficients’
vector of any product of two polynomials with disjoint sets of variables.

We prove tight exponential size lower bounds for two previously studied models of arithmetic circuits:
monotone circuits (that are circuits that use only positive real numbers), and orthogonal multilinear
formulas (that are formulas that are only allowed to sum two polynomials whose coefficients’ vectors are

21) Jower bounds for the depth of two new models of multilinear formulas:

orthogonal). We also prove n
non-cancelling formulas, and noise-resistant formulas. Here are rough definitions of these two models:
Non-cancelling formulas are formulas that are not allowed to sum two polynomials that almost cancel
each other — the non-cancelling model is a generalization of both the monotone model and the orthogonal
model. Noise-resistant formulas are formulas that compute well even when some small noise occurred

during the computation.

One important ingredient of our proof is an explicit map f : {0,1}" — {0,1} that has exponentially
small maximal-partition discrepancy (see Section for a formal definition). This notion is also related
to extractors construction and to communication complexity, as we will describe below.



2 Arithmetic Circuits

We start by some general definitions regarding arithmetic circuits. An arithmetic circuit ® over the
field of complex numbers C and over the set of variables X = {z1,...,x,} is a directed acyclic graph
as follows: Every vertex of in-degree 0 is labelled by either a field element or a variable. Every other
vertex is of in-degree 2, and is labelled by either + or x. There is a unique vertex in ® of out-degree 0.
An arithmetic formula is an arithmetic circuit whose underlying graph is a binary tree (whose edges are
directed from the leaves to the root).

The size of ® is the number of vertices in ®. We denote the size of ® by |®|. The depth of a vertex v in
® is the length of the longest directed path reaching v. We denote the depth of v by depth(v). The depth
of ® is the maximal depth of a gate in ®. The vertices of ® are also called gates. Gates of in-degree 0
are also called input gates. Gates labelled by + are called sum gates, and gates labelled by x are called
product gates. The gate of out-degree 0 is called the output gate. If there is a directed edge from a gate
v to a gate u, then v is called a child of wu.

An arithmetic circuit computes a polynomial in a natural way. An input gate computes the polynomial
it is labelled by (i.e., the variable or the field element). A sum gate computes the sum of the two
polynomials computed by its two children. A product gate computes the product of the two polynomials
computed by its two children. For a gate v in ®, denote by ®, the sub-circuit of ® rooted at v. Denote
by X, the set of variables that occur in ®,. Denote by </ISU the polynomial in C[X,] computed by v in ®.
Denote by ® the polynomial computed by the output gate of ®.

Before giving the formal definitions of the different models of arithmetic circuits we consider, we give
some background and motivation for these models.

2.1 Background and Motivation

Monotone Circuits Monotone arithmetic circuits are circuits over the field R that do not use negative
numbers. The model of monotone circuits has been studied in many papers, for example [Sc] [SN, [SHSN,
JSN, [SVL [TT. [V]. In particular, Shamir and Snir proved a 224v") Jower bound for the size of monotone
circuits [SHSN]|, and this is the best lower bound previously known. Moreover, Valiant showed that one
‘negation’ gate is exponentially powerful [V]. Here we prove a 2™ lower bound for the size of monotone
arithmetic circuits. Other than improving the previous lower bounds, our lower bound is tight, since it
is proved for a monotone multilinear polynomial and since a monotone multilinear polynomial always
have a monotone circuit of size roughly 2".



Multilinear Formulas Multilinear polynomials are common (e.g., determinant, and permanent). The
natural way to compute a multilinear polynomial is via a multilinear computation, as the use of high
powers during the computation requires non-intuitive cancellations. The multilinear model was first
studied by Nisan and Wigderson [NWJ. Later [R04A] proved a super-polynomial lower bound for the
size of multilinear arithmetic formulas for the determinant and the permanent. Furthermore, [R04B]
proved a super-polynomial separation between the size of multilinear arithmetic circuits and formulas.
The proof of this separation was later simplified in [RY], that also showed that syntactically multilinear
arithmetic circuits of size poly(n) are (without loss of generality) of depth O(log?(n)) (JRY] following
[VSBRI).

Proving super-polynomial lower bounds for the size of multilinear arithmetic circuits is an open problem
(the best lower bound known for syntactically multilinear arithmetic circuits is Q(n*?/log*(n)) [RSY]).
Since syntactically multilinear arithmetic circuits can be balanced, proving w(log?(n)) lower bounds for
the depth of syntactically multilinear arithmetic formulas will give a super-polynomial lower bound for
the size of syntactically multilinear arithmetic circuits. This motivates proving lower bounds for the
depth of subclasses of multilinear formulas, as we do here.

Orthogonal formulas Orthogonal syntactically multilinear formulas were first suggested and moti-
vated by Aaronson [A]. He suggested a connection between such formulas and a certain type of quantum
computations. More specifically, he defines a certain family of quantum states which he calls orthogonal
tree states. He advocates that such states represent ‘natural’ quantum states. Orthogonal tree states can
also be thought of as polynomials that are computed by orthogonal syntactically multilinear formulas.
Aaronson studied the orthogonal model and proved lower bounds for what he calls manifestly orthogonal
formulas, that are a subclass of orthogonal formulas.

Both the monotone model and the orthogonal model were already defined and studied before. We now
discuss two new models of arithmetic circuits: the non-cancelling model, and the noise-resistant model.

Non-cancelling formulas Part of the motivation for considering monotone circuits is to first under-
stand what can circuits do without any cancellations of monomials. It seems natural to generalize this
notion. One way to generalize this notion is given by the non-cancelling model. In fact, the non-cancelling
model is more general than both the monotone model (in which there are no cancellations at all) and
the orthogonal model (discussed above).

Every sum gate v in an arithmetic formula ® sums two polynomials, say f; and f;. Roughly, the non-
cancelling condition says that the norm of f; + f5 is not negligible compared to the norms of both f;
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and f;. What does this mean? Well, in the case where the norm of f; + f; is negligible compared to
the norms of both f; and f,, the two polynomials are ‘almost’ the same (with opposite signs), except
for a negligible part in which they may differ. Loosely speaking, this condition could be interpreted as
a ‘deep’ understanding ® (or the designer of ®) has about the computation of ®.

The fact that we succeed in proving polynomial lower bounds for the depth of non-cancelling syntactically
multilinear formulas, and not for (general) multilinear formulas, gives more ‘evidence’ to the ‘fact’ that
we need to understand the cancellations of monomials better.

The Noise-Resistant Model Our main motivation for this model is that it seems natural to assume
that in any ‘real” implementation of an arithmetic formula over C noise will occur. In fact, it seems that
there are two ways to implement an arithmetic computation over the field of complex numbers: either
by an analog circuit, which bound to have some noise in it, or by a digital circuit, which yields the finite
representation of complex numbers (floating point, for instance). Both of these ways seem to have an
intrinsic noise in them. So, in order to compute (or even approximate) a map g : {1, —1}" — C in a way
that will be resilient to the noise introduced by practical implementations, we want to find an arithmetic
formula that is noise-resistant to computing g.

It seems natural to think that if the noise is much smaller than the size of the formula, then the formula
computes almost the same polynomial even when noise occurs. Thus, one could expect that a polynomial
size formula is always noise-resistant for exponentially small noise. This, however, is not necessarily true.
In this paper, we prove lower bounds for the size of formulas that are noise-resistant for exponentially
small noise.

Finally, we note that in other computation models defined over C (such as quantum circuits) a noise
model was studied, and various interesting results were obtained.

2.2 Definitions

Multilinear and Monotone A polynomial f € C[X] is called multilinear, if the degree of every
variable in f is at most 1. We say that an arithmetic circuit is multilinear, if the polynomial computed
by each of its gates is multilinear. We say that an arithmetic circuit is syntactically multilinear, if for
every product gate v in it with children v; and v9, the two sets X,, and X,, are disjoint.

A polynomial f € R[X] is called monotone, if the coefficients of all the monomials in f are non-negative.
An arithmetic circuit is called monotone, if all the field elements labeling its input gates are positive real
numbers.



Polynomials as Vectors Let n € N be an integer. We denote [n] = {1,...,n}. For the rest of this
paper, we will sometimes interchange between subsets of [n], subsets of X = {z1,...,2,} and monic
multilinear monomials in the variables X (a monic monomial is a monomial whose coefficient is 1). For
example, a set T C [n] is also the set {x; : i € T'} as well as the monomial [ [, , ;.

We will focus on the following two vector spaces over the field C.

1. The vector space of multilinear polynomials in C[X'], where X’ C X (thinking of a polynomial as
the vector of its coefficients). For example, for a gate v in a multilinear formula ® over the field C
and over the set of variables X, we think of the polynomial ®, also as a vector.

2. The vector space of maps from {1, —1}" to C, where T C [n].

For two vectors w,w’ (as above), the inner product of w and w' is

(w, w,> = Z w(t)wl—(t)v

t

where the sum is over all the coordinates ¢ of the vectors (and for a € C, we denote by @ the complex
conjugate of «). Define the correlation of w and w’ as

cor(w, w') = |(w, w")|.

The vectors w and w’ are called orthogonal, if cor(w,w’) = 0. The norm of the vector w is

[wll = v/ {w, w).

Orthogonal and Non-cancelling For 7 > 0, we say that a sum gate v in an arithmetic formula @ is
T-non-cancelling, if

[o[| = 7 - max([| Py, [, [| P, []), (2.1)

where v; and vy are the two children of v. Stated differently, v is non-cancelling, if it does not subtract
two polynomials that are ‘almost’ the same. We say that ® is 7-non-cancelling, if every sum gate in ®
is 7-non-cancelling.

We say that an arithmetic formula ® is orthogonal, if for every sum gate v in ® with children v; and wvs,
cor(@vl, <f>v2) = 0;

that is, the polynomials &DUI and (/I\DUQ are orthogonal (as vectors of coefficients). So, an orthogonal
arithmetic formula is, in particular, 1-non-cancelling.
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Remark 2.1. We note that for every two vectors f and g, since

)

If + gl = [l = lgl

it holds that for T <1
, T
1f +gll = 7-min((If[l. [lg]) = [f +gll = 5 - max(lIf], lgl).

So, using minimum instead of maximum in 1s the same, up to a factor of 2.

Noise-Resistant Given an input ¢, say in {1, —1}", an arithmetic formula ® gives a natural way for
computing the value of the polynomial d on t. Upon realizing this computation of Cf(t) in the ‘real
world’, it seems reasonable to assume that some noise will occur. A natural model for this noise is that
each edge in the formula introduces a small noise into the computation. Given ® we will think of a noisy
version of @ as the same as ®, except that each edge of the noisy version is multiplied by a value that is
close to 1 (that we think of as noise).

We note that, since we are proving lower bounds, if we assume a weaker noise model, our results become
stronger. Hence, we want the noise model to be as weak as possible. We hence assume that the noise have
the following two restrictions: only sum gates introduce noise, and the noise is a positive real number
that is independent of the input.

We now turn to the formal definition of the noise model. For a gate v in an arithmetic formula &, and for
0 < e < 1, we will define below N.(®,) to be the set of maps from {1, —1}** to C that are the outputs
of all the noisy versions of ®, on inputs in {1, —1}*". Elements of N.(®,) will be called e-noisy values
of ®,. Before the definition, we make the following remark.

Remark 2.2. The polynomial ®, naturally defines a map ¢, from {1,-1} to C. Fort e {1,-1}",
the value of ¢, (t) is the value of the polynomial @, after substituting x; = t;. Since only variables in X,
occur in ,, the map ¢, is indeed from {1, —1}X“ to C.

The definition of N.(®,) is inductively as follows.

e If v is an input gate,
Ne(®o) = {d0v},
where ¢, is the map from {1, —1}\X“ to C defined by @U — see Remark (and so there is no noise
in input gates). For example, if ®, = x;, then ¢,(1) = 1 and ¢,(—1) = —1.
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Otherwise, v has two children v; and vy. We note that although ¢,, is a map from {1, —1}X”i to C we
can naturally think of it as a map from {1, =1} to C (for every t € {1, —1}"", set ¢, (£) to be ¢y, ('),
where t' is the restriction of ¢ to the entries in X,,), and so the following is well defined.

e If v is a product gate,

Na(va) = {¢v1 : ¢v2 : ¢v1 € NE((I)m) ) ¢U2 € N8(q)112)}

(and so there is no noise in edges going into product gates).

e If v is a sum gate,

NE(CDU) = {(1 + al) ' ¢v1 + (1 + a2) ’ ¢U2 : ¢U1 S Na(q)m) ) ¢v2 € NE((PW)}?

where aq, as are arbitrary real values such that
0<a;<¢e and 0<ay <c¢

(and so the edges going into sum gates introduce a noise of ‘magnitude’ at most ¢).

For a map g : {1, —1}" — C, we say that ® is e-noise-resistant to computing g, if every e-noisy value of
® is ‘correlated’ with g; that is, for every ¢ € N (®),

cor(¢,g) =€ [|8] - |y (2.2)

(where we think of ¢ and g as maps from {1, —1}" to C). So, for ® to be noise-resistant to computing
g, we only require all noisy values of ® to be weakly correlated with g. We note that we could have
introduced a new parameter (other than e, that could, perhaps, be closer to 1) to bound the correlation
in . We do not do so for simplicity of notation (and, once again, this only makes the lower bounds
stronger).

Reading the definition above the reader may ask herself whether noise-resistant formulas exist. One
example of a formula that is noise-resistant is a formula that is a sum of monomial — Every two different
multilinear monomials m and m/' in the variables X admit cor(¢,,, ¢n) = 0, where ¢,, and ¢, are the
maps from {1, —1}" to C defined by m and m’ respectively — see Remark . Thus, a polynomial of
the form ) . c;m; is not very sensitive to small changes in the ¢;’s (where the m;’s are distinct monic
monomials and the ¢;’s are their coefficients).



2.3 Results

For the rest of this section, n = 12sp is an integer, where p € N is prime and s € N is a large
enough constant (given in Theorem , and f is the multilinear polynomial over the set of variables
X = {z1,...,2,} with coefficients in {1, —1} defined below in Section [8.2] We note that f is in VNP,
Valiant’s algebraic analog of NP.

The polynomial f has negative coefficients, and so it can not be computed by a monotone circuit.
However, we can use f to define a new polynomial F' € C[X] with coefficients in {0, 1}, for which we
will also be able to prove lower bounds. The polynomial F' is defined as follows: for a monic monomial
m in the variables X, the coefficient of m in F'is

Jm +1
2

e {0,1},

where f,, is the coefficient of m in f.

The following theorem gives a tight lower bound for the size of monotone arithmetic circuits for F.

Theorem 2.3. Let ® be a monotone arithmetic circuit over the field R and over the set of variables X
computing the polynomial F' defined above. Then,

|B| = 29,

The proof of Theorem [2.3]is in Section [3}

The following theorem gives a tradeoff between the depth and 7 (the “amount of non-cancelling”) for a
syntactically multilinear arithmetic formula computing f. For example, a 2~V™-non-cancelling syntac-
tically multilinear arithmetic formula that is at least 27V™ correlated with f is of depth Q(y/n). Note
that the smaller 7 is, the less restricted the formula is. So, for proving a lower bound, the smaller 7 is,
the stronger the lower bound is.

Theorem 2.4. Let 7,¢ > 0, and let ® be a T-non-cancelling syntactically multilinear arithmetic formula
of depth d € N over the field C and over the set of variables X such that

cor(®, f) = c- 1@ - || Il

where f is the polynomial defined in Section and we think of ® and f as vectors of coefficients.
Then,
|®] - 77 > ¢ 200,
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In particular, if T <2 and ¢ > 1/2,
n
d=Q( ———
(10g(2/7)> ’

D] = 2%,

and if > 1 and ¢ > 1/2,

Since we do not know how to balance arithmetic formulas in the non-cancelling model, Theorem
does not imply an exponential lower bound for the size (for small 7). However, since every orthogonal
arithmetic formula is 1-non-cancelling, we have the following exponential lower bound for the size of
orthogonal syntactically multilinear arithmetic formulas computing f.

Corollary 2.5. Let ® be an orthogonal syntactically multilinear arithmetic formula over the field C and
over the set of variables X computing f, where f is the polynomial defined in Section 8.3 Then,

|®| = 2%,

A similar trade-off holds for a noise-resistant computation of f. For example, a syntactically multilinear
arithmetic formula that is 27V™-noise-resistant to computing g is of depth Q(y/n).

Theorem 2.6. Let 0 < e < 1, and let ® be a syntactically multilinear arithmetic formula of depth d € N
over the field C and over the set of variables X that is e-noise-resistant to computing g, where g is defined

m . Then,
n
d=Q | ——— ).
(log(2/€)>

The proof of all the theorems are given in this section are in Section [7]

Methods The proofs of the theorems above consist of two main steps. To describe the main ideas, we
focus on the proof for monotone circuits (the proofs for multilinear formulas are more technical).

The first step is showing that polynomials that are computed by monotone circuits have a ‘special’
structure — they can be represented as a sum of what we call product polynomials (see Section
below for the definition of product polynomials). More specifically, a multilinear polynomial g that is
computed by a monotone circuit of size roughly s can be written as g = » 7, g; for product polynomials
g1,---,9s. This representation of monotone circuits follows by an inductive argument (can be thought
of as ‘balancing’ the circuit).
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The second step of the proof employs the fact that f (defined above) has ‘small’ correlation with any
product polynomial to conclude the lower bound. Here is a rough sketch of this argument. Let F' be the
monotone polynomial defined above using f. Assume that F' has more 1’s than 0’s; that is, cor(f, F)
is large. Also assume that F' can be computed by a monotone circuit of size s. Using the first step,
F =37 | g; for product polynomials gi,...,gs. Thus, cor(f,g;) > cor(f,F)/s for some i. Since f has
small correlation with any product polynomial, and in particular with g;, it follows that s must be large.
We note that there are some subtleties here that we did not address.

3 Maximal-Partition Discrepancy and Applications

3.1 Maximal-Partition Discrepancy

The discrepancy of a matrix is a well known and useful property, since it measures (in some sense)
the amount of pseudo-randomness in a matrix. In computer science, it is connected to randomized
communication complexity, extractors construction, and more. In combinatorics, it is connected to
Ramsey theory.

The notion of maximal-partition discrepancy is a stricter measure of pseudo-randomness. We use known
ideas to show that maximal-partition discrepancy is connected to communication complexity and extrac-
tors construction. Furthermore, we show a new connection between maximal-partition discrepancy and
proving lower bounds for subclasses of arithmetic formulas.

We first recall the definition of the discrepancy of a matrix. Let M be an N x N’ matrix with entries in
{0,1}. A rectangle R in M is a set of the form R =Y x Z C [N] x [N']. The discrepancy of a rectangle
R in M is the difference between the number of 1’s and the number of 0’s in R divided by the size of M;
that is,

1
Discp(M) = - > (=M
(y,2)€R

The discrepancy of M is
Disc(M) = max Discr(M),

where the maximum is over all rectangles R in M.

We now define maximal-partition discrepancy. Let f be a map from {0,1}" to {1, —1}, and let A be a
subset of {1,...,n} of size k (we think of A as a partition of {1,...,n} into A and {1,...,n}\ A). For
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y e {0,1} and z € {0,1}"7", define f4 to be the 2¥ x 2"~* matrix whose (y, z) entry is f((y, z)4), where
(y,2)a is the unique vector in {0,1}" whose restriction to the entries in A is y and restriction to the
entries not in A is z. The maximal-partition discrepancy of f is the maximal discrepancy of f4 among
all sets A of size n/3 < |A] < 2n/3

For the rest of this section, n = 12sp is an integer, where p € N is prime and s € N is a large
enough constant (given in Theorem , and f is the multilinear polynomial over the set of variables
X = {z,...,z,} with coefficients in {1, —1} defined below in Section [8.2] We will also use the map g
from {1, —1}" to {1, —1} defined by

Vite{l,—1}" g(t) is the coefficient of the monomial H z;in f. (3.1)

i€[n]:

=

We note that g can be computed in polynomial time.

The property of f that we use is given by the following theorem. A multilinear polynomial f* € C[X]
is called a product polynomial, if there exist two disjoint sets X, X5 C X of size at least n/3 each, and
two polynomials f; € C[X;] and f; € C[X5] such that

f'=rh-f (3.2)
(see Section {4.1] for more details).

Theorem 3.1. Every product multilinear polynomial f' € C[X]| admits

cor(f, f') < 27| FIIILFI,

where f is the polynomial defined in Section[8.9, and we think of f and f' as vectors of coefficients.

The proof of Theorem is in Section [9] A key ingredient in the proof is an exponential sum estimate
of Bourgain, Glibichuk and Konyagin [BOGK]. A corollary of Theorem [3.1]is that ¢ has small maximal-
partition discrepancy.

Corollary 3.2. The mazimal-partition discrepancy of g is 2™ where ¢ is the map defined in .

We note that one can also consider other directions for constructing functions with exponentially small
maximal-partition discrepancy. One such direction, based on expander graphs and the Hadamard matrix,
was suggested to us by Avi Wigderson.
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3.2 Mixed-2-Source Extractors

Chor and Goldreich were among the first to consider weak sources of randomness, which are sources with
min-entropy k [CG]. Extracting randomness from one weak source is impossible (as long as k <n —1).
So, other sources of randomness were considered, such as two independent weak sources, and a few
independent sources. We note that the study of extracting randomness from a few independent sources
has advanced significantly lately [BIW], BKSSW.| BRSW/ [R05, [R] due to the well known sum-product
theorem [BKT].

We focus on mixed-2-sources that are a generalization of two independent sources. Given two independent
sources of size n/2 each and total min-entropy k, [CG| showed that the Hadamard matrix gives efficient
extraction of one random bit for £ > n/2 (we omit the dependency on the error term). The state of
the art, due to Bourgain [BO™], is a 2-source extractor that gives a linear number of almost perfect bits
for & > n(1 — §)/2 (for some constant § > 0). Here we give an explicit mixed-2-source extractor for
k> n(l —¢) (for some constant §' > 0) that gives a linear number of almost perfect random bits.

One way of thinking of a mixed-2-source extractor is as an extractor that works also when the bits of the
two random sources arrive in a fixed but unknown order. This seems to be a natural relaxation of the
well known notion of 2-source extractors, although, as far as we know, it has not been considered before.
We also note that the Hadamard matrix does not give a mixed-2-source extractor even for k =n —4 (in
fact, the Hadamard extractor can be made constant for such a k).

We start with a few preliminary definitions and notation. Let u be a distribution on {0,1}", and denote
by t ~ p an element distributed by pu. The min-entropy of u is

1
H = [[]' 1 _— N
(1) te{ogl}” 8 <,u(t)) ’

that is, the min-entropy of p is k& > 0, if the most probable element in p has probability 27%. We
denote by U, the uniform distribution on {0,1}". The statistical distance between p and the uniform
distribution U,, is
=Uah= 3 lu@) - Un(a)]
te{0,1}"

For two vectors t and ¢’ in {0,1}", denote by t o' € {0,1}*" the concatenation of ¢ and ¢'. For a
one-to-one map 7 from [2n] to [2n], denote by (¢ ot'), € {0,1}*" the reordering of ¢ o t' according to ;
that is, for every i € [2n], the i'th entry in (t o t')x is (t o t) ().
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We now give the definition of a mixed-2-source extractor. For n,m € N and k,e > 0, a map EXT :
{0,1}*" — {0,1}™ is called a mized-2-source extractor with k min-entropy requirement and error ¢, if
for every p and p/, two independent distributions on {0,1}" such that

Hoo(pt) + Heo (') = K,
and for every one-to-one map m from [2n] to [2n],
IEXT((t o t')r) = Unl1 <&,

where t ~ p and t' ~ p'.

A mixed-2-source extractor is stronger than a 2-source extractor. More specifically, a 2-source extractor
is promised to extract random bits only when 7 is the identity map. We note that we think of 7 as being
a fixed (but unknown) order in which the bits from the two random sources arrive.

The following theorem gives an efficient map that extracts a linear number of almost perfect random
bits from a mixed-2-source of randomness of high min-entropy.

Theorem 3.3. There exists a constant 3 > 0 such that the following holds. Let n = 12sp be an even
integer, where p € N is prime and s € N is the constant given in Theorem [9.1. Then, there exists
an explicit mized-2-source extractor EXT : {0,1}" — {0,1}" with m = |fn], that is computable in

deterministic polynomial time with (n — 3m) min-entropy requirement and error 27,

The proof of Theorem [3.3is in Section [L0}

3.3 Best-Partition Communication Complexity

Communication complexity was defined by Yao [Y], and has been studied extensively since. Different
models of communications complexity are related to various areas in computer science. In particular,
best-partition communication complexity is related to time/space tradeoffs for Very Large Scale Integra-
tion Circuits and to the width of branching programs (see |J]). We prove a tight €(n) lower bound for
the randomized best-partition communication complexity of an explicit function. Previously, Jukna [J]
proved an (y/n) lower bound for the randomized best-partition communication complexity of a function
(Jukna proved a lower bound for a function that has some additional properties).

We now define the framework of randomized best-partition communication complexity. There are two
players, Alice and Bob, that share a public random string of bits. There is a fixed boolean function
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g : {0,1}" — {0,1} that they both know (and assume that n is even). Let A and B be a partition
of [n] into two sets of equal size. Given an input z € {0,1}", Alice gets x4 € {0, 1}”/2 and Bob gets
zp € {0, 1}n/ 2 (where x4 is x restricted to the entries in A and xp is x restricted to the entries in B).
Alice does not know 25 and Bob does not know 4. Their common goal is to compute g(z).

The randomized communication complexity of g with respect to A and B is the number of bits Alice and
Bob need to exchange in order to compute g (as above) with a two-sided error (a two-sided error means
that they need to output the correct answer with probability at least 2/3). The randomized best-partition
communication complexity of g is the minimal randomized communication complexity of g with respect
to A and B, among all partitions of [n] to two sets A and B of equal size.

The following theorem lower bounds the randomized best-partition communication complexity of g.

Theorem 3.4. The randomized best-partition communication complezxity of g is Q(n), where g is the

map defined in .

The proof of Theorem follows using standard methods in communication complexity and using the
exponentially small maximal-partition discrepancy of g.

4 Preliminaries for Arithmetic Circuits

4.1 Product Polynomials

Let n > 3 be an integer, and let X = {z1,...,2,}. We say that a multilinear polynomial f € C[X]
is a product polynomial, if there exist two disjoint sets X7, Xo C X of size at least n/3 each, and two
polynomials f; € C[X;] and f; € C[X5] such that

f=hf (4.1)
We say that a variable x € X occurs in a polynomial f € C[X], if the degree of x in f is at least 1.

We will use the following claim.

Claim 4.1. Let n > 3 be an integer, and let X = {x1,...,x,}. Let f € C[X] be a product polynomial.
Let T C X be such that |T| < n/3. Let g € C[T] be a polynomial such that f - g is multilinear. Then,
the polynomial f - g is a product polynomial as well.
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Proof. Let X', X" C X be the two disjoint sets given by the fact that f is a product polynomial, and
let f" € C[X’] and f” € C[X"] be the two polynomials given by the fact that f is a product polynomial.
Let T" C X' be the set of variables in X’ that occur in f’, and let 7" C X" be the set of variables in X"
that occur in f”. So, f’is in C[T"] and f” is in C[T"]. Assume without loss of generality that |7"| > |T"|.
Since f"- f” - ¢ is multilinear, the sets 7", 7" and T are pairwise disjoint. Consider two cases:

1. |T"| > n/3 (and hence |T"| > n/3). Thus, f-g= f"-(f"-g) is a product polynomial (with the sets
T and T"UT).

2. |T"| < n/3. Thus, [T" UT| < 2n/3. Since f is a product polynomial, |T'| < 2n/3. So, let S” be a
subset of X \ 7" of size at least n/3 and at most 2n/3, such that 77U T C §” and let S’ = X \ 5.
Thus, f-g=f"-(f"-g)is a product polynomial (with the sets S" and S”). ]

4.2 Norm of Product of Polynomials

The following claim shows that the norm is multiplicative (in a certain case).

Claim 4.2. Let f and g be two polynomials in C[X| such that f - g is multilinear. Then,
1= gll = [L£I - [lgll-

Proof. For a polynomial F' and a monomial m, we denote by F;,, the coefficient of m in F. Denote by A
the set of variables that occur in f, and denote by B the set of variables that occur in g. Since f - g is
multilinear, the sets A and B are disjoint. Furthermore,

If -9l =11 - dasl =D |fa- 9el® = (Z !fa\2> (Z \gblz) =17 llall?,
a,b ab a b

where the sums are over all multilinear monomials a in the variables A, and all multilinear monomials b
in the variables B. O

5 Monotone Arithmetic Circuits
In this section we prove Theorem [2.3] that gives a tight lower bound for the size of monotone arithmetic

circuits. The proof of this theorem already gives a lot of the details needed to prove the lower bounds
for the various other models we consider.
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5.1 The Structure of Monotone Circuits

In this section we prove the following lemma about the structure of monotone syntactically multilinear
circuits.

Lemma 5.1. Let n > 3 be an integer. Let ® be a monotone syntactically multilinear arithmetic circuit
with s € N edges over the field R and over the set of variables X = {x1,...,x,}. Then, there exist s+ 1
monotone product polynomials g1, ..., gsi1 € R[X]| such that

¢ = Z 9i
1€[s+1]

(the definition of a product polynomial is in Section [4.1)).

Proof. The proof follows by induction on the number of edges in ®.
Assume without loss of generality that ® has a unique output gate v computing .
Induction Base: The gate v is an input gate.

Since n > 3, the polynomial P is a product polynomial. Thus, the lemma follows with ¢; = d (since
s >0).

Induction Step: The gate v is not an input gate.
If | X,| < 2n/3, then ® is a product polynomial, and the lemma follows with g; = ® (since s > 0).
Assume that | X,| > 2n/3. Every gate u in ® with children u; and uy admits | X, | < |X,, | +|Xu,|. Thus,
there exists a gate v in ® such that

n/3 < |Xu| <2n/3
(u is the first gate that satisfies the above, going down in ® from v, when each step is to the child with
the maximal number of variables).

Let W be the circuit ® after substituting a new variable y instead of w. Since ® is monotone and
syntactically multilinear, there exists a monotone multilinear polynomial h; in the set of variables X \ X,
such that

U =Ry -y + ho,

where hs is the polynomial computed by U after substituting y = 0. By the definition of ¥,

O =hy- D, + ho.
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Since ®,, is monotone and since n/3 < |X,| < 2n/3, the polynomial h; - ®, is both monotone and a
product polynomial.

Denote by ¥q the circuit ¥ after substituting y = 0. The circuit ¥ is a monotone syntactically multilinear
circuit for hy and it has at most s — 1 edges. By induction, there are s monotone product polynomials
g1, -+, 9s € RIX] such that

~

Thus, setting gs11 = hy - ®,,, the lemma follows. O

5.2 Proof of Theorem 2.3

For a monomial m in the variables X and a polynomial h € R[X], we denote (in this section) by h(m)
the coefficient of m in h (this may be misleading, as h is also a function, but we do so for simplicity of
notation.) Let f be the polynomial defined in Section and let F' be the polynomial defined as

F(m):f(mTHle{O,l},

for every monomial m in the variables X. Let ® be a monotone arithmetic circuit over the field R and
over the set of variables X computing F'. Since ® is monotone, we can assume without loss of generality
that @ is also syntactically multilinear. By Lemma [5.1] since the in-degree of ® is at most 2, there exist
at most s = 2|®| + 1 monotone product polynomials ¢y, ..., gs € R[X] such that

1€[s]

By the definition of F, since

> flm) >0,

where the sum is over all multilinear monomials in the variables X, we have (recall that |f(m)| = 1),
R eVIWES: N fm) oo
(A =2 7y —fm=25+3 5 22
Since the polynomials ¢y, ..., gs are monotone, for every monomial m the following holds.
e If f(m) = —1 (which implies F(m) = 0), then g;(m) = 0, for every i € [s].
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e If f(m) =1 (which implies F(m) = 1), then 0 < g;(m) < 1, for every i € [s].

Thus, for every i € [s], we have (gi, f) > 0 and [lg;| < ] Hence, since

Z 927 - > 2n—17
i€ls]

there exists j € [s] such that
(g5, f) = 2" /s.

Since g; is a product polynomial and since ||g;|| < || f||, using Theorem 7
(5> £ < 27 gllIlf]] < 2720 |2 = 2-2mn,

So, since s < 2|®| + 1,
|CI)| - 2Q(n)7

and the theorem follows. O

6 Sum Trees

In this section we define and study sum trees. We first show that every syntactically multilinear arithmetic
formula can be thought of as a sum tree with certain properties. We then show that sum trees do not
increase the correlation with a given polynomial during their computation. This will enable us to bound
the correlation between the polynomials computed by non-cancelling or noise-resistant syntactically
multilinear arithmetic formulas and a certain family of polynomials. In the next section we will use
this bound on the correlation to prove lower bounds for non-cancelling and noise-resistant arithmetic
formulas.

6.1 Definition

A sum tree ¥ over the field C and over the set of variables X = {zy,...,x,} is a directed binary
tree (whose edges are directed from the leaves to the root) as follows: Every leaf in U is labelled by a
polynomial in C[X]. All vertices of in-degree 2 in ¥ are labelled by +.

The notation and definitions of sum trees are the same as of arithmetic formulas. We will now give a
few examples. Every gate v in a sum tree computes a polynomial ¥, in C[X,] (where leaves compute
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the polynomials they are labelled by). A sum tree W is 7-non-cancelling if every sum gate v with two
children vy and v in it (these are all the inner gates of V) admits

W] = 7 - max(|[ W, ||, [[We,])-

The set of noisy values of a sum tree N.(V,) is defined the same as for formulas. We note that in the
case of sum tree an input gate u computes an arbitrary polynomials ¥,,, and so the set of noisy values of
u is composed of a single element which is the map from {1, —1}** to C defined by ¥, (see Remark .

6.2 Multilinear Arithmetic Formulas as Sum Trees

We now show that every syntactically multilinear arithmetic formula can be transformed to a sum tree in
which the input gates are labelled by product polynomials (for the definition of a product polynomial see
Section . We note that for every polynomial, there is a sum tree ¥ of size 1 computing it. However,
the input gate of W is not (necessarily) labelled by a product polynomial.

Theorem 6.1. Let n > 3 be an integer, and let T,e > 0. Let ® be a T-non-cancelling syntactically
multilinear arithmetic formula over the field C and over the set of variables X = {xy,...,z,}. Then,
there exists a T-non-cancelling sum tree ¥ of size at most |®| and of depth at most the depth of ® over
the field C and over the set of variables X computing & such that every input gate in V is labelled by a
product polynomial. Furthermore,

N (V) C N(®).

Proof. We will in fact prove the following claim. Let v be a gate in ®. Then, there exists a 7-non-
cancelling sum tree ¥, of size at most |®,| and of depth at most depth(v) over the field C and over the
set of variables X, computing (TDU such that every input gate in V¥, is labelled by a product polynomial.
Furthermore,

N.(U,) C N(D,).
The proof will follow by induction on the size of ®,. Consider the following four cases:

Case one: v is an input gate. Set U, to be an input gate labelled (TDU. So, U, is a sum tree of size 1
and of depth 0 over the set of variables X, computing Cfv such that (since n > 3) the input gate of ¥, is
labelled by a product polynomial. Since ¥, has no sum gates, it is 7-non-cancelling. Furthermore, since
there is no noise in input gates, N.(¥,) C N.(®,).
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Case two: v is a sum gate with children v; and vs. By induction, there exist two sum trees ¥,, and
U, with the above properties. Set ¥, = ¥, + ¥,,. By induction,

v,=v, +¥, =9, +o, =,.
Furthermore, since ® is 7-non-cancelling,

Wyl = 7 - max([[Wo, ||, [[We,]])-

So, by induction, ¥, is a 7-non-cancelling sum tree of size at most |®,| and of depth at most depth(v)
over the set of variables X, computing ZI\DU such that the input gates of W, are labelled by product
polynomials. Furthermore, let ¢, € N_(¥,). Thus, there exist a;,as € R that admit 0 < oy < ¢ and
0 < g < € such that

y = (1 +a1) '%1 + (1 +O‘2)'1/Jv2?

where 1, € N.(¥,,) and v,, € N.(¥,,). By induction, ¢,, € N.(®,,) and v,, € N.(P,,), and so
1y € Ne(®,). Thus, N.(¥,) C N (D).

Case three: v is a product gate with children v; and ve such that the sets X,, and X,, are of size at
least n/3 each. Since ® is syntactically multilinear, X, N X,, = 0. So, the polynomial o, = @Ul . @UQ is
a product polynomial. Set ¥, to be an input gate labelled by <T>v. So, U, is a sum tree of size 1 and of
depth 0 over the set of variables X, computing EI\Dv such that the input gate of ¥, is labelled by a product
polynomial. Since W, has no sum gates, it is 7-non-cancelling. Furthermore, since there is no noise in
input gates, N.(¥,) C N.(®,).

Case four: v is a product gate with two children v; and vy such that (without loss of generality)
| X4,| < n/3. By induction, there exists a sum tree ¥ = ¥, satisfying the above properties with respect
to v1. Recall that for a gate u in V', we defined \/I;; to be the polynomial in C[X,,]| that u computes in
V. Set ¥ = W, (we denote W, by ¥, for simplicity of notation) to be the same as W', except that each
input gate u in ¥’ is labelled in ¥ by

D,

u

There is a one-to-one correspondence between gates in W' and gates in W. We think of a gate u both as
a gate in U’ and as a gate in W. It follows by induction (on the structure of W) that each gate u admits

U, =T -,
So, if u; and uy are the children of u, using Claim since X, NX,, = 0, and since ¥’ is 7-non-cancelling,

[Vull = WL 1P| = 7 - max([[Wa, ||, [P, ).
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So, W is 7-non-cancelling. By induction, U= @vl, which implies U = ®,. For every input gate u in \If
since W/, is a product polynomial in C[X,,], since X,, N X,, = 0, and since | X,,| < n/3, using Claim 4
it follows that W, = \IJ <I>U2 is a product polynomial. So, ¥ is a sum tree of size at most |®,| and of
depth at most depth(v ) over the set of variables X, computing CI>U such that the input gates of U are
labelled by product polynomials.

Furthermore, let ¢ € N.(¥), and let ¢,, € N.(®,,) be the map defined by ®,,. It follows by induction
(on the structure of W) that there exists ¢’ € N.(¥’) such that

¢:¢/'¢v2'

By induction, ¢ € N.(®,,), and so ¢ € N.(®,). Thus, N.(¥) C N.(D,). O

6.3 Sum Trees Do Not Increase Correlation

In the previous section we have shown that without loss of generality every syntactically multilinear
arithmetic formula is a sum tree, whose input gates are labelled by product polynomials. We now
bound the correlation between a polynomial computed by a sum tree and a given polynomial, using the
correlations in the input gates.

Theorem 6.2. Let n € N be an integer, let 7 > 0 and let 0 < e < 1. Let ¥ be a T-non-cancelling sum
tree of depth d over the field C and over the set of variables X = {x1,...,x,}. Let § >0, and let f be a
polynomial in C[X] such that for every input gate u in ¥,

cor((I\/u,f) <d- ”{I}uH NIfIl-

Then,
cor(W, f) <& - |W] - || f]| - [¥] -7~

Furthermore, let g be a map from {1,—1}" to C such that for every input gate u in U,

cor(thu, ) < 0 - ||[vull - llgll,

where 1, : {1 —1}" — C is the unique element of N.(V,) (recall that 1, is the map defined by the
polynomial U, - see Remark . Then, there exists 1 € N.(V) such that

cor(t,g) <& [[0]] - llgll - (/6)~°
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Proof. The proof follows by induction on the size of ¥. Let v be the root of ¥, and consider the following
two cases:

Case one: v is an input gate.
Since |¥| =1 and since d = 0,

cor(, f) <& [ W) - £l =d- 1@ - |1 £] -] 77,
and
cor(, g) < - [[¢] - gl - (¢/6)77,
where ¢ € N (V).

Case two: v is a sum gate with children v; and wvs.
By induction,
cor(Wyy, ) < 8- [ Wy [l - 1 F]] - [We, | - 77

and
cor(Woy, ) <6 Wy || - 1FI] - [T, | - 779

So,

cor(W, f) = cor(kav1 + \TJUQ,f) < cor(\flvl,f) + cor(\ffw, f)
< 6 max([|Wo, [, [Wool) - 1FI1- (W0, ] + [Toy|) - 774

Since VU is 7-non-cancelling,
max (|| Wy, ||, [Ty, ||) < 771 2]

So, since |V, | + |V,,| < [V],
cor(W, f) <o~ | fIl- |- [¥]- 7

Similarly, there exist ¢, € N.(V,,) and 9, € N.(V¥,,) such that

cor(tuy, 9) < 8- [Yurll - llgll - (£/6)7

and
cor(Yu,, 9) < 8- 9w, || - lgll - (£/6) 1.

Assume without loss of generality that ||¢,, || > |[1.,]|. There are two possibilities:
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[V, + Yoy || > €/2 - [[Y, .
Then, we set ¢ = 1), + 1,,, and so ¥ € N, (V). Thus,

[Pl = &/2 - [|4bw ]|

‘|¢v1 + ¢’U2“ < 8/2 ’ meH
Then, we set ¢ = (1 + €)1y, + 1y, and so ¥ € No(¥). Thus,

[0l = € - [0, | = Nlvbu, + Yol > €/2 - |lthy, |-
So, since € < 1,

cor(yh,g) < (1+¢) - cor(hy,, g) + cor(thu,, g) < 30 ([, [| - llgll - (£/6)™ <6 [lv]l - llgll - (/6)~

7 Lower Bounds for Multilinear Formulas

In this section we prove the two lower bounds for non-cancelling and for noise-resistant syntactically
multilinear arithmetic formulas.

7.1 Proof of Theorem

By Theorem [6.1] there exists a 7-non-cancelling sum tree ¥ of size at most |®| and of depth at most d
over the field C and over the set of variables X computing ® such that every input gate in W is labelled
by a product multilinear polynomial. So, by Theorem every input gate v in ¥ admits

cor(Wy, f) < 27 [0, || - || £].
So, by Theorem , since U = ZI\D,
e 1W< cor(W, f) < 2790 - [ £]] - [®[ -7

24



Thus, since |¥| < |/,
B[ - 771> ¢ 29,

Furthermore, since |®| < 29, setting ¢ = 1/2 and assuming 7 < 2,

1= (i)

7.2 Proof of Theorem 2.6

By Theorem [6.1], there exists a sum tree U of size at most |®| and of depth at most d over the field C
and over the set of variables X such that every input gate in ¥ is labelled by a product polynomial, and
such that N.(¥) C N.(®).

Let u be an input gate in ¥, and let 1, be the unique element of N.(V,) (recall that 1), is the map
defined by the polynomial ¥, — see Remark . Since W, is a product polynomial, 1, is the vector of
coefficients of a product polynomial (different than ¥,,). So, by Theorem , and by the definition of g,

COT(ZDU,Q) < 2—Q(n) ’ ||77Z}u|| ) ||g||
So, since @ is e-noise-resistant to computing g, and by Theorem , there exists ¢ € N.(V) such that
e-[[9l - llgll < cor(, g) <27 - || - |lg]l - (£/6)~7.
So,

1= (i)

8 The Explicit Construction

In this section we construct a multilinear polynomial f that is ‘uncorrelated’ with any product polynomial
(for the definition of a product polynomial see Section . That is, every product multilinear polynomial
1 € C[X] admits

cor(f, ') < 27" FIILF
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(see Theorem [3.1)). The definition of f requires some preliminaries, so we defer it to Section We
note that the coefficients of monomials in f are either 1 or —1. We also note that the coefficients of

monomials in f can be computed efficiently, and so f is in VNP, which is Valiant’s algebraic analog of
NP.

8.1 Preliminaries

Additive Characters Let p € N be a prime integer, and let F = GF(2”) be the field of size 27. Every
y € F can be thought of as a vector (yi,...,y,) € {0,1}". The inner product of two field elements
y=(y1,...,yp) and z = (21,...,2,) is defined as

<y,Z> - Zyzzz € {07 1}
i€[p]

(where the sum is modulo 2). For z € F, define the map ¢, : F — C as
Vyel v.(y) = (-1
So, every y and ¢’ in F admit
by +y) = (y) - ¥a(y). (8.1)
The map v, is called an additive character of F. If z is non-zero, then 1, is called a non-trivial additive

character of F. So, the image of a non-trivial character is {1, —1}.

Monomials as Field Elements Let n = 12sp be an integer, where p € N is prime and s € N is the
constant given in Theorem . Let X = {x1,...,2,} be a set of variables, and let F be the field of size
2. Recall that we think of field elements in [ also as vectors in {0,1}”. For a multilinear monomial m
over the set of variables X and for i € [12s], we denote by y; = y;(m) € F the field element defined as

Vjelpl (yi); = the degree of z,;_1y4; in m.

8.2 Definition of f

Let n = 12sp be an integer, where p € N is prime and s € N is the constant given in Theorem [9.1] Let
X ={x1,...,x,} be a set of variables, and let F be the field of size 2P. Let ¢ be an arbitrary non-trivial
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additive character of F (we note that the fact that ¢ is arbitrary will be used in Section [L0|in the proof
that the extractor works).

We define the multilinear polynomial f € C[X] by defining the coefficients of the monomials in f. Let
m be a monic multilinear monomial over the set of variables X. For every i € [12s], let y; = y;(m) € F
be the field element defined in Section [8.1] Define the coefficient of m in f to be

Yy - Y2 - -y12s) € {1, —1}.

9 The Explicit Construction Works

In this section we prove Theorem i.e., that f is uncorrelated with any product polynomial.

9.1 An Exponential Sum Estimate

We will use the following exponential sum estimate of [BOGK] (see also [B0]). We state a weaker result
than the result of [BOGK].

Theorem 9.1. There exist two constants, an integer s € N and 3 > 0, such that for every prime p € N,
for every family of sets Ay, ..., Ay C GF(2P) of size at least 2P/* each, for every non-zero field element
z € GF(2P), and for every non-trivial additive character ¢ of GF(2P),

ST Gl ge g | S 2707 |AY - A A,

Y1 €Aq,..., Ys €As

9.2 Preliminaries

We recall the Cauchy-Schwarz inequality: for every N € N and for every two vectors (wy,...,wy) and
(t1,...,ty) in CV,
2
3wl < (3 ) (3 IP).
¢e[N] te[N] Ce[N]

In this proof we use the following notation. For a multilinear polynomial " in C[X| and for a multilinear
monomial m in the variables X, we denote by F(m) € C the coefficient of m in F. This may be
misleading, as F' is also a function, but we do so for simplicity of notation. We note that in this section
we will think of a polynomial always as a vector of coefficients, and not as a function.
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9.3 Proof of Theorem [3.1]

Let f* € C[X] be a product multilinear polynomial. Thus, there exists a partition of X into two sets
A and B (ie., AUB = X and AN B = () of size at least n/3 each, and two multilinear polynomials
g € C[A] and h € C[B] such that

f"=gh.

The proof continues as follows. We will identify two sets A; C A and B; C B that will enable us to use
the exponential sum estimate of [BOGK] to bound the correlation between f and f’. We will then give
some notation, and finally we will bound the correlation between f and f’.

9.3.1 Identifying A; and B,

For i € [12s], set
X (i) = {@-1p+s + JE I}
and set
A(i) = AN X (i) and B(i) = BN X (7).
The following proposition will give A; and B; (see and below).
Proposition 9.2. There exists a set I C [12s] of size s such that for every i € I,

|A()| = p/4.

Proof. Let I’ be the set of i € [12s] such that |A(7)| > p/4. Since |A| > n/3, we have
dsp < |A| < |I']-p+ (12 — [I']) - p/4,
which implies |I'| > s. Set I to be a subset of I’ of size s. O

Let I C [12s] be the set given by Proposition [9.2] and let J = [12s] \ 1. Set

Ar=|JA() and Ay = A\ Ay, (9.1)
el
and set
By =|JB(i) and B, =B\ B;. (9.2)
ieJ

So, since |B| > n/3, since every i € I admits |B(i)| < p and since |I| = s, we have

|B1| > |B| — sp > 3sp.
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9.3.2 Notation

For a set of variables T' C X, we write ¢ (or t') when ¢ (or ¢) is a monic multilinear monomial in the
variables T'. For example, b; (or b)) is a monic multilinear monomial in the variables B;. Recall that
f(m) € C is the coefficient of the monomial m in f, and recall that for ¢ € [12s], the field element
y;i = y;(m) € F is defined as

Vjelpl (yi); = the degree of z,;_1y4; in m.

For a monomial ay over the set of variables Ay, and for two monomials b; and b} over the set of variables

Z(as, by, by Hyz asby) — H?Jz’(a2b,1) cF

B, we denote

ieJ icJ
Denote by S(as) the set of pairs (b1, b}) such that Z(as, b1, b}) = 0. Denote
—fay ¢ |S(ay)] > 2BI2Y
and denote
{ag : S (ay)] < 245 p/12}

(the compliment set of Sy).

9.3.3 Bounding the Correlation Between f and [’

Recall that

cor(f, f') = cor(f,gh) = Z fla1azb1ba)g(araz)h(bibs)],

a1,a2,by,ba
where the sum is over all monomials a; in the variables A;, all monomials ao in the variables A,, all
monomials b; in the variables B; and all monomials b, in the variables Bs.

Denote

Cr=|>_ > flarasbiba)g(aras)h(biby)|

a2€S1 a1,b1,b2

and

Co=|>" > flarasbiba)g(aras)h(biby)] .

a2€S2 a1,b1,ba
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Therefore,
cor(f, f1) < Cy + .

We bound the correlation between f and f’ by bounding C; and Cs.

Proposition 9.3. There exists a constant 31 > 0 such that
Cy < 27| LA
Proposition 9.4. There exists a constant B2 > 0 such that

Co < 2727  F[[1 £l

We defer the proof of Proposition [9.3] to Section [9.3.4] and the proof of Proposition [9.4] to Section [9.3.5]
Using Propositions and since p = Q(n), we have

cor(f, f) < 27" FIIF1,

which completes the proof of Theorem [3.1] O

9.3.4 Proof of Proposition [9.3

Recall that we want to bound from above

01: Z Z f(alalebQ)g(alag)h(blbg) y

a2€S1 a1,b1,b2

where
S1 = {GQ : |S(ag)| > 22\Bll—p/12}'

First, we will bound the size of S; from above. We denote by S the set of triplets (az, b1, ]) such that
Z(ag,by,0)) = 0. To bound the size of S; we bound the size of S.

Claim 9.5. For every large enough p,

|S| < 92|Bi[+|A2|-p/6
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Proof. We will first bound the number of triplets (as, by, b}) such that

H?Ji(%b/l) = 0. (9.3)

ieJ
Since
AU By = x(i),
icJ
and since |J| = 11s, all the monomials of the form ayb; are all the 2''? monomials in the variables

Uics X (7). Note that for every monomial asb,

Vied yilady) #0 < Hyi(agb'l) #0,

e

and that for every i € .J, the number of pairs (ay, b)) for which y;(asb}) = 0 is 21P11H421=2 S5 by the
union bound, the number of pairs (ag, b;) for which (9.3 holds is at most

‘J’2|Bl\+|A2I*p — 11g2!B1l+[Az2[=p
Hence, the number of triplets (as, by, b]) for which (9.3)) holds is at most

9Bl | 1142!Bil+lA2l=p — 11 492IBil+[A2]|—p

We will now bound the number of triplets in S for which (9.3) does not hold. Since |B;| > 3sp, there
exists j € J such that

1B(j)| > p/4.
The number of triplets in .S for which (9.3)) does not hold is at most the number of triplets (aq, by, b}) in
S such that I (ash))
icg Yila@
yj(a2b/1) = H eJ '(2 1b/)
ieJ\{j} Yild201

(note that [, A} y;(agb}) is non-zero). So, the number of triplets in S for which 1' does not hold is

at most
22|Bl |[+[A2|—p/4

We conclude that, for large enough p,

‘S| < 11522IB1l+[Az2|—p + 92|B1|+[Az2[—p/4 < 92|B1|+[A2[=p/6
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The following corollary bounds the size of Sj.
Corollary 9.6. For every large enough p,

8] < gHel=p/12,

Proof. Using Claim [0.5] for every large enough p,

2B+ Azl=p/6 > 1 g| = Z 1S(ag)| > |Sy| - 2%B11=P/12,

a2

So, for large enough p,
1S1] < 9lA2|=p/12

Back to the proof of Proposition Recall that

Z Z f(arasbiby) f'(ayashiby)] .

a2€81 a,b1,ba

By the Cauchy-Schwarz inequality,

= Z Z ’f al&zblb2 Z Z ‘f a1a261b2’

a2€51 a1,by,b2 a2€51 ay,by,b2

Since the coefficients of f are in {1, —1} and since the sum is only over as € Sj,

C1 < \Jlsi ) .

By Corollary [0.6] for every large enough p,
Cy < oAl HAs 1B+ Bal) /2024 1)1
Thus, since || f|| = 2"/? and since |A;| + |As| + |Bi| + | B2| = n, there exists a constant 8; > 0 such that
Cr < 2727|I£IILFIs

which completes the proof of the proposition. O
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9.3.5 Proof of Proposition

Recall that we want to bound from above

Z Z f(alazblb2)9(ala2)h(blbz) )

a2€S52 a1,b1,b2

where
— {ay : |S(ag)| < 2P0}

We first prove the following claim.

Claim 9.7. There exists a constant 33 > 0 such that for every multilinear monomial as over the set of
variables As, and for every multilinear monomial by over the set of variables B,

2

Z Z flaragbiby) f(ayazbiby)| < 22141l <|S(a2)| + 22|B1|—53P>.

by ,bll al

Proof. Let as be a multilinear monomial over the set of variables A,, and let by be a multilinear monomial
over the set of variables By. For every ¢ € J, we have that y; does not depend on the variables in either
Aj or By. Similarly, for every i € I, we have that y; does not depend on the variables in either A, or
B,. Let a; be a multilinear monomial over the set of variables A;, and let b; and b} be two multilinear
monomials over the set of variables B;. Thus,

[T vilarasbibn) = [ wilarastibs) = [Jwilarbo) [ wilashr) — [ wi(arbo) [ ] ilast))

1€[12s] 1€[12s] iel ieJ iel icJ
— [T witoat) (T azbs) = T witazth)
i€l ieJ ieJ
= a2,b1, Hyz Cl1b2
i€l

(by the definition of Z(as, b1, b})). Recall that
Z(ag, by, bll) =0& (bl, bll) S S(CLQ). (94)

Thus, by the definition of f, since ¢ is an additive character of F (using (8.1])),

( as, bl,bll) Hyi(a1b2)> ‘ .

el

Z faraghyby) f(ayazbby)
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Denote by iy, ..., the elements of I. For all j € [s], denote
A1(j) = AN X (i)

So, Ai(1),...,A1(s) is a partition of A;. In the following sums a;(j) is a monomial in the variables

A (j). By Proposition 0.2} for all j € [s],

|41 ()] = p/4.
Therefore, if (by,b]) & S(as), then, by (9.4) and by Theorem [9.1] there exists a constant o > 0 such that

- Z v <Z<a2ab17b,1)Hyi(a1bQ)>

a1(1),+,a1(s) el
< 9~ apHAI(D)|+[AL(2)] -+ AL (s)]

Zf alagblbg alagb bg)

9—ap+|Ai]

Also if (by, b)) € S(az), then

bg alaQb’ bg) < 2|A1|.

Therefore,
2

< |S(ag)[22M41 4 92Brlg=2ap+2Ar]

D

b1,b)

Zf a1a25152 (IlaQb bz)

al

So, there exists a constant 33 > 0 such that

D

b1,b,

2

Zf (a1a2b1bs) f(arasby 1)2) < 22|A1|(\S(a2)\ + 22|Bl|753p>.

al

We will use the following corollary.

Corollary 9.8. There exists a constant 34 > 0 such that

2.2

a2€Ss by

2
< 2 g 2

Z f(a1a2b1b2)g(a1a2)h(b1bg)

a1,b1

34



Proof. Denote

So,

2

(2

az2€S2 by

Z f(alazblbz)g(a1@2)h(blb2)

ai,by

2

= 2.2

a2€Sy by

Zg a1a2 Zf alazblbz 5152)

al

Using the Cauchy-Schwarz inequality,

R

2

= Z Z <Z|9(@1a2)|2><z Zf a1azb1b2)h(b1bs) >
a2€Sy ba ay a1

= D> (Z |9(aras I2> (ZZf (arashibs) f a1agb’1b2)h(blbg)h(b’1b2)>
a2€852 by by,by a1

= 3 S (S lgtman) ) (30 hbbh(bibn) 3 Flarashiba) flarasbib) ).

a2€S2 ba a1 bl,bll

Again, using the Cauchy-Schwarz inequality,

a2€Ss by al

ai

Z Z <Z|g(a1a2)|2> \/Z W (bybo) B(BDs)]2 Z

bl,bll b1 b/

So, using Claim [0.7]

2

\/22|A1| <|5(a2)| 1 92Bi|- 53p>

aQGSQ bo al

< 33 (X lgtara) J S (i) ?

So, by the definition of Sy, for large enough p, there exists a constant §4 > 0 such that

R

Zf a1a25152 (116125 52)

IA

Z Z (Z lg(ar1a2) ) (Z | (b10s)| >\/22|A1 <22|BIH’/12 + 22|Bl\fﬂ3p>

a2€S2 bo
< B
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Back to the proof of Proposition Recall that

Z Z 1 Z f(a1a2b162)g(alag)h(blbg)

a2€Ss by a1,b1

Cy =

So, using Corollary 0.8 and the Cauchy-Schwarz inequality,

NDIDIENDIDD
a2€Ss by a2€S2 be

< Qll/2HB 29 A/ 2HBA/2=Ban/2) g 11|

2

Cs

IN

Z f(a1a2b1b2)9<a1a2)h(b1b2>

a1,b1

By Claim [4.2] we have || f'|| = |lg|||A]. Thus, since ||f|| = 2% and since |A;| + |A| + | By| + | Ba| = n,
there exists a constant F > 0 such that

Co < 27| £,

which completes the proof of the proposition. O

10 Mixed-2-Source Extractors

In this section we construct a mixed-2-source extractor.

10.1 The Extractor

Let n = 12sp be an integer, where p € N is prime and s € N is the constant given in Theorem [9.1] Let
Bo be the constant in the Q(-) in Corollary (3.2 and set

B=05/8
(also assume that 5 < 1/8). Let
m= |0 -n] and k=n—3m.
Recall that m is the length of the output of the extractor and that k is the min-entropy requirement.
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We think of {0,1}" as the field F of size 27 (see Section [8.1)). For ¢ € {0,1}" and i € [12s], define
y; = yi(t) € F as

Viell W=t
Define the map F' from {0,1}" to F by

F(t) :F(yla--~7y12s) =Y1-Y2 " Y12s-

The extractor EXT : {0,1}" — {0,1}" is defined as the m most significant bits of F(-). That is,
ExXT(t) = (Fi(t),. .., Fn(t)),

where Fi(-) is the i’th coordinate of F(-), for every i € [m]. Note that EXT(-) can be computed in
deterministic polynomial time. Also note that m and k are as required by Theorem

10.2 Proof of Theorem 3.3

The proof of the theorem follows by an argument known as Vazirani’s XOR lemma.

n/2
2

Let p; and po be two independent distributions on {0, 1} recall that n is even) such that

Hoo(ﬂl) = kl HOO(IUQ) = k‘g and k’l —+ kz 2 k.

Assume without loss of generality that i, is a uniform distribution on a set A; C {0, 1}"/ 2

uniform distribution on a set 4, € {0,1}"2, and that

, that ps is a

‘A1| ' ‘A2| Z (2k1 — 1)(2k2 _ 1) 2 2]671’

where the last inequality follows since both k; and ko are at most n/2 and since 6m + 4 < n (u; and o
can be written as a convex combination of such distributions - see Remark below).

Remark 10.1. The set of distributions with min-entropy k' form a convex body. Thus, every distribution
with min-entropy k' can be written as a convexr combination of the extreme points of this body. In addition,
if 28 is an integer, then the extreme points of this body are exactly the distributions that are uniform on
a set of size 2.

Let t; ~ py and let t9 ~ ps. Thus, ¢ is a uniform element of A; and ¢, is a uniform element of A,. Let
7 be a one-to-one map from [n] to [n], and denote t = (t; o t3),. Thus, ¢ is the input for the extractor.
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Denote by W the random variable EXT(t). To prove Theorem we need to show that W is close to
uniform; i.e.,

W = Ul < 2777

(W means the distribution on {0,1}" defined by W). The proof has three main steps. The first step
is to show that every XOR of the bits of W is almost uniform. The second step is to use Parseval’s
equality and conclude that the distance in 2-norm of W from uniform is small. The third step is to use
Cauchy-Schwarz inequality to conclude that the statistical distance of W from uniform is small.

10.2.1 Every XOR of the Bits of W Is Almost Uniform

We will denote by W the XOR of all the entries of W that are in S. Formally, for S C [m], denote

Fs=EPF,

=

and denote

Ws = Fs(t),
where t = (t] 0 to)r, t1 ~ puy and to ~ ps.
In this section we will prove that for every nonempty S C [m)],

W — Uy, <273 (10.1)

(Ws means the distribution on {0, 1} defined by Wg). The proof will follow using the small maximal-
partition discrepancy of f (see Section for definitions).
The map 7 defines a partition of [n] to two sets 7= *({1,...,n/2}) and 7~ '({n/2 +1,...,n}). This
partition defines a 2/2 x 272 matrix M whose (r1,75) entry is Fg((ry o r2),), where 71,75 € {0, 1}”/2.

Recall that f(-) is defined as ¢(F(-)), for an arbitrary non-trivial character 1, and note that (—1)¥s() =
Y (F(-)), where ¢(+) is a non-trivial character of F. Thus, Corollary [3.2in fact shows that the maximal-
partition discrepancy of Fy is at most 277" which implies that

Disc(M) < 275,

The sets A; and As define a rectangle R in M. The random variable Wy is a uniform element of R.
Thus,

2
| Ap|[Asl

as claimed (where the last inequality follows since 6m + 1 < [yn).

HWS — UlHl = DISCR(M) < 2n—(k—1)—ﬁon < 2—3m’
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10.2.2 Distance of Ext from U,, in 2-Norm is Small

By Parseval’s equality and by ((10.1)),

Y PrW =gl =Un(@)*=2" D ([Ws—Uyfs)*> <27 (10.2)
ge{0,1}™ SC[m]:S£0

(the following remark gives additional details, for completeness).

Remark 10.2. We recall some definitions regarding Fourier transform. We think of G &f {0,1}" as an

abelian group (with addition of vectors over GF(2)). For every S C [m|, the map s from G to C defined
as

Vg=(g1,--.,9m) €G ¢s(g) = (-1)21’6591’

is a character of G. The set of characters of G, {wg}sg[m}, form an orthonormal basis for the vector
space of maps from G to C with respect to the inner product

06X =27 x(9) - X' (9),

geG

where x and x' are maps from G to C. Thus, every map x : G — C can be written as
SC[m]
where
X(5) = {x; ¥s)
(the map X(+) is called the Fourier transform of x ), and we have Parseval’s equality:

Y X =2" ) (9

9€G SC[m]

Denote by U o U, the uniform distribution on G. Since U = 27" -y, for every S C [m],
. 0 S0
U(S) =
(%) { 27m S =1.

By Parseval’s equality,

—

D (PrW =g] = Ulg)* =) (P-Ul(9)*=2" Y ([P -US))>

geG geG SClm]
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where P(g) = Pr{W = g]. Note that
P(0)=2""

and that
P(S)=2""E [(-1)"5] =27"||Ws — Uy|ly,

for every non-empty S C [m]. Thus, by linearity of Fourier transform,

S (PW =gl - U(g)* =2m > (PSP =2 > ([Ws—Uifn)>

el SCm]- 50 SClml:S£0
10.2.3 Completing the Proof
By Cauchy-Schwarz inequality, using ((10.2)),

S P =gl - Un(g)]) <27 3 (PrlW = gl ~ Up(g))? <277

ge{0,1}™ ge{o,1}™
Thus,
W = Unll < 2777,
which completes the proof. O
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