Affine extractors over prime fields
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Abstract

An affine extractor is a map that is balanced on every affine subspace of large
enough dimension. We construct explicit affine extractors over F" I a prime field,
that is balanced on every affine subspace of dimension at least dn, for any constant
0 < 6 <1 (the dependency on § is better than was previously known).

1 Introduction

An affine extractor is a map EXT from the vector space F" to the field I that is balanced
on every affine subspace of F” of large enough dimension. Formally, for every linear
subspace X of F" with dimension at least dn, 0 < § < 1, and for every fixed vector
¢ € F", the statistical distance between the distribution EXT(x + &), for z chosen
uniformly at random from X, and the uniform distribution on F is at most ¢.

Affine extractors have been studied in several papers before. The first to consider affine
extractors were Gabizon and Raz [4]. They constructed affine extractors over large
fields, for arbitrary § and polynomially small . Later, Bourgain [I] constructed an
affine extractor over Iy, the field with 2 elements, that works for an arbitrary constant
0 and exponentially small e. Rao constructed low-weight affine extractors, that are
guaranteed to work as long as the subspace X has a basis of low-weight vectors [5].
Rao’s construction works for ¢ as small as polylog(n)/n.
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We construct an explicit affine extractor that works for an arbitrary constant 0 and
exponentially small € (see Theorem |l| below for exact parameters). This affine extractor
works over arbitrary prime fields (a slight generalization of Bourgain’s construction [I]
seems to work for arbitrary prime fields as well).

The construction here is similar to that of Bourgain [I]. As in [I], we think of the
input x as consisting of » = r(d) blocks, each of size n/r, that is, z = (x1,...,2;)
with z; a vector of length n/r, 1 < i < r. The extractor is defined to be a carefully
chosen polynomials in x1, ..., z,. Our choice of a polynomial is different than the choice
of [1I], and it has a few advantages. One advantage is that the proof is simpler, for
example, we use simpler structural properties of linear subspaces. A second advantage
is that it enables us to get a better dependency on the parameters: our estimates are
trivial for § roughly 1/y/loglogn, whereas previous estimates are trivial for § roughly
1/y/logloglogn. This improvement is possible, since our choice of a polynomial allows
us to carry the main part of the proof, which is basically an exponential sum estimate,
in a slightly different way.

For simplicity, we focus on extracting one almost uniform field element. Standard argu-
ments (see, e.g., Section 10 in [6]) show that Theorem || below implies that we can, in
fact, extract a linear number of almost uniform field elements.

2 An affine extractor

Denote [n] = {1,...,n}. For two primes p,m € N, denote by F,m the field with p™
elements. Denote F = F,, the field with p elements. Think of the elements of F both
as vectors in the vector space F™ and as field elements in the field Fpm. Let n = rm, for
r € N. By X we denote a linear subspace of F" of dimension dn, for some 0 < § < 1.
Think of every x in F” also as in (F,m)", that is, z = (z1,...,2,) with 21, ..., 2, € Fym.

2.1 The extractor

By A C N we denote the set of A € N such that A = >,y a;p" with a; € {0,1}, for
every i € N. We abuse notation and denote (A\) = {i € N : a; =1} and [A| = [(\)].



Let Zs be the family of all subsets of [r] of size s. For I = {i; <iy <--- < is} € I,

define f; as the following monomial in the variables x;,, ..., x;,:
A1 A1 ALs
f[ — J;il ajig P wis
where
¢
)\17] = Z p 6 A?
1<<s?r 1)+

for every j € [s]. Define

The following theorem implies that the first coordinate of F', for example, is an affine
extractor with an arbitrary constant § and exponentially small £ (for more information
about this implication see, e.g., Section 10 in [6]).

Theorem 1. There exists a constant C' > 1 such that the following holds. Let 0 < § <1,
and let n € N be large enough. Let & € F", let X be a linear subspace of F™ with
dimension at least on, and let ¢ be a nontriwial additive character of Fym. Then,

_s—C/82

|Beex ¢[F(x+ )] < Cp" 7, (2.1)

where E,cx means expectation with respect to a uniformly chosen element x in X.

Before proving Theorem [T} we need a few preliminaries.

2.2 The structure of subspaces

Let A be a dn X n matrix whose rows form a basis for X. Assume that A has row
echelon form, that is, the pivot of each row is strictly to the right of the pivot of the row
above it (the pivot of a vector is the position of the leftmost nonzero entry in it). We
can assume that A has this form, since otherwise we can transform A to such a form
using Gaussian elimination without changing X.

For every i € [r], define W; as the span of all the rows of A for which the pivot is
between (i — 1)m + 1 and im. Every x = (z1,...,z,) in X can be expressed uniquely
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as r = wy + wy + - -+ + w, with w; € W;, for every i € [r]. Note that xy,...,z, are in
™ whereas wy, ..., w, are in [F". Every x can be also expressed as

T1 = U + Y,
Ty = Uz + Y2, (2 2)
Ty = Up + Yp,

where u; = (wy); + -+ (w;—1); and y; = (w;);, for every i € [r] (so u3 = 0). The vector
w; can be linearly reconstructed from y;, and so u; is a linear function of yy,...,y;_1.
Denote

Y = {(w;); € F™ : w; € W;}.

The dimension of Y; is the same as the dimension of W;.

The simple representation of X described above appears in [I] as well. This representa-
tion suffices for the proof of Theorem (1| presented here, whereas in [I] it is the starting
point of a more elaborated structure.

2.3 Van der Corput differencing

As in [1], a key ingredient in proving Theorem (1] is Van der Corput differencing. For a
map f : Fym — Fym and z € Fym, define the map D, [f] : Fym — F,m as

D.[fl(x) = flz + 2) — f(=),

for every x € Fym. The map D, [f] is the derivative of f with respect to x in the direction
z. For z1,...,2 € Fym, define

Dzl,...,zt [f] - Dz1 [Dzz[' o [th [f]] e H

If f is linear in z, then D,[f] does not depend on z, for every z. For z* with A\ € A,

D, [2}] = H (z +2)” — H 7P = H (z” + 27) — H 7 = Z AN
JEWN) JEWN)

JEN) FEN) NeA



where the sum is over X’ such that (\) C () and || < |A|. Iterating for ¢t = |A| — 1
times,

|D O [xk} = Z Py(z,. .. ,zt)a:pg, (2.3)
Le(N)
for nonzero polynomials Py € Fym[z1, ..., 2], £ € (). The total degree of P, is at most

A, for every £ € (\).

We say that the linear-degree of a variable x in a map f is t, if f is a product of ¢ linear
maps in z. For example, the linear-degree of z in 2* is |\|. If f has linear-degree less
than ¢ in z, then D,, _.,[f](z) = 0.

Our goal is to upper bound,
|Evex ¢[F(z +€)]]. (2.4)

Recall the representation of x in X given by (2.2)). Differencing once with respect to y;
gives (using the Cauchy-Schwarz inequality)

(ED[* = | Eyeviiint Byyen ¥[F(x + )]
S EinYi:i>l ’ IEy1€Y1 MF(Z’ + 5)”2
- EyieYi:i>1 ]Eyl,ZEY1 w[DZ[F]("L‘ + f)”

— E.ey; Eyey, 0 [D.[F](x + ).

Differencing t times gives

2

(@AD" <E.,.. oni Byeys 6Dny, o0 [Fl(@ + )]
— By Eyev; ¥[D1y[F)(z + 6)).

The last equality defines notation: [, ; means expectation over ¢ independent copies of
a uniformly distributed element of Y, and D;; means differencing ¢ times with respect
to y; (using the ¢ variables implicitly given by E; ;).

2.4 Reducing the exponential sum

In this section we reduce the estimation of (2.4) to an estimation of a more structured
exponential sum. We use induction to prove this reduction, so we need to slightly
generalize the definitions given in Section [2.1
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Let 1 <s<r <bandain N be such that s < a, and let Z; be the family of all subsets
of [r] of size s. For I = {iy < --- <5} € L, define f; as

A1 A1 AlLs
fr=ai "

)\I,j = Z pé € A7

1S5Sa2(b*ij>+j

with

for every j € [s] (this definition of A\;; does not depend on 7 and s). Define

F=) f (2.5)

(when s = a and r = b, this is the same definition of F' as in Section [2.1]).

The following proposition shows that the definition of F' allows us to assume that the
entropy of the subspace appears in s independent blocks.

Proposition 2. Let 1 < s <r <b and a in N be such that s < a and a > 3, and let F
be as defined in (2.5)) above. Let {ry < --- <rs} be a subset of [r] of size s, and denote
, Jelsl

Then, there exist nonzero polynomials Pz(j), Jj€ls] and 1l < ¢ <t;+1, such that the
following holds. For every linear space X C F™ (recall (2.2))), for every & € F™, and for
every additive character ¢ of Fym,

| Eyev; O[F(x)]]

with x = x + &, where for every j € [s],

] 4
Zj = Z Pf(])yfj’

1<0<t;+1

o1+ tsts

<E - Epg Byey, [ 21+ Z]

Each of the polynomials Pz(j) 15 1n the variables zij), e ,zt(j) that are implicity given by

K, +,- The total degree of Pe(j) is at most ptit2,

The random variables Z3,..., Z; are independent. In the proof of Theorem [1| below,
we show that we can choose {r; < .-+ < rg} so that each of Z,..., Z is uniformly
distributed over a subspace of large dimension. So, in order to establish Theorem [l we
can use an exponential sum estimate of Bourgain [2] and of Bourgain, Glibichuk and
Konyagin [3].



Proof. The proof of the proposition is by induction of s. We start with the induction
step. Assume that the proposition holds for s — 1 > 1. The induction step is done by
removing every f; with max I # rg from the sum. This is done by differencing ¢, times
with respect to y,,.

Let I = {i; <--- <is} € Z, be such that max I # r,. Think of f; as a polynomial
in y,,. Let 0 < k < s be the number of elements in I that are at least r5. If £ = 0,
then, according to , fr does not depend on y,.. If £ = 1, since max I # rg, the
linear-degree of y,, in f; is

|)\I,s| — a2(b7is)+s < a2(b77"5)+s 1= ts

(recall a > 3). If k > 2, the linear-degree of y,_ in f; is

E

-1 k— k—1
|)\I . Z —(rs+£))+s—(k—1)+¢ <a 2(b—rs)+s Z a—f—l <t,
=0 {=0

~
Il
o

To conclude, if max I # rg, then the linear-degree of y,., in f; is less than s, which
implies that

rs, [fl]

On the other hand, if max I = rg, then

fI(X) _ Xj\l’l . 'X)\I,sfl o 1<e<tst1 p

i1 Is—1 Ts )

and by (2.3),
Dy 1)) = -ox ST Px

1<e<ts+1

where Pg(s) is a nonzero polynomial of total degree at most Zlgegts 41 pt < pt*? in the
variables that are implicitly given by D, ., for every 1 < ¢ <t,+ 1. By (2.2),

Dy, 1, [f1](x) = Qr(x) +x) - X 7,
where

Qix) =x"" x> P, + &)

1<0<ts+1



Since @) does not depend on ¥,

| |2t5 < Ers,ts EyiEYi 7/} [ Drs,ts [F]}
- Ers its EyieYé:i#rs ¢ [ Z QI}

I€Zls:max [=rg
2 : A1 Als—1
Eyrs EYTS w |:ZS Xil e Xis_l ?
I€Zlsmax [=rg
and using the Cauchy-Schwarz inequality,

2ts+1 A1 ALLs—1 2
’ " | S Ersﬂ:s Eyieyﬂ#rs EyTs EYTS w |:Zs Z Xil o X’L’s,1 ]

I€Tlsmax [=rg

—E..Eerv|Z, Y 7], (2:6)

1€y

where Z, 1 is the family of all subsets of [ry — 1] of size s — 1, and

-1 A Moo
fI(S )(X) =x;" x0T

(we abuse notation and denote by A;; what was previously denoted Ajugr,},5)-

Fix z%s), . ,zt(:) €Y, and y; €Y;, © > rs, and consider
EyieYz‘:Krs 1/1 [Zs Z fj(s_l)] . (27)
IGIS—I

By the induction hypothesis with s—1 < ry—1 < b, with s—1 < a, with {r; < --- < 7,1},
and with the additive character ¢'(a) = ¢¥(Zsa), a € Fym,

{|2t1+.,.+ts—1+s71 < Em,h .. .Erkht#l EyieYi:Krs ¢/ [Zl o Zs—l]
= ]Erl,tl e ]E’Ts—hts—l Eyz’EYz‘ii<7’s 1/} [Zl e ZS:| .
By (2.6),

ots+1 ‘2t1+»-~+ts_1+5—1 ty 4ty H+s—1

< ETsﬂfs E%EYZ':iZTS ‘2
<Ep - Erg Byey, 0|21+ Zy).

124

This proves the induction step. It remains to prove the induction base. The argument
above shows that, in the case s =1 (see (2.6))),

‘ ‘QtSJrl S E"S’ts ]EyieYi w[ZS]v

as needed. O



2.5 Estimating the exponential sum

Before proving Theorem [T} we state two known results.

The following lemma is known as the Schwartz-Zippel lemma.

Lemma 3. Let P € Fym[21,. .., 2] be a nonzero polynomial with total degree at most d.
Then, for every set S C Fym,
157" {c €S : Po)=0}]| < d|S|™".

The following exponential sum estimate is due to Bourgain [2] (see also [3]).

Theorem 4. There exists a constant C' > 1 such that the following holds. Let 0 < § < 1
and s € N with s > C/6. Let p be a prime, let m be a sufficiently large prime, and let
Ay, ..o Ay € Fym satisfy |As| > p®™, for every i € [s]. Then,

m
with 0" > C~5.
We are now ready for the proof of our main theorem.

Proof of Theorem[1. We start by finding the coordinates of X that have high dimension.
For i € [r], let 0 < §; < 1 be such that dimY; = §;m. Thus, 6; + --- + 0, = or. Let
R ={ier] : § >3d/2}, and let s = ér/2 (assume that s > 3). Since |R'| > s, denote

R={rm<---<rCR,
the first s elements of R'.
Let Pe(j), j €ls]and 1 < ¢ <t; + 1, be the polynomials of total degree at most p'i*2
given by Proposition |2l with s = a, » = b and R. Recall
o (4, p*
Zj = Z By Yrj>

1<0<t;+1
j € [s], defined in Proposition [2]

Proposition [2] enables us to use Theorem [4] above. In order to use Theorem [ we show
that Z1,..., Z, have a lot of entropy, with high probability. This consists of two parts.
The first part is to show that, for every j € [s], if Pl(J ) is nonzero, then Z; is uniformly

distributed over a large subspace. In the second part we use Lemma |3| to argue that the
probability that there exists j € [s] such that PY =0 is small.
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Part one. Let j € [s], and fix zfj . t in Y, so that the field element P €Fym
is nonzero. Think of Z; as a linear map of Yr; - The dimension of Z;(Y,,) is at least the
dimension of Y, minus the dimension of the kernel of Z;. Lemma |3 with ¢ = 1 implies
that the size of the kernel of Z; is at most p*™, and so the dimension of the kernel of
Zjisat most t; +1 < s%". The dimension of Y, is o,,;m > dm/2. Thus, as long as

s¥ < ém/4, (2.8)

the dimension of Z;(Y;,) is at least dm /4.

Theorem || implies that there exists a constant Cy > 1 such that if Pl(j ) e F,m is nonzero,
for every j € [s], then

—Ca/8

EyriEY,«i:ie[s] (0 [Zl to Zs} < p—02 ",

as long as s > Cy/4.

Part two. For every j € [s], Lemma [3| with ¢ = ¢; implies that

t;+2 -1 s2r —ém/2
Erjvtj 1{P1(j)(z£j),..‘,zt(§)):0} S p” |Y;J| S pp '

Concluding. As long as

2r

sp* < pme, (2.9)

Proposition [2| together with part one and two above (using the union bound) imply that

ot1+-- +ts+s 27‘ _s 2 70702/6 _C
|24 spt p O g pT G T < Cgp S T,

for some constant C3 > 1. Thus,

——e—tg—
s—S 7670/52

—c 2t
@) < (co ™) <ot

for a constant C' > 1. The theorem follows, since if conditions and (| . ) do not
hold, ¢ is small enough so that the statement of the theorem is tr1v1a1
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