
Lecture 1

Introduction

My announced intention was to reach a stage where I could introduce ideal numbers,
which are then divided into classes, and could then describe the relation between the
problem of counting these classes and the zeta function of Riemann. In one way or another
almost all the outstanding problems of modern number theory, and there are a tremendous
number of them, are part of a program to use analytical methods to evaluate numbers of
various kinds that characterize the size of objects, such as the classes of ideal numbers,
that arise in the analysis of diophantine equations, thus equations with integral or rational
coefficients for which integral or rational solutions are wanted. These analytical methods
are methods that can be easily implemented on a computer and in which there is no
uncertainty, no possibility of embarking on an endless search for numbers that may or
may not exist, as might happen if one undertook a direct search for solutions of such an
equation.

The zeta function will probably be given short shrift, not because it cannot be in-
troduced at the same level as the other material, but because there is not enough time
in the eight lectures to treat everything. So the zeta function will be replaced by a pale
reflection, the Bernoulli numbers.

The ideal numbers and their division into classes were introduced by Kummer during
his attempt to prove the Fermat theorem, as was the relation between the number of
classes and the Bernoulli numbers, easily calculated rational numbers. Kummer’s success
with Fermat’s theorem was limited, but he took the subject a long way. Moreover his
notion of ideal number and in general his investigation of complex numbers constructed,
in a manner now familiar to us, from the solutions of equations in one variable with
rational coefficients, was one of two principal starting points, the other being the analysis
of symmetries associated to the name of Galois, for the development during the rest of
the nineteenth century and the course of the twentieth of the theory of algebraic numbers,
without which, I stress, Fermat’s theorem could not have been solved, and of which indeed
the recent proof has to be regarded as a part.

As preparation for Kummer, we shall spend a considerable amount of time with the
work done on Fermat’s theorem by Euler and others, between 1750 and 1840.
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Puzzlement

Before dealing with ideal numbers, especially ideal primes, we had best provide our-
selves with the basic notion of ordinary primes and their uses. Since these are treated by
Euclid in Book VII – indeed the basic technique, the euclidean algorithm, is given there
– it seemed to the point to continue the procedure of the fall lectures, and to begin with
Euclid. This is I shall do, even though Euclid’s treatment of everything but the basic
algorithm is fundamentally different from the modern treatment.

I find Book VII in general puzzling, as I shall explain in the course of presenting
some of the propositions. What seems to me the enunciation of the basic proposition
(Proposition 4) to be deduced from the algorithm is obscurely formulated and its proof
even more badly explained. Almost all of the succeeding propositions, many of which we
shall need, are almost immediate consequences of Proposition 4, but this is not clearly
explained. If this were a modern book, I would be tempted to suggest that the author did
not understand the material, but it is a book with the patina of more than two millennia,
so that this would be impertinent.

I had hoped to find some enlightment in Heath’s comments, which presumably reflect
the state of historical research in 1925. I was disappointed. In contrast to his commentary
on the earlier books, that on Book VII is perfunctory, consisting largely of translations of
the statements into modern notation and language.

It may be that the clue to the obscurity is that Euclid was translating essentially
arithmetical arguments, thus the kind of arguments that might have been preferred in
earlier, pythagorean times into the geometric arguments preferred after the crisis created
by the discovery of the irrational, but I do not know. I have searched the literature,
although not thoroughly, and made inquiries of specialists, but so far have found very
little that is pertinent.

The search is, however, not without its amusing aspects. There is an article – pre-
sumably written by an historian of mathematics with no pretensions as a professional
mathematician – in which elderly mathematicians who have taken up the history of their
subject are upbraided for their Whiggish tendencies and in which it is insinuated that
their excursions (or incursions) into this foreign territory are little more than embarrass-
ingly public confessions of the mathematical impotence reputed to appear among us with
advancing age and there is a response from one of these same elderly mathematicians,
impotent or not, who, with a childish or primitive belief that denying someone his name
also robs him of his dignity, castigates an anonymous but clearly identified Z, who is left
to infer on his own, although he is guided carefully through each step of the exercise, that
he is a “would-be historian” and a “parasite”.

Instructive as such articles, in their own way, are, they do not suggest that the study
of Euclid since the time of Heath has made great strides, but I continue to look.

There is, however, a remark of the professional historian (S. Unguru) that I would like
to cite, as it is possible that it is a clue to the puzzling form of Book VII.
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“It seems to me that it is a considerably more appealing (and certainly historically more
defensible) thesis that Greek mathematics, as found in the Elements, is an outgrowth of
PYTHAGOREAN mathematics, the arithmetical discreteness of the former (with all its
accompanying inherent weaknesses) having been replaced in the former by the continuity
of geometrical magnitude; thus in EUCLID numbers are not collections of points anymore,
but segments of straight lines, etc.”

Even before seeing this remark, I had decided that the propositions of Book VII
and their proofs would be much easier to follow if I replaced the line segments of Euclid
by points, and I have done so. Thus I have changed the accompanying figures without
changing the arguments. I observe that I cannot judge to what extent the figures appearing
in Euclid are a response to the initial medium or to what extent they are Euclid’s own,
and not those of subsequent editors.

In contrast to the historian’s suggestion, a statement by the professional mathemati-
cian (A. Weil) appears to be questionable.

“In EUCLID’s books VII, VIII and IX there is no trace of geometry, nor even of so-called
‘geometrical algebra’.”

If the geometric traces, namely the line segments, are entirely factitious. a result of
self-imposed logical or pedagogical constraints, and therefore to be disregarded – a doubtful
historical procedure – then the two statements can be reconciled
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Further comments

On further reflection there is a possible explanation for the uneasiness felt on reading
Book VII. Implicit in the argument, as presented by me or by Euclid, is the assumption
that counting the number of units we always arrive at the same result. For us, with an a
priori notion of number, for example, to be less than precise mathematically, of the number
8 as a linearly ordered set of eight points, there is something to be proved: it must be
proved that two different ways of counting a given collection (or multitude in the language
of Heath’s Euclid) alway leads to the same result. This is proved explicitly in texts on set
theory.

On the other hand, it is only implicit in Euclid’s Book VII. If we return to the very
beginning of Book I, we find two of the common notions affirming that the whole is greater
than the part and that equals subtracted from equals yield equals. Geometrically, this
would mean, for example, that removing a unit length from the middle of a longer length
and splicing the two remaining ends leads to a length that is the same as if we had simply
snipped the unit length from one end. This principle when elaborated could remove the
vagueness that appears in Euclid’s notion of number – to which we shall come immediately.

It may have been that Euclid, and other Greek mathematicians, had more confidence
in the immutability of length than in the immutability of a more abstract notion of number.
Indeed as we have already seen, their confidence in the notion of area allowed them to use
it in their arguments with a freedom that modern mathematicians felt obliged to justify
with the help of their own, recently introduced, notions of number. For example, a modern
mathematician is compelled to show that not all numbers are equal.
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Comment

Despite strictures about the flaws of Whig history, the principal purpose for which a
mathematician pursues the history of his subject is inevitably to acquire a fresh perception
of the basic themes, as direct and immediate as possible, freed of the overlay of succeeding
elaborations, of the original insights as well as an understanding of the source of the original
difficulties. His notion of basic will certainly reflect his own, and therefore contemporary,
concerns. For the period that begins with Fermat and ends just before Kummer, there is,
so far as I know, no better treatment than that of the elderly mathematician André Weil,
whom I have just cited in a more polemical mood. The pertinent book is

Number Theory – An approach through history.

I recommend it to you.
For the early Greek theorems about numbers, there seems to be no adequate reference.
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