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Ars longa, vita brevis

There are several central mathematical problems, or complexes of problems, that every
mathematician who is eager to acquire some broad competence in the subject would like
to understand, even if he has no ambition to attack them all. That would be out of the
question! Those with the most intellectual and aesthetic appeal to me are in number
theory, classical applied mathematics and mathematical physics. In spite of forty years as
a mathematician, I have difficulty describing these problems, even to myself, in a simple,
cogent and concise manner that makes it clear what is wanted and why. As a possible,
but only partial, remedy I thought I might undertake to explain them to a lay audience.

I shall try for a light touch including, in particular, some historical background. Never-
theless the lectures are to be about mathematics. In the first set, there will be geometrical
constructions, simple algebraic equations, prime numbers, and perhaps an occasional in-
tegral. Every attempt will be made to explain the necessary notions clearly and simply,
taking very little for granted except the good will of the audience.

Starting in the easiest place for me, I shall give, during the academic year 1999/2000
about eight lectures on pure mathematics and number theory with the motto beautiful lofty
things. Beginning with the Pythagorean theorem and the geometric construction of the
Pythagorean pentagram, I shall discuss the algebraic analysis of geometric constructions
and especially the proof by Gauss in 1796 of the possibility of constructing with ruler
and compass the regular heptadecagon. This was a very great intellectual achievement of
modern mathematics that can, I believe, be understood by anyone without a great aversion
to high-school algebra. Then I will pass on to Galois’s notions of mathematical structure,
Kummer’s ideal numbers, and perhaps even the relations between ideal numbers and the
zeta-function of Riemann. This material will be a little more difficult, but I see no reason
that it cannot be communicated. It brings us to the very threshold of current research.

Since this attempt is an experiment, the structure and nature of the lectures will depend
on the response of the audience and on my success in revealing the fabric of mathematics.
If it works out, I would like to continue in following years on classical fluid mechanics and
turbulence, with motto l’eau mêlée à la lumière, and then, with the somewhat trite motto
s togo berega, on the analytical problems suggested by renormalization in statistical
mechanics and quantum field theory.
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The lyf so short, the craft so long to lerne,
Th’assay so hard, so sharp the conquering.



The decision to deliver these lectures arose from two sources. First of all, the Faculty
of the Institute is being encouraged by our employers to leave, at least for brief moments,
the confines of our disciplines and to present ourselves to the public at large. This is, in my
view, an excellent idea, but the format chosen, one-hour public lectures, is not congenial
to all of us, certainly not to me. It is never clear what to present. In particular, my own
elucubrations lead at best infrequently to something that is worth communicating even to
specialists, and even then they are not easily persuaded, if at all. So I hesitate to impose
any discovery of mine on an innocent public.

On the other hand, I, like many other mathematicians, have spent, even perhaps
wasted, much time on a large variety of problems on which I could make no inroads, so
that my efforts have left no trace. Now, it is seldom the habit of mathematicians when
they attack a problem to study systematically its history or the literature surrounding it,
at least this has not been my habit. The youthful impulse is rather to prowl about the
problem for a while, looking perhaps not for an open window or a door with a weak lock,
for if these were available, some earlier malefactor would already have discovered them,
but for some wall that can be scaled or some unsuspected underground access. The upshot
is that if nothing is discovered, one comes away from the effort empty-handed, having
learned little, except what to avoid.

With waxing age and waning energies a different impulse manifests itself, not the
desire to overwhelm this or that outstanding problem by force or cunning but rather the
desire to understand its sources and to formulate clearly its meaning and significance.
Nevertheless, without some external compulsion or, at least, encouragement, this impulse
would in all likelihood come to naught for what a mathematician, even an elderly one,
really wants to do is discover new theories, new techniques and new methods and to solve
the old problems. In an attempt to exploit to my own profit my new obligation to come out
of the closet, and to kill two birds with one stone, I announced these lectures, from which
I hope both you and I will be able to learn some genuine mathematics. I have already
learnt a good deal that I did not know before. In preparing the lectures I have kept in
mind especially those among my colleagues in the humanities who have frequently assured
me of their desire to acquire some understanding of the subject. I am not sure how sincere
they are, but I count on them, and on all of you, to let me know if my instructional efforts
are failing and not simply by failing to mention.

Indeed, there are many reefs on which this undertaking can run aground. My inex-
perience with much of the material may turn out to be an advantage, but my pedagogical
inadequacies are a handicap. Moreover, although these lectures are aimed at an audience
whose experience with mathematics may have ended with high-school the bulk of you are
undoubtedly professional mathematicians whose expectations may or may not be deceived.
A number of the mathematicians, like me, will have been educated in inadequate North
American schools and may, therefore, have had little experience with classical introductory
mathematics, so the beginnings may amuse them. Even so, the moral pressure on me to
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move at too fast a pace will be great, and I am not entirely confident of my courage to
resist it. Questions and observations that slow me down will be much appreciated.

Although the plans as announced are on the whole are rather grandiose, I still have
only the vaguest ideas what I will do in the series on fluid mechanics or on statistical
mechanics and renormalization promised for subsequent years. I thought it would be best
to let the future take care of itself. I am already uneasy enough about the second term’s set
of lectures. For the first term, the plans are fairly clear, although the timing is uncertain.
Four weeks may not be enough and I may have to run over.
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FALL TERM

(I) Introductory geometrical material – the Pythagorean
theorem.

(II) Geometrical construction of regular pentagon.

(III) Analytic geometry and complex numbers.

(IV) Gauss’s construction of regular heptadecagon.

TWO MAJOR WORKS

Euclid’s Elements and Gauss’s Arithmetical Investigations
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Comment on plan

It may be useful to explain briefly the structure of this set of lectures. The purpose
of the Pythagorean theorem in the context of the construction of the regular pentagon
is to construct a certain quadratic irrational or surd, a notion to be explained. The
first impression of some may be that this is simply a rehash of high-school geometry, but
quadratic irrationals remain of major interest even today and the nature of other irrationals
(icosahedral for example) is a central problem. They were, as will be observed in passing,
the source of a crisis in Greek mathematics that lasted more than a century and that was
only resolved by a new understanding of the notion of number. If I were better informed
I would spend more time discussing this crisis and its resolution.

The regular pentagon has, as I shall recall, an evident five-fold geometric symmetry.
It also has, although this is far from evident, a four-fold symmetry that is the clue to its
geometric construction, but of which the Greeks were unaware. This symmetry is revealed
by an algebraic analysis that can only be carried out with the help of complex numbers,
so that some time has to be spent introducing them to you and explaining their role in
analytic geometry. Complex numbers are second nature to those with any mathematical
training, but not to others. Since it is the others to whom these lectures are addressed, I
shall spend the necessary time on them.

The hidden four-fold symmetry of the pentagon understood, we shall be in a position
to understand the hidden sixteen-fold symmetry of the regular seventeen-sided polygon
that permits it to be constructed geometrically. In contrast the heptagon, with seven sides
and a hidden six-fold symmetry cannot be constructed geometrically, that is – to be more
explicit about what is here intended by the adverb geometrically – with the aid of nothing
but a ruler and a compass. The difference between 5, 7 and 17 is that

4 = 2 · 2, 16 = 2 · 2 · 2 · 2 but 6 = 2 · 3.

We want to understand why this difference in the factorization of the three numbers has
such a striking geometric consequence.

That it did was discovered by Gauss as a lad of 18 in 1796. This is often presented as
a curious juvenile achievement of little import in comparison with his other early achieve-
ments, accomplished when he was scarcely older. It would be better if I were able to say,
when the time comes, more about Gauss. I fear that in the past I instinctively avoided
acknowledging what it meant to be a real mathematician. So I cannot now give you any
information beyond the familiar. He was extremely precocious, extremely powerful and
inventive, with an apparently innate mathematical curiosity that I now appreciate is rare.
Mathematical talent is perhaps more common than mathematical curiosity. Although born
to parents of little or no means, his gifts were noticed early, and he was educated at the
expense of the Duke of Brunswick, presumably with the expectation that he would become
a functionary of some sort. Although the talents encouraged were apparently linguistic
not mathematical he found himself at schools with good mathematics libraries and seems
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to have made himself familiar with some of the important mathematical research of the
eighteenth century, including that of Euler and Lagrange, not only mastering it but also
deepening it.

The construction of the regular heptadecagon could appear, if so presented, as a
spontaneous contribution of an adolescent, but seems rather to have been rendered possible
by Gauss’s facility with the complex numbers developed in the course of the century and by
his familiarity with Lagrange’s attempts to analyze the solution of equations by radicals.
What may have been spontaneous in his achievement was the return after more than two
millenia to an ancient geometric problem, the construction of regular polygons, that had
been abandoned because of the difficulties appearing for heptagons. But I do not know.
Here, as elsewhere in the preparation of these lectures, I am brought face to face with my
ignorance.

The plan and its structure are now clear, as is one glaring defect. One hour for the
material in each of the four sections is not enough. An hour is not enough to make the
material comprehensible and it is not enough to make the presentation fun. Once started,
for example, on the construction of the pentagon, I found the geometry irresistible.

My feeling for the Greeks as mathematicians is every bit as inadequate as that for the
youthful Gauss. I do not know whence came their curiosity and depth. Perhaps no-one
does. We live in a highly structured environment dedicated to research. We earn our
living by it and we pin our hopes of recognition on it, but the questions we ask and the
problems we solve are determined more by tradition, more by our colleagues than by our
own natural and spontaneous curiosity. We are seldom playful; our efforts are never simply
for our own amusement. A brief romp with Greek mathematics in which we examine the
construction of the pentagon at length may be an occasion to capture briefly the ludible
spirit of the Greeks.

An hour is also not enough for an adequate understanding of analytic geometric and
complex numbers nor for a presentation of the algebra required for Gauss’s construction.
The complex numbers are an enormously effective tool that swallows the geometry, but
it will be good to ask ourselves how. Moreover the four-fold or sixteen-fold algebraic
symmetry is far more subtle than the five-fold or seventeen-fold geometric symmetry. Since
it will reappear again and in spades when, and if, we discuss Galois and Kummer, it is
best to get used to it now.

The upshot is that four hours is scarcely enough. My plan is, therefore, simply to
go on, probably for another four weeks, so that I will not have finished this first set until
sometime in December. All being well, this will leave me some listeners and enough time
to prepare for the second set in February.
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5− 1 = 4 = 2× 2

17− 1 = 16 = 2× 2× 2× 2

BUT

7− 1 = 6 = 2× 3
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