
Basic Problem

Fano Toric Variety Lefschetz Fibration

XΣ W : (C∗)n → C
Db(Coh(XΣ)) ' Db(Fuk(W ))

Σ Newt(W )

Known to hold for several cases

Question: What can be said if we alter the fan

by adding a 1-cone?

Newt(W̃ )Σ̃



B-model: Weighted Projective Blowups

Assume that the fan Σ contains an n-cone σ which

is generated by the standard basis of Zn and let

a = (a1, . . . , an) ∈ Zn
>0. Then the toric stack XΣ̃

admits a commutative fiber diagram

E ĩ
↪→ XΣ̃

↓ ↓π

{p} ↪→ XΣ

where E is the exceptional divisor of the stack and

Ered ' P(a). We let i : P(a) → XΣ̃ be the induced

embedding.

One proves this using the homogeneous coordinate

ring description of a toric variety. For the local case

where Σ is the cone spanned by a basis of Zn, we

have

XΣ = Spec(C[x1, . . . , xn])

XΣ̃ = Proj(C[y, z1, . . . , zn])

where deg(zi) = ai, deg(y) = −1 and the irrele-

vant ideal is (z1, . . . , zn). We also have

P(a) = Proj(C[y, z1, . . . , zn]/(y))

Then π∗ : C[x1, . . . , xn] → C[y, z1, . . . , zn] is de-

fined by taking π∗(xi) = yaizi.



For ĩ∗ one quotients C[y, z1, . . . , zn] by the ho-

mogeneous ideal (ya1z1, . . . , y
anzn). I.e.

E = Proj(C[y, z1, . . . , zn]/(ya1z1, . . . , y
anzn))

Observe that if b = max{ai} then the ideal (yb)

satisfies (z1, . . . , zn) · (yb) = 0 in the homogeneous

coordinate ring of E . Thus this ideal is torsion and

y is nilpotent in this ring. This leads to the con-

clusion that Ered = P(a).

Example: Here we can see the local picture with

XΣ = C2 and a = (2, 3)

π

a = (2, 3)
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Recall that there are sheaves O(k) on P(a) which

correspond to the graded moduleC[z1, . . . , zn] shifted

by k.



It is known that 〈O,O(1), . . . ,O(l − 1)〉 is a com-

plete exceptional collection forDb(Coh(P(a))) where

l =
∑n

i=1 ai. Omitting the last object O(l − 1),

this collection remains exceptional after pushfor-

ward via i, i.e. 〈i∗(O), . . . , i∗(O(l − 2))〉 is an ex-

ceptional collection in Db(Coh(XΣ̃)).

Theorem: Let T be the triangulated category gen-

erated by the collection 〈i∗(O), . . . , i∗(O(l − 2))〉,
then there is a semiorthogonal decomposition

Db(Coh(XΣ̃)) =
〈
π∗(Db(Coh(XΣ))), T 〉

Answer to the original question for the B-model:

By adding the 1-cone associated to a = (a1, . . . , an)

we add a semi-orthogonal piece T to the derived

category Db(Coh(XΣ)). This category has a natu-

ral complete exceptional collection which are push-

forwards of line bundles on P(a). The Koszul dual

of this collection, which appears more natural in

the context of mirror symmetry, has an explicit

description.



A-model: Degenerations of Lefschetz fibrations

The mirror of the toric variety XΣ is a Landau-

Ginzburg model with a superpotential W : (C∗)n →
C that is a Laurent polynomial with Newton poly-

tope Newt(W ). This polytope is equal to the con-

vex hull of the primitives for the one cones of Σ.

By adding the 1-cone R+ · a we pass from Σ to Σ̃,

and assuming that the anticanonical bundle of XΣ̃

is generated by its sections, the effect on the con-

vex hull of the one cones will be to add a simplex.

Thus,

Newt(W̃ ) = Newt(W ) ∪4

Newt(W̃ )

Newt(W )
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Now, given a generic superpotential

W̃ (z1, . . . , zn) =
∑

α∈Newt(W̃ )∩Zn

aαz
α

we can obtain two superpotentials W1 and W2 with



Newton polytopes Newt(W ) and 4 respectively.

This is achieved by simply setting all coefficients of

W̃ which do not lie in the desired polytope equal

to zero. For the previous example, say

W̃ (z1, z2) = z1 + z2 + z−1
1 + z−1

2 + z2
1z

3
2

then

W1(z1, z2) = z1 + z2 + z−1
1 + z−1

2

W2(z1, z2) = z1 + z2 + z2
1z

3
2

Theorem: For sufficiently generic coefficients, the

derived Fukaya category Db(Fuk(W̃ )) admits a

semiorthogonal decomposition
〈Db(Fuk(W1)), “Db(Fuk(W2))”

〉

Reason for quotations: W2 is never a Lefschetz

fibration, and Db(Fuk(W2)) is thus not defined

without making choices. In particular the topol-

ogy of the fibers of W2 will always change over

the zero fiber, making symplectic parallel transport

impossible over this point. Furthermore, there will

generally be monodromy around this fiber as well.



This motivates the notion of a partial Lefschetz

fibration.



Partial Lefschetz fibrations

Let us fix a Kähler manifold M with an exhaus-

tive Kähler potential ρ, and a holomorphic func-

tion W from M to C. A partial Lefschetz fibration

on (M,ρ) consists of the data (W,U, a), U a con-

nected open subset of C with smooth boundary

and a ∈ R satisfying certain conditions.

δ2

R

a

ρ

W

M

M(U,a)

U

δ1



Given a partial Lefschetz fibration, one can choose

a distinguished basis of paths {δi} in U from a reg-

ular value in U to the critical values in U . Using

the Liouville flow if necessary, one can define the

directed Fukaya category Fuk(W,U, a, {δi}) and

its derived category in the usual manner.

The word ”partial” refers to the part of M cor-

responding to

M(U,a) = W−1(U) ∩ ρ−1((−∞, a])

which is a Kähler manifold with boundary and

codimension 2 corners. Of course, there may be

critical values of W which are not contained in U

which could yield monodromy if U is not simply

connected. Since monodromy may be present in

this set up, the derived categoryDb(Fuk(W,U, a, {δi}))
depends on the choice of paths.

Fundamental Property:

Theorem: Db(Fuk(W,U, a, {δi})) is invariant

under deformations.



In other words, if one considers a deformation Wt

of the holomorphic function W and correspond-

ing deformations of the distinguished basis {δi,t}
such that (Wt, U, a) remains a partial Lefschetz

fibration, then Db(Fuk(Wt, U, a, {δi})) does not

change.

Very Basic Example:

M = C, ρ(z) = |z|2, a = 3 and U the unit disc.

Wt(z) = tz3 − z2. One sees the critical points for

Wt are 0 and 2
3t. We cannot expect the derived

Fukaya category associated to Wt to be invariant

under this perturbation as both the topology of

the fiber and the number of critical points change.

However, Db(Fuk(Wt, U, a, {δ})) will remain un-

affected for small t.

Note: The only condition in the definition of a

partial Lefschetz fibration that is not an open con-

dition is that all critical points sent to U lie in

M(U,a) (ρ(p) < a for such a critical point). Thus, if

we deform the superpotential and want to know if

Db(Fuk(W,U, a, {δi})) is invariant, we need only

check whether or not critical values enter U .



A return to Newton polytopes

Recall that the superpotential W̃ has Newton poly-

tope Newt(W̃ ) = Newt(W )∪4. One can define

two deformations Ft, Gt of W̃ such that F1 =

W̃ = G1, F0 = W1 and G0 = W2. These are

roughly defined by multiplying an appropriate power

of t to the coefficients not lying on the desired poly-

tope.

Newt(W̃ )

Newt(W1)

4

In the previous example where

W̃ (z1, z2) = z1 + z2 + z−1
1 + z−1

2 + z2
1z

3
2

one would set

Ft(z1, z2) = z1 + z2 + z−1
1 + z−1

2 + t4z2
1z

3
2

Gt(z1, z2) = z1 + z2 + t2z−1
1 + t2z−1

2 + z2
1z

3
2

Defining these deformations correctly, one can see

that Gt is simply a reparameterization of Ft.



Using methods from Gelfand, Kapranov and Zelevin-

sky related to the principal A-determinant, it can

be shown that as t tends towards zero, the critical

values of Ft and Gt separate into two groups. For

Ft, one group stabilizes at the critical values of W1

and the other tends towards infinity; while for Gt,

one group converges to the critical values of W2

while the other group tends towards zero.

Fixing a small t0, we can choose a distinguished

basis of paths for Gt0 whose first m paths corre-

spond to critical values close to zero and whose last

r−m tend towards values away from zero. Letting

U ⊂ C be the complement of a small disc and tak-

ing sufficiently large a, one can see that (Gt, U, a)

is a partial Lefschetz fibration for t < t0. Thus

Db(Fuk(Gt, U, a, {δi}m<i≤r)) remains invariant.

Critical values

associated to W1

Critical values

U
associated to W2



A similar situation holds when considering Ft.

Thus, degenerating W̃ via Gt to G0 = W2 and via

Ft to W1 and utilizing the stability of the derived

Fukaya category of partial Lefschetz fibrations, one

obtains a semiorthogonal decomposition:
〈Db(Fuk(W1)),Db(Fuk(W2, U, a, {δi}m<i≤r))

〉

of Db(Fuk(W̃ )). This is the content of the afore

mentioned Theorem.

Further work shows that for weighted blowups of

toric surfaces, there is an explicit equivalence be-

tween the category T ⊂ Db(Coh(XΣ̃)) correspond-

ing to the exceptional divisor and the category

Db(Fuk(W2, U, a, {δi}1≤i≤l−1)) where

W2(z1, z2) = a1z1 + a2z2 − za1
1 za2

2

is the superpotential associated to the additional

Newton polygon.



Generalization

Let Q ⊂ Rn be an integral polytope containing

zero in its interior. We will say a subdivision {Q1, Q2}
of Q is a bisection of Q if both Q1 and Q2 are inte-

gral polytopes and Q1 contains zero in its interior.

Q

Q1

Q2

If W is a Laurent polynomial with Newt(W ) = Q,

we take W1 and W2 as the Laurent polynomials de-

scribed above with Newt(Wi) = Qi. Finally, let

U ⊂ C be the complement of a small disc around

0 and a a sufficiently large real number.

Theorem: For sufficiently generic coefficients on

W there is a (non-canonical) semiorthogonal de-

composition of Db(Fuk(W ))
〈Db(Fuk(W1)),Db(Fuk(W2, U, a, {δi}))

〉



Example: a = (2, 3)

B-model

In the general case of a = (a1, a2), we take V

to be a graded vector space generated by e1 and

e2, with deg(ei) = ai. Then the exterior algebra

∧V is bi-graded. We take

∧r,sV =
〈
v1 ∧ · · · ∧ vr|

∑
deg(vi) = s

〉

We would like to describe the Yoneda algebra of

the exceptional collection

〈E1, . . . , El−1〉
which is Koszul dual to the collection

〈i∗(O), . . . , i∗(O(l − 2))〉
After some work, one can show

Extr(Ej, Ek) = ⊕s≤k−j ∧r,s V

So that the morphisms from Ej to Ek can be iden-

tified with elements in the exterior algebra whose

degree is less than or equal to k− j. Composition

of morphisms is naturally identified with exterior

multiplication.



For the case of a = (2, 3) we have

∧0,0V = C
∧1,2V = 〈e1〉
∧1,3V = 〈e2〉
∧2,5V = 〈e1 ∧ e2〉

with all other ∧r,sV = 0.

Utilizing the previous description, we can express

the Yoneda algebra of the collection

〈E1, E2, E3, E4〉
as the path algebra of the quiver:

e1

1 1 1

e2

e1

with the relation

e1 ◦ 1 = 1 ◦ e1



A-model

The superpotential for this case is the function

W : (C∗)2 → C where

W (z1, z2) = 2z1 + 3z2 − z2
1z

3
2

The zero fiber

As was previously mentioned, W is not a Lefschetz

fibration. As a function on C2, one can see that

W−1(ε)∩({z1 = 0} ∪ {z2 = 0}) = {(ε/2, 0), (0, ε/3)}
At the zero fiber these two points collapse to one

point.

W−1(0)

z2 = 0

z1 = 0

W−1(ε)



Symplectic parallel transport around the zero

fiber yields a full Dehn twist of these two miss-

ing points. Thus, taking U to be the comple-

ment of a small disc around zero, and a a suffi-

ciently large real number, we would like to describe

Db(Fuk(W,U, a, {δi})).

To this end, we first describe the zero fiber and

then perturb. Examining this as a function on C2,

we may take the following distinguished basis:

δ̃4

δ̃1

δ̃2

δ̃3

Notice that W is equivariant with respect to mul-

tiplication by i. I.e.

W (ikz1, i
kz2) = ikW (z1, z2)

and one see that if L1 is the vanishing cycle corre-

sponding to δ̃1 then ikL1 = L1+k.



Taking the quotient of the zero fiber by this ac-

tion we obtain a 4-fold covering

ψ : W−1(0) → P1 − {3 pts}

0

+2 −3

p2p1

+1

ψ(Li)

The monodromy dictates the ordering of the van-

ishing cycles in a neighborhood of ψ−1(0)

L4

L2

L1

L2 L3

L4

L3

L1



The ε fiber

In a neighboring fiber W−1(ε), the point (0, 0)

splits into two points. The monodromy around

zero is a full Dehn twist. We consider the follow-

ing distinguished basis:

ε

One can show that L1 is perturbed as shown below.

L1 in W−1(ε)L1 in W−1(0)



To obtain the other vanishing cycles, one rotates

this picture by a suitable multiple of π/2 and then

uses monodromy. This procedure is pictured be-

low.

−iL1

−iε
ε

L4



A useful representation of these vanishing cycles

is obtained by taking the log of this picture and

perturbing.

L3

L1

L4

L2

L1

L3

L2

L4

As was noted for the zero fiber, all holomorphic

discs relevant in the computation of products occur

in this picture. While holomorphic polygons with

more than three edges occur, it can be shown that

the ordering of the vanishing cycles disqualifies

such polygons. This representation makes plain

the equivalence with the mirror.



e2L1

L4

L2

L1

L3

L2

L4

L3

Elements associated
to 1

associated to
e1

Elements

Elements
associated to

Db(Fuk(W,U, a, {δi}))
‖
T

e1

1 1 1

e2

e1



Odds and Ends

The previous equivalence of these two categories

neglects the gradings on the morphisms. There is

a basic approach which shows the Maslov indices

for the intersections in the A-model to be equal to

the desired grading given in the description of the

collection 〈E1, . . . , El−1〉

The theorem obtained does not indicate the inter-

action between the semiorthogonal subcategories.

On the B-model side one can give a simple de-

scription; but the A-model poses a more challeng-

ing problem. Indeed, such a description on the

A-model side along with its equivalence to the B-

model interaction would give an inductive approach

to this version of homological mirror symmetry.

Q

Σ̃


