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Frequently Asked Questions

� What is aformalproof?
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Frequently Asked Questions

� Why are computers used?
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Frequently Asked Questions

� What system do you use and why?
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What system?

� HOL-light = lightweight version ofHigher Order Logic

� It was designed and implemented by J. Harrison (Cambridge,Intel)

� It has a substantial library of results about the real analysis.
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Why?

� Harrison is reported to have produced a formal proof of the
Fundamental Theorem of Algebra in a weekend.

� It has fewer lines of source code than other major systems.

� It is fully programmable.

� It is elegant!
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Frequently Asked Questions

� What are the foundations and limitations of HOL?
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Mathematical Logic of HOL-Light

� Higher order logic. (Quanti�ers range over higher order objects)

� A typed lambda calculus. (Each term has a type.)

f �x: (x + 1) g3 = 4:

� In set theory, sets are the primitive object and functions are
secondary. In HOL functions are primitive and sets are secondary.
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Mathematical Axioms of HOL-Light

� Axiom of In�nity.

� Axiom of Choice.

� Axiom of Extensionality.
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The ten rules of inference of HOL-Light

� The re�exive law of equalityt = t.

� The transitive law of equalitys = t andt = u gives = u.

� Function Applicationx = y andf = g give f x = g y.

� The law of abstractionP = Q gives

(�x:P ) = ( �x:Q )

� The rule of function application.

(�x:P ) x = P:
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The ten rules of inference of HOL-Light (continued)

� Assumption

f pg ` p

� Modus Ponens for Equivalence:p , q andp giveq.

� Deduction Rule:f qg ` p andf pg ` q givep = q.

� Instantiation of Variables:p(x1; : : : ; xn ) gives

p(t1; : : : ; tn ):

� Instantiation of Types.

� (A mechanism for adding new de�nitions and new types)
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(CODE DEMO)
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Frequently Asked Questions

� Why are formal proof systems not in widespread use by
mathematicians?

� It still takes much too long to transcribe a traditional proof into one
of these systems.

� The technology, however, is under continual development. The day
will come when it is economically attractive to transcribe alarge
body (say100; 000pages) of mathematics into one of these systems.

� There is no technological barrier to doing so right now. It just is not
economically attractive.
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Future Ambitions for Formalization

� The QED manifesto (Google: QED manifesto) is an anonymous
document calling for the formalization of vast portions of
mathematics.

� Ten Challenging Research Problems for Computer Science, Problem
1: “Formalize and verify by computer a proof of Fermat's Last
Theorem, as proved by A. Wiles in 1995. This problem is in the spirit
of a long and strong Dutch tradition.” (5 July 2005, J. Bergstra)

� The real challenge is to improve the ef�ciency of these systems to the
point where formalization becomes routine.
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Frequently Asked Questions

� What results have been proved formally?
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Recent Results:

� Four color theorem (Gonthier, Microsoft UK)

� Prime Number Theorem (Avigad, CMU)

� Brouwer �xed point theorem (Harrison, Intel)

� Jordan Curve Theorem (H., Pittsburgh)
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Results that have been Formally Veri�ed

The Four Color Theorem (G. Gonthier, COQ, 2004).
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Planar Hypermaps
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Planar Hypermaps: face map
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Planar Hypermaps: node map
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� The formal proof begins with a conventional proof (Seymour,
Thomas, et al. 1995).

� The easiest part of the veri�cation of the four color theoremis
checking the computer code.

� Gonthier's proof of the 4CT makes important mathematical
improvements in the proof (hypermaps).

� The proof also makes major changes to the COQ system of tactics.

� A new compiler was created for COQ to improve the ef�ciency of
running the proof.
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The Prime Number Theorem

� Avigad, 2004, Isabelle-HOL.

� (based on the Erdos-Selberg proof)
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The Jordan Curve Theorem

� HOL-Light, 2005.

� Based on C. Thomassen 1993.
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Jordan implies Utility

If the Jordan curve theorem holds then theK 33 graph is non-planar.
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At least 2 components in the complement

26



At most 2 components in the complement
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The Formal Proof of the Jordan Curve Theorem

� About 60,000 lines of computer code.

� It took about 5-6 months to implement by computer.

� (DEMO)
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Other Results that have been Formally Veri�ed

� The Fundamental Theorem of Calculus, basic real analysis, Gauge
Integration inn-dimensions, Brouwer Fixed Point Theorem,
Fundamental Theorem of Algebra (Harrison, HOL Light
1997–2006).

� Quanti�er Elimination over the reals (Harrison-McLaughlin, 2006).

� Veri�cation of one of the main computer programs in the proofof the
Kepler Conjecture (Enumeration of Tame Planar Graphs)
(Nipkow-Bauer-Schultz, Isabelle 2005).

� Basic algebraic topology and the fundamental group (Various
contributors, MIZAR).

� Parts of Hartshorne.
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Frequently Asked Questions

� Is it possible to trick HOL-light?
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Tricking HOL-light

� De�ne: Hodge Conjecture = (1 = 1)

� Parse and Print:8x:(x = x) as the Riemann hypothesis.

� The type system of ML prevents the user from creating theorems,
except by the rules of inference applied to other theorems.
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Reliability of HOL-Light

� How reliable is HOL-Light?
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HOL LIGHT (Higher Order Logic)

� It is a computer program that checks every single logical step in a
proof.

� There are no shortcuts, no approximations, no handwaving.

� The program is written in a way that it becomes self-checkingafter
the �rst 500 lines of computer code.

� Highly reliable computer code can reach reliability rates of less than
one bug per 10,000 lines of code (Space Shuttle software)

� Dare we hope that the 500 lines of HOL light are bug free?
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Why Believe HOL Light?

� John Harrison (the author of HOL Light) writes extremely clean and
transparent code.

� A number of mathematicians, computer scientists, and logicians have
made a careful analysis of the code.

� The underlying logic and system of axioms is weaker than ZFC.

� The kernel of the system contains only about 500 lines of code.

� The kernel is now certi�ed to be free of defects: : :.
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The Consistency of HOL Light

� Harrison has recently produced a proof in HOL Light of its own
consistency. (2006)

� The model that he builds of the semantics is quite faithful tothe
actual language semantics.

� The proof of consistency can be automatically translated toother
proof-checking systems.
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Other Bugs

What about bugs in the compiler, operating system, and hardware?
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Severe Bugs

� Intel Pentium Chip division error.

� Ariane 5 explosion.
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Bug Rates

� 1 bug per 100 statements.

� 600 bugs in a typical cell phone.

� Software testers do not try to get rid of all the bugs.
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Lessons Learned in Software Testing by Kaner, Bach, Pettichord 2001

“Don't insist that every bug be �xed... When the programmer �xes a
minor bug, he might create a more serious one.” (page 90)

“If you cannot build a case that a bug is important: : :, we suggest that
you leave the bug alone and challenge something else.” (page90)

“Testers get indignant when they realize that the quality tools purchased
at a serious price are themselves full of bugs. Indeed, test tools are often
buggier than comparable (but cheaper) development tools.”(page 105)
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Our experience with computers is that once given a consistent set of
instructions, they compute consistently. It's just hard togive them a
consistent set. – Georges Gonthier
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Reasons to be optimistic

� The semantics of ML (a functional programming language) havea
complete mathematical speci�cation (Harper,: : :).

� ML semantics have been formalized in twelf (a system that allows
formal reasoning about the properties of the language), andbasic
formal properties such as type safety have been established
(Harper,: : :, 2006).

� OCAML, the implementation language for HOL Light, is very close
to ML.

� Technology has now improved to the point that a compiler has been
written for C that has been formally proved correct. (X. Leroy, 2006).
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Frequently Asked Questions

� Why am I interested in Formal Proofs?
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The AnnalsPolicy on Computer Proofs

Computer-assisted proofs of exceptionally important mathematical
theorems will be considered by the Annals.

The human part of the proof, which reduces the original mathematical
problem to one tractable by the computer, will be refereed for correctness
in the traditional manner. The computer part may not be checked
line-by-line, but will be examined for the methods by which the authors
have eliminated or minimized possible sources of error: (e.g., round-off
error eliminated by interval arithmetic, programming error minimized by
transparent surveyable code and consistency checks, computer error
minimized by redundant calculations, etc. [Surveyable means that an
interested person can readily check that the code is essentially operating
as claimed]).
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� On the one hand, mathematicians often think of mathematics as a
perfect, infallible realm: : :

� On the other hand, they make a great issue of the imperfections of
computers.

� Experience with the Four-Color Theorem and the Kepler Conjecture
suggests that computer code tends to be much closer to the
mathematical foundations than traditional paper proofs.
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The perfect realm of mathematics

Proof that1 + 1 = 2

1 + 1 = 1 + SUC 0

= SUC(1 + 0)

= SUC 1

= 2
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Is math really as simple as1 + 1?

� Not all proofs are as simple as 1+1 = 2.

� Almgren's Big Paper is 1728 pages long.

� He spent 13 years writing the paper.

� It was still unpublished at the time of his death.
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Dif�cult proofs have been formally veri�ed are several orders of
magnitude more reliable than dif�cult proofs that have beenveri�ed by
the conventional route (journal submission, peer review, etc.)

Ultimately (all philosophical arguments aside), the reliability of our
discipline is not one bit more reliable than the processes inregular use to
check the correctness of proofs.
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When someone is 55% right, that's very good and there's no use
wrangling. And if someone is 60% right, it's wonderful, it'sa great luck,
and let him thank God. But what's to be said about 75% right? Wise
people say this is suspicious. Well, what about 100% right? Whoever
say's he's 100% right is a fanatic, a thug, and the worst kind of rascal.

– epigraph by an old Jew of Galicia in Czeslau Milosz's “The Captive
Mind”
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