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1 Introduction

In this lecture, we go through Russell’s [B] proof of the dense model theorem. The dense
model theorem appeared in the work of Green and Tao [2] and was then proved also in [7, [T].
In the very recent work of Reingold, Trevisan, Tulsiani and Vadhan [6], the dense model
theorem was proved analogously to Holenstein’s [3] proof of the hard-core set theorem.
The hard-core set theorem was first obtained by Impagliazzo [4]. Impagliazzo provides two
proofs of this theorem. One is non-constructive and uses Nisan’s argument. The other is
more involved and yields a more constructive argument in the sense that the final hard-core
set can be obtained by using functions from the given test family. Holenstein improves
both these proofs. Reingold et.al. obtain their result by adapting the non-constructive
proof technique of Holenstein. Consequently, they do not obtain an algorithmic version of
the proof.

Russell’s current argument reduces the proof of the existence of dense model theorems
for a set w.r.t. a class of tests to the existence of hardcore sets for a very related function
w.r.t the same class of tests. This, on the one hand, unifies all treatment and at the same
time makes available all proofs of the existence of hardcore sets to proving dense model
theorems. In particular, using Holensteins argument, we get a constructive version of the
dense model theorem.

2 Notation and Main Theorem

Let U be a finite universe. It will be convenient for us to talk about measures over U. A
measure j is simply a function of the form p: U — [0,1]. Given a probability distribu-
tion o over U, define the density of the measure p w.r.t. o, denoted by d(u), as simply
> zev M(x)o(z). Every S C U has a corresponding measure given by the associated char-
acteristic function. Hence, the density of a subset S is just the probability mass endowed
to S by distribution o.

Assuming d(p) is non-zero, the probability distribution induced by a measure i, denoted
by D,, is given by D,(x) = pu(x)o(x)/d(). Hence a set S C U also induces a distribution,
denoted by Dg. Observe that if S has density ¢, then for every function T': U — {0,1},

Pr [T(aj) = 1] > Pr [m € S] Pr [T(aj) =1|lz e S] =0 Pr [T(:L') = 1]

T~o T~o x~Dg

One key step in [?] is to generalize the notion of density to pseudo-density. We say that S



has e-pseudo-density at least §, w.r.t. to boolean function 7T if

wlirg [T(z)=1] > 5m£)11;s [T(z)=1] —¢
A test is just a boolean valued function on the domain U. We consider a family or
set of tests that is closed under complement and contains the constant boolean functions
1 and 0. Given such a family I' and any positive integer ¢, let I'; be the family of tests
each of whose element is obtained by taking the majority vote of up to t functions from
I'. Formally, given boolean functions T1,..., T}, let Maj, (T1(z),...,Ti(z)) output 1 if at
least [k/2] T;’s output 1. Then,

Iy = {Maji(g1,-..,9%) |gi €T3 1 <k <t}

Two distributions o1 and o9 are said to be e-indistinguishable by tests in I' if the
following is satisfied:
| Pr [T'(z)] - Pr [T(z)]| <e VT el

T~o1 T~o9

A measure j is an e-model of a subset S if the distributions D, and Dg are e-indistinguishable.

Theorem 1 (Impagliazzo [5]) Given a set of tests ', there exists a functiont = pOZy(%, %)
such that the following holds: consider any set S that has e-pseudo-density at least § w.r.t
Ty. There exists a (6 — O(e))-dense measure  that is an O(e/8)-model of S and p is of the
form p(z) = pl( Y7_ (T3(x))), r < t and each T; € T fori <.

This theorem easily implies a version of the dense model theorem of Reingold et.al.[6].
For their setting [6] considers the following scenario: let S C R be two sets such that S
is 0-dense in R w.r.t. the uniform distribution. They show that if R is e-pseudorandom,
i.e. Dg and the uniform distribution are e-indistinguishable to tests in I';, then S has an
O(e)-model for tests in I' that is 0-dense. To see how such a result follows from Theorem [IJ,
all we need to show is that the given set S has large pseudo-density. This is established in
the following straight-forward fashion: Pryeu [T(z) = 1] > Proup,, [T(z) = 1] —€,as R is
e-pseudorandom. But as S has density § in R, Pryop, [T(z) = 1] > 0 Pryopg [T(z) = 1]
which finishes off the argument.

In the remainder of the lecture, we prove Theorem [0 using the version of the hardcore-
set theorem due to Holenstein. We introduce now, the basic notions needed to state the
hardcore-set theorem. A function f is called d-hard for a family of tests ', on a distribution
o over the universe if Pry, [f(z) = T(z)] < 1 —4, for each test 7" in I'. Call f to be
e-hardcore on o for I' if every test can achieve advantage no better than e over random
guessing in predicting f, i.e. Pry s [f(:z:) = T(x)] < 1/2 4 €. Note that this is the same as
saying f is (1/2 —e¢) hard for I". In order to prove Theorem [[l we make use of the following:



Theorem 2 (Holenstein’s improved Hardcore-Set Theorem) Let f be a d-hard func-
tion under distribution o for tests in I'y, where t is a function of the form poly(%, %) Then,
there is a measure p of density at least 20 such that f is e-hardcore on distribution D, for
tests in I'. Further, u has the following form: p(z) = pl( S (Ti(x) ® f(x), r < t and
each T; € T fori <r.

3 Proof of the Dense Model Theorem

Here, we prove Theorem [0 by constructing appropriate hardcore sets using Holenstein’s
theorem. Forthwith are the details.

Let Vg = {(1,z) |z € S} and Viy = {(0,x) |z € U}. Construct the larger universe (than
U) V = VsUVy. We think of I" as a set of tests defined on V' by making each test in I'
ignore the first co-ordinate of an element in V' and just act on the second co-ordinate. The
hard function that we will consider is f that distinguishes which part of V' does an input
come from, the Vg part or the Vi part. Formally, f(b,x) = b. The intuitive idea is that
since our tests entirely act on the second co-ordinate and since S has large pseudo-density,
they fail to distinguish which part the input comes from and so they find f hard. More
formally, consider the following distribution ¢ on V generated by the following process:
with probability ¢ = 6/(1 + ¢), sample uniformly from Vg and with probability (1 — §’),
sample uniformly from Vy;

Claim 3 The function f is ((5’ - (1- (5’)6) -hard under the distribution o for tests in I';.

Proof: Assume the contrary, i.c. Pryoq [T(z) = f(2)] > 1 -0 4 €(1 —¢§'). We show that
this violates the pseudo-density of the set S. Our assumption implies,

Pr [T(z) = f(z)]=¢ Pr T(z)=1]+(1-0)(1- Pr [T(z)=1]) >1—8§ +€1-7)
T~ TERS zerU
(1)
Dividing both sides of ([l) by (1 — ¢’) and plugging the fact that 6 = §'/(1 — §’), we get

d Pr[T(z)=1+1— Pr [T(z)=1]>1+¢
TERS zerU

which after rearranging yields

xE;U[T(:E) =1]< 5x£}£S[T(:E) =1]—e¢

which contradicts the assumption that e-pseudo density of .S is at least §, under the uniform
distribution over U. |



Applying Theorem Bl we obtain a measure pu over V of density (28" — 2¢(1 — ¢')) w.r.t.
distribution o, such that f is €’ /4-hardcore for tests in I'. Using the bound on the density
of u, we get

d(p) = 0'd(ps) + (1 = ")d(uu) = 26" = 2(1 = &')e (2)

Using the fact that p makes f hardcore for tests in I' and that constants 0 and 1 are in
I', we obtain that each of ‘ Pryay~n, (b= f(b,x) =0] - 1/2‘ and ‘ Pryay~n, [b=f(bx) =
1] -1/ 2‘ are bounded from above by €’ /4. Consequently,

o o . — — !/
(MP)ED# (b= f(bz)=1] (MP)ED# (b= f(b,x)=0]| <ed/2

This means,
8 d(pus) — (1~ 8")d(uy)| < 0'd()/2 < e8'2 3)

Solving for @) and (@), we obtain that d(us) > 1 — O(e/d) and d(uy) > 6 — O(e).

This shows that py is a (6 — O(e))-dense measure on U, w.r.t. the uniform distribution.
To complete the proof of Theorem [I, we just have to show that it is a good model of S.
In order to do so, notice that the density of measure pg shows that the distribution D, is
statistically O(e/d)-close to the uniform distribution on S. Hence, for each test T,

Pr [T(z)=1]- Pr [I(z)=1]

x~Dyg x~Dyy;

wggs [T(z) =1] - wNPDrW [T(z) = 1]‘ < 0(5) +

All that we do next is show that the RHS above is small, establishing that tests cannot
distinguish well S and the measure py. Using the fact that f is €d’/4-hardcore for any
T €T, we observe that,

% + e /4> xfg [f(b,z) =T(b,z)] = Pr [z€Vs] Pr [T(x)=1]+ Pr [z€Vy] Pr [T(z)=0]

xz~Dy z~Dpg x~Dy x~Dyy;
(4)
Note that again considering the constant tests 0 and 1, () implies the following
1 € 1 €
——-—< P e V. P eVl <=+ — 5
2 4—m~1r>u[x S]’mwﬁu[x v] <3+ (5)



Combining @) and @), we get

Pr [zeVg] Pr [T(x)=1]—- Pr [z€Vy| Pr [T(z)=1]< %6/ (6)

xz~Dy, z~Dyg xz~Dy, z~Dyy;

Now we first consider the case that, Pry.p, [:17 € Vg] < Pryp, [:17 € VU]. Hence from (H),
Pry~p, [m € VU] —ed'/2 < Pry~p, [a: € VS]. Substituting this into (@),

ed’
oD T@)=1] - ot [T@)=1]) < 1/2 — eo' /4

This finishes off the argument for this case. The other case, when Pry.p, [m € Vg] >
Pry~p, [m € VU] , is handled completely analogously with test T replaced by its complement.

The constructive part of Theorem [ directly follows from the constructive part of Holen-
stein’s hardcore-set theorem.
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