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Baily—Borel Satake compactification ([Z3], [GHM], Section 22). Fix a boundary stra-
tum F C X. Then F corresponds to a I'-conjugacy class of proper maximal rational
parabolic subgroups of G, from which we choose one and denote it by Q. Let us
consider the reductive Borel-Serre stratum Xy to be a locally symmetric space asso-
ciated to the connected reductive algebraic group Lg (Section 3.2). By [AMRT], 111
Section 4 (see also [LR], Section 6.1) the group Lo decomposes as an almost direct
product, Lg = Q;,Q, of commuting algebraic subgroups with finite intersection. The
compact factors (if any) of Lo may be distributed among Qy, and Qg so that both Q,
and Q, are defined over Q. The group Q,, acts by holomorphic automorphisms of
the boundary component F. It contains no rational anisotropic subgroup of positive
dimension. The group Q. is reductive with split center Sq, and it acts by linear auto-
morphisms on a certain self-adjoint homogeneous symmetric cone. Set

KQ =KNQ CK; C LQ(X()), I, = VQ(F N Q),
K¢ =Ko N Qy, Ky = u(Kop),
Iry=I.nNng,, Iy =wTy),

where vp: Q — Lq and pu: Lo — Qy are the projections. Then the boundary stratum
F is diffeomorphic to I',\Q,/K;. For any x € F, a choice of ¢ € Q;, which projects to
x determines a stratum preserving homeomorphism ((GHM], Section 22.6),

Jo: @71 (x) —> X, (6.1.1)

(which is smooth on each stratum) between the fiber ®~!(x) and the reductive Borel—
Serre compactification of the locally symmetric space

X =T\Q¢/ApK;. (6.1.2)
The restriction (®|Xyp): Xop — F agrees with the projection determined by pu.

6.2. WEIGHT PROFILES

A weight profile for Lo = QnQ, determines weight profiles for Q, and Q. In fact, if
Son C Qn and Sy C Q, are maximal Q-split tori then their product defines a maxi-
mal Q-split torus Sgr, in Lo and a canonical isomorphism x§,(Sor) = x7,(Son)®
15,(Soe). So for any weight profile p for Lo we may speak of the weight profile p
which is obtained by restriction to the linear factor Q.

Now, fix an algebraic irreducible representation G — GL(E) with highest
weight A. It determines a local system E on X and by restriction, a local system
(which we also denote by E) on X,. An irreducible Lo-module V, of highest weight
o may be considered, by restriction, as a module over Q, and hence determines a
local system V, over the space X,. The following is the second main result in this

paper.

6.3. THEOREM. Let p be a weight profile for the reductive Borel-Serre compactifi-
cation, X of X =T'\G/K. Let RO,WFC*(X, E) denote the pushforward of the weighted
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cohomology sheaf to the Baily-Borel compactification X. Let FC X be a boundary
component, corresponding to a maximal rational parabolic subgroup Q C G. Then the
stalk cohomology HY(R®,WPC®) of this sheaf at a point x € F C X is given by

P wrEPH (X H (g, E)y) (6.3.1)
/}GXZ(SQ)Zp i

=~ P WEOHT N Vi) (6.3.2)
wEW’é(E)

where y(,(Sq)s, is given by (3.5.1), B(w) is given by (4.5.3), and WPQ(E) is given by
(4.5.4).

6.4. Proof. Since ®: X — X is proper, the stalk cohomology of R®.(W’C®) at a
point x € X is canonically isomorphic to the cohomology of the fiber, H*(®!(x);
WZC*(E)). If F denotes the stratum of X which contains x and if Q denotes a cor-
responding maximal rational parabolic subgroup of G, then ®~'(F) is a union of
strata in )_(Q and the restriction ®: ®~!(F) — F is a fiber bundle. For any weight
profile ¢ it follows that the homeomorphism (6.1.1) determines a (quasi-) iso-
morphism

WIC*(Xp E)| @' (x) = WIC*(X,, E) (4.6.4)

where ¢ also denotes the restriction of the weight profile to the linear factor. (This
follows from the Poincaré lemma for F and the fact that no weight truncation occurs
relative to the Hermitian factor.) The restriction WYC*|®~!(x) may be obtained by
first restricting to Xy then further restricting to ®~'(x). So (6.3.1) follows from
(4.3.1) and (6.4.1), while (6.3.2) follows from (4.5.2) and (6.4.1). OJ

6.5. COROLLARY. Let p=pu or p=v denote the upper middle or lower middle
weight profile, respectively (3.6). Let py = p|Sq be the restriction opr. Then the
stalk cohomology of the intersection cohomology, at a point x € F C X is given by
Theorem 6.3. In other words,

X B = @ PWEH(X: HO, E)p). (6.5.1)

B=—pg i

The first sum may be replaced by @ﬁ>—PQ'

This expression may also be evaluated as in (6.3.2) using Kostant’s theorem and it
may be translated as in Section 3.10 into Lie algebra cohomology.

6.6. Proof. The proof follows by combining Theorem 6.3 above and Theorem 23.2
of [GHM] which constructs a canonical isomorphism

RD,WHC*(E) = RO, W'C*(E) = IC*(X, E) (6.6.1)
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between the pushforward of the middle weighted cohomology on X with the intersec-
tion cohomology of X. O

Taking p = —oo gives the following well-known result [LR], the étale version of
which is proven in [P1], [P2]:

6.7. COROLLARY. Leti: X <> X be the inclusion of the locally symmetric space into
the Baily—Borel compactification. Then the stalk cohomology of the sheaf Ri.(E) is
given by

HY(RI(E) = €D H* /(T4 Viatp)—p)-
weW}z

Here, WlQ is given by (4.5.1), and V, is the irreducible Lo-module with highest weight
o. It is considered as a module over I', by way of the inclusion I', Cc T’y =
VQ(FQ) C LQ.

6.8. Proof. In Theorem 6.3, take p = —oo to be the weight profile which involves
no truncation. Then W},(E) = W},. The weighted cohomology WP H!(X,; V,) is equal
to the ordinary cohomology of X, (with coefficients in V) which (since I' is neat) in
turn coincides with the group cohomology H'(T'y, V). O

6.9. Remarks. The vanishing of the stalk cohomology of the intersection coho-
mology, and more generally, the purity theorem of Looijenga (i.e. that the stalk
cohomology in degree i of the intersection cohomology has weight <i) may be
translated into vanishing theorems for certain weighted cohomology groups of the
the ‘linear’ locally symmetric space X, using Theorem 6.3. A general framework for
such vanishing theorems has been developed in [S]. See [B2] for a related vanishing
theorem for the L? cohomology of linear locally symmetric spaces. O

6.10. MIXED HODGE WEIGHTS

By [LR], the direct sum (6.5.1) over f € z{,(Sq) is a splitting of the weight filtration
(on the stalk cohomology) which comes from Saito’s theory of mixed Hodge
modules.

6.11. THE L? EULER CHARACTERISTIC

When G/K is Hermitian, the Zucker conjecture ([Lo],[SS]) implies that the L?> coho-
mology Euler characteristic L>y(I", E) is equal to the intersection cohomology Euler
characteristic of the Baily—Borel compactification, i.e.

L*y(T, E) = Iy(X.E) = Y (~1) dim IH'(X, E).
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By (6.6.1) this is equal to the Euler characteristic of the weighted cohomology com-
plex of the reductive Borel-Serre compactification,

L*y(T,E) = Z(—l)" dim W*H'(X, E). (6.11.1)

In fact this relation holds more generally. Suppose only that G is a reductive Q-alge-
braic group such that the derived group of G possesses a compact Cartan subgroup.
Then W*H*(X, E) is isomorphic to the L? cohomology of I' by [N], and therefore
(6.11.1) holds.

As in [GM1], (6.11.1) is equal to a sum over strata of X, with the contribution
from a single stratum Xp being given by the compactly supported Euler characteris-
tic y.(Xp) of the stratum Xp times the stalk Euler characteristic of the weighted coho-
mology at any point x € Xp. Moreover, y.(Xp) = y(Xp). Let P, P,,...,P; be a
collection of representatives, one from each I'-conjugacy class of proper rational
parabolic subgroups of G. For each representative P, let I';, = v(I' N P;) be the pro-
jection of I'N P; to the Levi quotient. Since I' is neat, the Euler characteristic
1(Xp,) = x(I',) is equal to the Euler characteristic of the discrete group I'z,. Let
VY be the irreducible Li-module with highest weight o. Let us suppose that E is
the local system associated to an irreducible representation of G with highest
weight A. Evaluating (3.5.3) using Kostant’s theorem gives the following formula
(which is in [GHM], Section 17.9, [S] for Hermitian X):

6.12. THEOREM. Let G be a reductive Q-algebraic group and suppose the derived
group of G has a compact Cartan subgroup. Then the Euler characteristic of the L?
cohomology of the locally symmetric space X = I'\G/AgK is given by

/
Ly, B) = y(D)dim(E) + > 7(T') - Y (=D dim(P,, ).
=1

N 1
we W‘P/

7. Computations for Spy
7.1. THE SYMMETRIC SPACE

Throughout this section we fix an integer N > 3 and we take I' = I'(WV) to be the
principal congruence subgroup of Sp4(Z) consisting of matrices which are congruent
to the identity modulo N. Define X = I'\Sp4(R)/U, to be the associated (real) 6-
dimensional Hermitian locally symmetric space. The Baily—Borel compactification
X has boundary strata of real dimension 2 and of real dimension 0. In this section
we will compute the intersection Euler characteristic of X and also the local L2 (or
intersection) cohomology (with constant coefficients) at a most singular point (i.e.
at a 0-dimensional stratum) of X. Denote by ®: X — X the projection from the
reductive Borel-Serre compactification to the Baily—Borel compactification. Let [
denote the upper half plane.
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7.2. PARABOLIC SUBGROUPS

There are three types of rational proper parabolic subgroups P of G.

(A) P is the stabilizer of a rational one-dimensional (and hence isotropic) subspace
F' ¢ Q* Such a parabolic subgroup is maximal with Hermitian Levi factor
L = P, = SL,(R). The associated reductive Borel-Serre stratum Xp is (real)
two-dimensional, in fact it is a modular curve.

(B) P is the stabilizer of a rational Lagrangian subspace F2 ¢ Q*. Such a parabolic
subgroup is maximal with linear Levi factor L = P, = GL,(R). The associated
reductive Borel-Serre stratum Xp is (real) two-dimensional and is diffeo-
morphic to a modular curve.

(C) P is a rational Borel subgroup: it is the stabilizer of a rational isotropic flag
F' ¢ F2 c Q* The associated reductive Borel-Serre stratum X is a point. Such
a point is simultaneously a cusp for a single type A stratum and a single type B
stratum in the reductive Borel-Serre compactification.

The projection @ takes each type A stratum X C X isomorphically to a (real) two
dimensional stratum Y, C X. The projection ® collapses each type B stratum Xp to a
single point in X. The preimage ®~!(x) of such a point is the reductive Borel-Serre
compactification of the type B stratum Xp, and it is obtained by adding type C strata
as cusps of Xp.

7.3. Consider the case of the trivial local system E = C. By Corollary 6.5, the L?
cohomology, or the intersection cohomology of X is isomorphic to either of the mid-
dle weighted cohomology groups of X. In fact, the upper and lower middle weight
profiles u, v give rise to the same weighted cohomology sheaf on X since in this case,
the middle weight does not appear in the 9tp cohomology for any parabolic sub-
group P.

7.4. First we consider the weighted Euler characteristic. Let n; be the number of
I'(N)-conjugacy classes of rational parabolic subgroups of type i (for i = 4, B, C).
Let I'; denote the projection of I" into the Levi quotient L = P/Up for each parabolic
subgroup P of type i = A, B, C. Let

=Y (=D dim(V,,,)

, it
weWw,

be the factor which appears in Theorem (6.12) and which arises from a parabolic
subgroup P of type i = A4, B, C. Then the Euler characteristic of the intersection
cohomology of X is given by

LX) = 1(0) + nazg(C)x +nex(Ta)rs + nexToie. (7.4.1)
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7.5. THEOREM. For I' = I'(N) and N = 3 the intersection cohomology Euler char-
acteristic of X is

R 10 7 N6 1 1
IX(X):_[QSA;%_A;+4}H<1_p2)<1_p4)‘ (7.5.1)

PIN

For N = 4 this gives Ix()b = 208, in agreement with the computation 1 — 0+ 118—
304+ 118 — 0+ 1 = 208 on the final page of [HW]. If N > 5 then Iy(X) is negative.

7.6. Proof. From the root system for Sps we find

ta=-1 15=-2, Jc=-1 (7.6.1)
The groups 'y and I'p both turn out to be the principal congruence subgroup of
SL,(’Z) with level N. The modular curve I'g\b has

N? 1
=310 -5)

cusps ([Sh] Lemma 1.42, [Mi] Theorem 4.2.10) and Euler characteristic

1 ;
1Ta) = 1(Tp) = — 75 [SLa(Z/ ()] (7.6.2)

by the Gauss—Bonnet theorem [H], or by [Sh] (1.6.4) and [Mi], Section 4.2, where
- 1
ISLo(Z/(N))| = NP 1‘[(1 - —2>.
NN P

Each type C boundary component is simultaneously a cusp of a type A boundary
component and of a type B boundary component of the reductive Borel-Serre com-
pactification so ny = ng and ne = nyveo(N). The number of lines in 0* modulo
I'(N)-equivalence is

>T10-5)
NS o (S (7.6.3)
ny 21;\/[ p4

This gives a formula for nc, which is also the number of double cosets

B(Z)\Sp4(Z)/T'(N):

NS ( 1 1
4 oN p p
(Here B denotes the standard Borel subgroup.) Finally, the Gauss—Bonnet formula

([H], p. 453) gives
2(T(N)) = L(=1){(=3) - [Spa(Z/(N))

(where { is Riemann’s zeta function) for which we use

[Spa(Z/(N))] = N"° 1_[<1 ‘1%) (1 - i“>

PIN p

, (7.6.4)
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and {(—=1){(=3) = —1/2° - 32. 5. Note that y(I'(N)) is an integer for N > 3. Theorem
7.5 now follows from (7.4.1), (7.6.1), (7.6.3) and (7.6.4). O

7.7. STALK COHOMOLOGY

Now consider the stalk cohomology of the intersection cohomology at a 0-dimen-
sional boundary stratum x € X. By Corollary 6.6, this is a sum of two weighted
cohomology groups of a boundary stratum of type B,

IH! = WH(T p\b: H(0p)) & WH™ (T\D; H'(Np)). (7.7.1)

A calculation with the root system for Sps shows that the weight profile for the first
factor (with coefficients in the trivial local system H°(9tp)) involves no cutoff at all,
while the weight profile for the second factor cuts off all the stalk cohomology in
degree 1 at each cusp point, so

IH} = H'I'5\b; ©) © [H™'(T5\b: H'(Np). (7.7.2)
Since I'z\} is not compact, H*(I'3\§) = 0 and
rank(H'(T'\0)) = 1 — y(T'p). (7.5.3)

We will use two tricks to evaluate the second factor in (7.7.2). First, the local system
H'(9p) has weight y~2, where y is the canonical positive generator of the character
group of Ap. In fact, it is the irreducible three-dimensional representation of SL;.
By Looijenga’s purity theorem, weight 2 classes cannot occur in the stalk of the inter-
section cohomology except in degree 2 or more. Therefore TH(I' 5\b; H'(9tp)) = 0.
Also, TH*(Tp\b; H'(Np)) = 0 since IH> =0 by the usual vanishing property for
intersection cohomology. Therefore the second factor in (7.7.2) is completely deter-
mined by the intersection cohomology Euler characteristic of this (compactified)
modular curve, that is,

rank(IH'(T\D, H'(Np))) = —I(Tp\D, H' (9N p)). (7.7.4)

This Euler characteristic is the sum over strata of the Euler characteristic of the stra-
tum times the Euler characteristic of the stalk of the intersection cohomology sheaf
IH*(T'3\0, H'(9Np)) at a point in the stratum. The stalk of this sheaf at each cusp
point is C in degree 0, and 0 in all other degrees. So each cusp contributes 1 to
the Euler characteristic, and there are v.(N) cusps. The interior contributes
dim(H'(Np)).x(T') = 3x(I'p). This gives the following theorem:

7.8. THEOREM. The Betti numbers of the stalk intersection cohomology at a 0-
dimensional stratum x € X are given by

rank(IH?c) =1,
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rank(IHl)—l—i—ﬁl_[ L
X 12 )

PIN

rank([Hi) = |:NT3 — N72:| H<1 —%)

PIN

7.9. For N = 3 we obtain the local intersection cohomology Betti numbers I8° = 1,
Ip' =3, If? = 2. These numbers agree with the intensive computations which were
carried out by M. McConnell on the Symbolics computer at Brown University in
1986.

7.10. DISCRETE SERIES MULTIPLICITIES

The computation of the intersection Euler characteristic (7.5.1) gives some informa-
tion about multiplicities. The group Sps(IR) has two discrete series representations
with nonzero (g, K)-cohomology (see [T] for a list of all representations with coho-
mology and for other facts used below). Let us denote these n/ (belonging to the
holomorphic discrete series) and n"” (having a Whittaker model). Via the isomorph-
isms TH(X) = Hy(X) = H'(g, K; L5 (T(N)\G)) both of these contribute to /H> (in
bidegrees (3, 0), (0, 3) and (2, 1), (1, 2) respectively). Here L3, stands for the discrete
spectrum of the L? space. The other representations of Sp4(R) with cohomology con-
tribute in degrees 0, 2,4, 6. Using the decomposition of the discrete spectrum we
write

(%) =) ma(m. N) Y (= 1)'dim H(g, Kim) = ) mais(, N)y(m).

where mgis(n, N) is the multiplicity of « in the discrete spectrum of I'(N) and y(=) is
the (g, K)-Euler characteristic. If 7 is not either 7/ or n"¥ then y(r) is positive while
17Ty = (=) = =2. It follows that 2(mgis(n'?, N) + mgis(n"”, N)) is at least as large
as the negative of (7.5.1). Since n/ and " are tempered, an observation of Wallach
[W] implies that mgis(n, N) = meusp(n??, N) (multiplicity in the cuspidal spectrum)
and similarly for 7". So meusp(n?, N) + meusp(n”', N) is at least —[%]I}g(/{’) which is
positive for N > 5. Hence, for N > 5, there are nonzero cusp forms with infinity type
either ' or n”’. This provides examples of Siegel modular forms to which the con-
structions of Taylor [T], Laumon [La], Harder (unpublished) and Weissauer (unpub-
lished) can be applied to produce Galois representations.
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