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ABSTRACT. This paper contains the technical constructions necessary for a “geo-
metric cycle” definition of cohomology and homology in the context of Whitney
stratifications. Cup and cap products are interpreted as the transverse intersection
of geometric cocycles and cycles.

1. Introduction. The purpose of this paper is to develop a geometric theory of
cycles, cocycles and intersections within the “category” of Whitney stratifications.
Whitney stratifications form an important class of spaces because: (1) they arise
naturally in the study of algebraic, analytic and subanalytic varieties, polyhedra,
and singularities of smooth mappings; (2) they are preserved under transversal
intersections and the “perturbation” techniques of differential topology can be
used to make them transverse; (3) they determine currents by integration [22]; and
(4) their local topological structure has been explicitly described by Thom [20] and
Mather [13].

The main theorems are 4.7 and 6.2:

Let X be a compact Whitney stratified set. The cobordism group of embedded
normally oriented Whitney stratified subsets which are “transverse to the singular-
ities” of X coincides with the integral cohomology of X, and transverse intersection
of these geometric cocycles corresponds to the cup product.

This theorem reflects a principle (popularized by Dennis Sullivan) that “cup
product is transverse intersection of cocycles with normal geometry”, although it is
difficult to find a correctly stated version of this principle in the literature. An
attempt at a geometric theory of cocycles was made by Whitney [25] who did not
have the techniques needed to make his results rigorous. Using different methods,
Buoncristiano, Rourke, and Sanderson [1] have been more successful in the P.L.
context: one must observe that in the cas¢ of ordinary cohomology, the Mock
bundles can be taken to be embedded subsets. It is also well known that the
generalized “dual cells” in a simplicial complex form geometric representatives of
cohomology classes, although the cup product is not so easily interpreted as an
intersection since the dual cells are not always transverse to each other.

In 8.2 we identify a “universal” geometric cocycle in a stratification of the
Eilenberg-Mac Lane space K(Z, n), thus answering a question of Thom [21].

This paper is partly concerned with addressing the technical difficulties involved
in manipulating Whitney stratified sets. For example, the “push-forward problem”
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